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FOREWORD 


The  theory  of  steady  flow  in  aerodynamic  cascades  has  been  worked 
out  in  detail  and  i3  finding  extensive  practical  application.  It  is 
known  that  the  use  of  this  theory  and  corresponding  experimental 
research  permitted  the  efficiency  of  turbomachines  to  be  substantially 
increased. 

Considerable  interest  has  recently  been  manifested  In  problems 
of  unsteady  flows  in  turbonachines  and,  in  particular.  In  aerodynanic 
cascades.  This  has  been  brought  about  by  the  fact  that  unsteady 
aerodynanic  and  aeroelastic  phenomena  affect  the  linit  strength,  the 
reliability,  and  the  operating  efficiency  and  weight  of  turbomachines. 

A  number  of  phenomena  originating  in  turbines,  compressors ,  and  pumps 
may  be  explained  only  with  the  study  of  unsteady  flows.  Such  processes 
include:  air  damping,  separation  due  to  rotation,  various  forms  of 
flutter,  excitation  of  blade  vibration  by  moving  wakes,  surging,  etc. 

The  book  considers  some  problems  dealing  with  non-separating 
flcw3  in  turbo  machine  cascades.  This  sufficiently  delimits  the  area 
of  research.  With  regard  to  other  problems,  the  book  contains  only 
a  classification  and  a  brief  survey,  _eh  references  to  basic  works 
or  to  works  with  a  detailed  survey  and  a  bibliography. 

Problems  dealing  with  unsteady  flow  around  vibrating  turbenachine 
cascades,  flow  around  cascades  by  an  eddy  current,  and  various  forms 
of  flutter  differ  substantially  from  analogous  problems  for  a  single 
wing.  This  is  explained  by  the  fact  that  new  phenomena  are  observed 
in  cascades:  aerodynamic  resonance,  cascade  flutter,  etc. 

Another  essential  feature  i3  the  fact  that  the  profiles  of 
turbomachine  cascades  can  be  thick  and  have  large  curvatures. 

It  must,  however,  be  emphasized  that  without  the  achievements 
of  wing  theory  it  would  be  impossible  to  hope  for  success  in  the  study 
of  flow  about  a  cascade.  Basic  problems  in  the  theory  of  unsteady 
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flow  about  a  wins  have  been  studied  by  S,  A.  Chaplygin,  K.  V.  Keldysh, 

N.  Ye.  Kochin,  I!.  A.  Lavrant’yev*  *•  Sedov,  A.  I.  Nekrasov,  H.  D. 
Haskind,  L.  Prandtl,  7.  Bimbaun,  Q.  Wagner,  Q.  Kuessner,  G.  Glauert, 

T.  Kaman,  v.  Sear3,  C.  Posslo,  D.  Miles,  etc.  Equally  essential  Is 
utilization  of  the  hydrodynamic  theory  of  steady  flow  around  cascades, 
at  the  basis  cf  which  lie  the  works  of  N.  Ye,  Zhulovskiy,  S.  A. 
Chaplygin,  N.  Ye.  Kochin,  I.,  I.  Sedov.  This  theory  was  further 
developed  in  a  number  of  works,  principally  by  Soviet  authors. 

In  setting  forth  the  problems,  the  author  has  attempted  to 
emphasize  the  physical  essence  of  the  phenomena  under  consideration, 
which  is  important  in  engineering  applications. 

Also  set  forth  in  the  book  are  sene  experimental  results  con¬ 
cerning  the  determination  of  dynamic  stresses  in  turh ora  chine  blades. 

The  book  is  intended  for  mechanical  engineers  and  staff  renters 
of  aero dynamic  and  strength  laboratories  of  plants,  scientific 
research  institutes,  and  design  offices  working  in  the  field  of 
turborachi«s3.  The  book  is  of  interest  for  teachers,  graduate  students, 
and  university  students  in  the  appropriate  fields. 

The  author  thanks  hio  collaborat ers:  I.  Neruda,  I.  N.  Pis*rin, 

7.  7.  Nitusov,  B.  E.  Kspelovich,  V.  I.  Kovalenko,  P.  Ruben  and  E.  7. 
Yurkov,  who  participated  in  the  study  of  unsteady  and  ^eroelasfcic 
phenorena  in  turborachine3 . 

The  author  is  sincerely  grateful  to  L.  G,  Loytsyanskiy  for  atten¬ 
tion  and  support,  to  A.  S.  Zil’beman  for  helpful  discussions  of  the 
problems.  The  author  is  grateful  to  G,  Yu.  Stepanov  for  valuable 
renarks  made  when  reading  the  manuscript. 


Ko3cow,  March,  12^3 


G.  S.  Samoylovich 
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PART  I 

GENERAL  PROPERTIES  OP  UNSTEADY  MOTION  OP 
A  FLUID  THROUGH  CASCADES 

Chapter  1 

BASIC  UNSTEADY  AERODYNAMIC  AND  AEROELASTIC 
PHENOMENA  IN  TURBOMACHINES 


§  1.1.  Classification  of  Phenomena 

In  turbomachines  (steam  and  gas  turbines,  air  or  gas  compressors, 
hydraulic  turbines  and  pumps),  a  gas  or  an  imcompressible  fluid  move 
through  a  system  of  stationary  and  rotating  aerodynamic  cascades. 

The  working  process  in  a  turbomachine  consists  of  the  exchange 
of  energy  between  flowing  gas  and  moving  cascades.  Consequently,  the 
essential  feature  is  the  interaction  of  forces  between  the  flow  of 
fluid  and  elastic  blades. 

The  process  taking  place  in  a  turbomachine  may,  on  the  average, 
be  regarded  as  steady  (if  transient  regimes  are  excluded)  in  the 
sense  that  it  must  be  cyclically  repeated  at  least  with  every  other 
turn  of  the  rotor.  However,  this  basic  cycle  is  accompanied  by  a 
series  of  unsteady  phemomena,  which  take  place  in  the  aerodynamic 
eas cades  and  in  entire  turbomachines  as  a  whole. 
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Unsteady  phenomena  may  be  divided  into  two  groups.  Purely 
aerodynamic  unsteady  phenomena  belong  to  the  first  group,  i.e.,  phen¬ 
omena  in  which  the  coupling  between  the  aerodynamic  and  the  elastic 
characteristics  of  the  system  is  not  essential.  These  phenomena  can 
take  place  even  when  the  blades  of  the  aerodynamic  cascade  are  abso- 
lut ;ly  rigid.  Obviously,  the  corresponding  problems  can  be  described 
by  aerodynamic  equations  alone.  Such  phenomena  include: 

(1)  Plow  about  aerodynamic  cascades  by  a  nonuniform  and  per¬ 
iodically  unsteady  flow.  In  a  turbomachine  there  is  a  number  of 
reasons  for  which  the  absolute  flow  motion  is  inhomogeneous  in  the 
circumferential  direction.  Such  inhomogeneity  is  brought  about,  for 
example,  by  viscous  trailing  wakes  propagating  beyond  the  blades  of  a 
stationary  cascade,  the  supply  of  gas  along  only  part  of  the  circum¬ 
ference  (partial  supply),  turning  of  the  stream  in  the  supply  system, 
etc.  Inhomogeneity  of  absolute  flow  motion  brings  abcut  nonuniformity 
in  terms  of  relative  motion  (and  vice  versa). 

(2)  Plow  in  aerodynamic  cascades  by  a  stream  with  considerable 
turbulence,  formed  after  the  disintegration  of  vortex  wakes.  Typical 
here  are  influences  of  a  random  nature,  subject  to  statistical  laws. 

(3)  dotation  separation  originating  in  a  cascade  of  the  turbo- 
machine.  The  self-exciting  unsteady  flow  asymmetry  originating  in  an 
aerodynamic  cascade  when  a  certain  critical  entry  angle  is  exceeded 
is  called  separation  due  to  rotation. 

(!»)  Surging  or  self-excited  vibration  of  the  gas  flowing  through 
the  compressor  and  the  feed  lines.  In  such  a  case  instability 
typically  originates  not  in  an  individual  cascade  or  stage,  out  in 
the  entire  turbomachine  and  network. 

Phenomena  for  which  the  coupling  between  the  aerodynamic  and 
mechanical  characteristics  is  essential  belong  to  the  second  group. 
Obviously,  these  problems  can  be  studied  only  with  simultaneous  study 

of  the  equations  of  aerodynamics  and  elasticity  theory. 


This  class  of  phenomena  may  he  observed  only  when  the  mechanical 
system  can  become  deformed  in  the  stream.  If  the  stream  possesses 
elasticity,  vibrations  ban. originate,  and  the  possibility  arises  of 
energy  exchange  between  the  mechanical  system  and  the  stream.  When 

t 

the  vibrating  system  transmits  energy  to  the  stream,  aerodynamic 
damping  is  observed,  and  the  vibrations,  if  they  are  not  sustained  by 
some  external  energy  source,  will  attenuate.  The  vibrating  system 
may  also  obtain  energy  from  a  uniform  stream,  and  in  such  a  case  non¬ 
damping  vibrations  may  be  maintained.  This  phenomenon  is  called  self- 
excited  vibration,  and  in  application  to  aerodynamic  cascades  and 
wings  it  is  called  flutter. 

The  phemomena  of  the  second  group  include: 

(1)  Aerodynamic  damping  of  the  vibration  of  elastic  blades  in 
an  aerodynamic  cascade  around  which  flows  a  stream  of  fluid. 

(2)  Flexural-torsional  flutter  of  blades  in  an  aerodynamic 
cascade.  The  presence  of  elastic  coupling  between  the  flexural  and 
torsional  vibrations  of  an  elastic  body  when  the  center  of  mass  and 
the  center  of  torsion  do  not  coincide  is  essential. 

(3)  Cascade  flutter,  which  may  be  excited  only  in  a  system  of 
elastic  bodies  immersed  in  a  stream.  Cascade  flutter  originates  in 
the  case  of  purely  flexural  or  purely  torsional  blade  vibration.  The 
possibility  of  the  existence  of  this  type  of  flutter  depends  upon 
the  aerodynamic  and  mechanical  connection  of  the  cascade. 

(4)  Separation  flutter,  which  originates  under  specific  con¬ 
ditions  with  the  appearance ' of  separation  on  the  cascade  profiles. 

This  form  of  flutter  may  also  originate  In  a  single  wing,  although 
the  coupling  between  the  blades  in  a  cascade  exerts  a  substantial 
influence . 

(5)  Wave  flutter,  which  may  appear  only  in  a  supersonic  stream 
in  the  presence  of  3hock  waves  which  interact  with  the  boundary  layer. 
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In  essence,  all  the  basic  problems  pertain  to  the  study  of 
vibration,  either  of  a  gas  stream  or  of  a  system  of  elastic  bodies 
in  a  stream.  Therefore,  classifying  the  phenomena  from  the  point  of 
view  of  vibration  theory,  they  may  be  divided  into  forced  vibration 
and  self-excited  vibration.  Blade  vibration  in  a  nonuniform  flow 
belongs  to  the  first  category.  All  other  forms  of  flutter,  rotation 
separation  and  surging  belong  to  the  second  category.  Such  a  classi¬ 
fication  is  based  upon  the  method  of  energy  supply  to  the  vibrating 
system.  In  the  case  of  forced  vibration,  the  energy  is  supplied  in 
portions,  since  the  energy  source  is  periodic  (or  intermittent).  In 
the  case  of  self-excited  vibration,  the  energy  is  extracted  from  a 
constant  source  in  portions  which  are  regulated  by  the  vibrating  sys¬ 
tem  itself. 


5  1.2.  Features  of  Unsteady  and  Aeroelastlc 
Phenomena  in  Turbomachines 


Let  us  consider  two  two-dimensional  cascades  formed  by  developing 
the  cylindrical  surface  intersecting  a  stage  of  an  axial  turbine  onto 
a  plane  (Figure  1.1).  Let  us  assume  that  this  cross  section  has 
been  made  in  cylindrical  or  almost  cylindrical  stage,  so  that  the 
surface  may  be  regarded  as  the  averaged  current  surface  as  is  done 
in  the  theory  of  axial  turbomachines  when  studying  steady  flow.  The 
first  aerodynamic  cascade,  which  is  stationary  with  respect  to  the 
turbine  housing,  is  called  the  directional  or  the  nozzle  cascade. 

The  second  aerodynamic  cascade,  which  moves  with  respect  to  the  first 
one  with  a  circumferencial  velocity  of  u,  is  called  the  impulse 
cascade.  In  the  majority  of  cases,  modern  turbomachines  are  made 
with  several  stages,  so  that  there  are  adjoining  stages  before  and 
after  the  stage  under  consideration.  However,  in  order  to  isolate 
the  basic  features,  we  shall  simplify  the  picture  and  shall  regard 
the  stage  under  consideration  as  being  isolated. 

A  stream  cf  viscous  compressible  fluid  moves  through  the  cas¬ 
cades.  The  relationships  between  the  stream  velocity,  the  charac¬ 
teristic  dimensions  of  the  blades,  and  the  viscosity  of  the  fluid 
in  turbomachlne3  usually  correspond  to  large  Reynolds  numbers,  and 
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Figure  1,1.  Cylindri-  velocities  after  the  directional  cas- 

cal  section  of  the  cade, 

aerodynamic  cascades 
of  a  turbine. 

therefore  the  methods  of  boundary-layer  theory  may  be  used. 

In  the  nozzle  cascade  it  is  possible  to  distinguish  the  flow 
core,  in  which  there  is  potential  flow,  and  a  thin  boundary  layer, 
situated  on  the  blade  surface.  The  turbulent  sti’eams  propagate 
beyond  the  trailing  edges  of  the  nozzle  blades.  Thus,  the  stream 
emerging  from  a  nozzle  cascade  is  inhomogeneous.  At  a  small  distance 
from  the  cascade,  at  the  so-called  initial  portion,  there  is  consid¬ 
erable  inhomogeneity  of  the  velocity  field,  the  static-pressure  field 
and  direction-angle  field  of  the  stream.  Somewhat  farther  downstream 
there  is  a  relatively  rapid  smoothing  out  of  the  static  pressure  field, 
and  the  directional  angle  field,  although  the  velocity  field  has  con¬ 
siderable  inhomogeneity.  Figure. 1.2  shows  the  velocity  distribution 
in  a  control  cross  section  1-1  beyond  the  directional  cascade.  The 
ratio  of  the  local  flow  velocity  to  the  constant  velocity  in  the  po¬ 
tential  core  is  plotted  along  the  ordinate.  The  pattern  is  period¬ 
ically  repeated  at  every  step  t1  of  the  directional  cascade. 

Let  us  now  consider  flow  about  a  moving  impulse  cascade.  Let 
us  sketch  velocity  triangles  for  the  flow  core.  The  flow  proceeds 
from  the  nozzle  cascade  with  the  absolute  velocity  c-^  (absolute 
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velocities  are  called  those  which  are  measured  with  respect  to  a 

stationary  cascade)  at  a  constant  angle  a,  and  enters  the  impulse 

0  "L 

cascade  with  a  relative  velocity  of  Wp  directed  at  an  angle  3-^.  We 
measure  the  angles  with  respect  to  the  straight  line  (cascade  axis) 
connecting  similar  points  of  the  profiles  in  the  manner  shown  in 
Figure  1.3.  At  the  moment  when  the  working  blade  passes  through  the 
zone  of  the  edge  wake,  the  absolute  velocity  alters  its  value  and, 
in  accordance  with  this,  the  relative  velocity  changes  both  with 

respect  to  magnitude  and  direc¬ 
tion.  This  brings  about  a  per¬ 
iodic  change  in  the  flow  regime 
in  the  impulse  cascade,  which 
is  manifested  in  a  change  of 
the  pressure  distribution  with 
Figure  1.3.  Velocity  triangles  of  respect  to  profile  and  a  refor- 
a  compressor  stage.  mation  of  the  boundary  layer. 

The  eddy  fluid  from  the  boundary  layer  is  carried  away  by  the  stream 
with  a  relative  velocity  of  w®  and  forms  vortex  wakes  behind  the 
impulse  blades.  These  vortex  wakes  exist  simultaneously  with  the 
vortex  wakes  which  originate  in  steady  flow.  Steady  vortex  wakes  are 
neutral  in  the  sense  that  the  intensity  of  the  vortices  in  a  strip 
laid  out  across  the  wake  is  equal  to  zero.  Unsteady  vortex  wakes  in 
this  case  are  distinguished  by  the  fact  that  they  are  not  neutral 
and  induce  a  velocity  field  in  the  ambient  fluid,  i.e.,  they  change 
the  flow  regime  in  the  cascades.  With  periodic  change  of  the  stream 
pattern,  the  intensity  of  the  unsteady  vortex  wakes  also  changes  per¬ 
iodically,  and  the  total  vortex  intensity  carried  away  by  the  stream 
during  the  period  is  equal  to  zero. 


« 


* 


* 


The  influence  of  an  unsteady  vortex  wake  upon  the  regime  of  flow 
in  the  cascade  constitutes  a  basic  distinctive  featuie  of  unsteady 
flow.  In  view  of  the  fact  that  an  influence  is  exerted  by  all  the 
vortexes  previously  carried  away,  the  flow  regime  depends  upon  the 
history  of  the  motion. 
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Vortex  wakes  trailing  from  the  directing  cascade  are  intersected 
by  the  working  cascade.  Large-scale  turbulence  originates  at  first. 
Then  the  large  vortexes  are  broken  up  into  smaller  ones.  Passing 
along  the  channel  of  the  working  cascade,  the  turbulent  wakes  turn, 
since  the  main  stream  in  the  channels  is  inhomogeneous.  On  the  back 
of  the  blades,  the  speed  of  the  main  stream  is  greater  than  on  the 
concave  side.  At  the  moment  of  intersection  of  the  trailing  wake  by  the 
turbine  blade,  the  angle  of  attack  becomes  negative,  the  pressure  on 
the  convex  side  of  the  profile  increases,  and  decreases  on  the  con¬ 
cave  side.  The  pressure  oscillations  along  the  entire  profile  occur 
almost  in  phase,  since  the  propagation  time  of  the  perturbation,  which 
runs  along  the  profile  with  the  velocity  of  sound  plus  the  stream 
velocity,  is  usually  an  order  of  magnitude  smaller  than  the  period  of 
the  oscillations- 

Let  us  note  one  more  important  feature  of  nonsteady  streamline 

flow. 


For  steady  streamline  flow,  the  pressure  gradient  must  be  equal 
to  zero,  at  the  sharp  trailing  edge,  which  causes  the  velocities  at 
the  outer  edge  of  the  boundary  layer  to  be  equal  on  both  sides  of 
the  edge.  For  a  nonviscous  fluid  this  is  postulated  by  the  Zhukovskiy 
-Chaplygin  rule.  In  non-steady  flow  the  pressure  is  equal,  but  the 
pulsation  components  of  the  velocities  will  not  be  equal,  this  being 
explained  by  the  trailing  of  the  eddy  layer  of  fluid  which  we  have 
mentioned  above. 

Let  us  now  consider  the  motion  of  gas  in  the  stage  of  an  axial 
compressor.  The  aerodynamic  cascades  are  shown  in  Figure  l.1!.  In 
general  terms,  the  phenomena  will  be  the  same  as  in  the  case  of  a 
turbine  stage,  but  there  are  some  special  features.  The  first  working 
aerodynamic  cascade  moves  at  a  rate  of  u;  the  second  one  —  the  direct¬ 
ing  cascade  —  is  motionless.  The  velocity  triangles  of  this  stage 
are  given  in  Figure  1.5.  In  the  vortex  wakes  formed  by  the  working 
cascade,  the  relative  velocity  wv  will  be  smaller  than  in  the  core 
of  the  flow.  By  virtue  of  this,  the  motionless  cascade  will  be 
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Figure  1.4.  Cylindrical  section 
of  the  aerodynamic  cascades  of 
an  axial  compressor. 


located  in  a  pulsating  flow.  In  contrast  to  the  preceding  case, 
intersection  of  the  wake  brings  about  the  appearance  of  a  positive 
angle  of  attack,  and  not  a  negative  one.  In  this  connection,  the 
pressure  at  the  back  of  the  profile  of  the  motionless  cascade  will 
decrease,  and  the  pressure  at  the  concave  surface  will  increase  in 
comparison  to  the  calculated  pressure. ,  This  change  of  the  angle  of 
attack  affects  the  streamline  flow  conditions  more  than  in  a  turbine 
cascade,  since  compressor  turbine  cascades  have  a  large  relative 
pitch  and  thin  inlet  edges. 


4 


Above  we  have  been  considering  disturbances  that  can  be  brought 
about  by  the  first  cascade,  which  is  located  in  a  subsonic  stream. 

The  cause  of  the  perturbation  was  inhomogeneity  of  the  stream,  brought 
about  by  the  viscosity  of  the  fluid. 

In  many  cases  the  flow  at  the  outlet  of  the  first  cascade  is 
supersonic,  and  then  considerable  inhomogeneity  can  be  brought  about 
by  the  appearance  of  shock  waves  and  decompression  waves.  Figure 
1.6  shows  a  schematic  diagram  of  the  wave  system  supersonic  flow  at 
the  outlet  from  a  cascade  with  converging  channels  for  a  supercriti¬ 
cal  pressure  gradient.  Since  the  pressure  past  the  outlet  edges  is 
below  critical,  rarefacatlon  wave  1-2-3  originates.  Rarefaction 
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wave  1-2-3  is  reflected  from  the  con- 


Figure  1.6.  Structure  of 
supersonic  flow  at  the 
outlet  from  a  cascade  with 
convergent  channels. 


vex  surface  of  the  adjacent  profile 
by  rarefaction  wave  2-3-*J-5.  Shock 
wave  1-6  is  also  being  formed  at  the 
outlet  edges.  The  trailing  wakes  are 
marked  by  dotted  lines.  This  is  a 
schematic  representation  of  the 
simplest  case,  which  is  realized  in 
the  case  of  a  small  supersonic  grad¬ 
ient  and  sharp  outlet  edges. 

Thus,  in  the  supersonic  velocity 


case,  the  inhomogeneity  of  the  flow  behind  the  directing  cascade  can 


increase  substantially  due  to  the  origination  of  shock  waves  and 


rarefacation  waves. 


In  the  problems  discussed  above,  consideration  was  given  only 
to  the  influence  of  the  first  cascade  upon  the  second.  Indeed,  this 
influence  is  the  most  important  one.  However,  the  presence  of  a 
second  cascade  of  course  distorts  the  flow  emerging  from  the  first 
one.  The  trailing  wakes  are  washed  out  and,  by  virtue  of  the  turbulent 
structure,  are  random  in  nature.  Shock  waves  and  rarefaction  waves 
proceeding  from  the  first  cascade  are  reflected  by  the  second  one. 

In  such  a  case  the  flow  pattern  becomes  very  complicated,  and  so  far 
it  is  possible  to  rely  only  on  experimental  research  for  the  overall 
effects. 


Distrubances  originating  at  the  cascade  profiles  bring  about  a 
reconstruction  of  the  3tream,  and  the  blades  become  acoustic  emitters. 
The  pulses  transmitted  by  the  blades  propagate  with  the  speed  of 
sound,  and  consideration  of  this  pattern  is  of  practical  Interest  in 
the  study  of  vibration  stresses,  and  of  the  noise  created  by  turbo- 
machincs.  The  blade  cascade  constitutes  a  system  of  sources,  and 
therefore  acoustic  resonance  is  possible  under  certain  conditions. 
Acoustic  resonance  in  a  single  cascade  is  a  special  case.  The 
pattern  becomes  very  complicated,  and  a  large  number  of  possible 
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cases  are  possible  if  the  acoustic  waves  propagate  in  a  system  of 
cascades  that  are  moving  with  respect  to  one  another. 


The  acoustic  waves  emitted  by  the  blades  propagate  in  all  direc¬ 
tions,  including  (under  specific  conditions)  the  direction  of  the 
nozzle  cascade,  are  reflected  from  solid  boundaries,  to  the  working 
cascade,  etc.  In  the  case  of  certain  velocity  relationships  and 
combinations  of  geometrical  cascade  shapes,  regular  reflection  is 
possible,  which  is  capable  of  bringing  about  blade  vibrations.  This 
has  been  confirmed  by  direct  experiments.  Figure  1.7  shows  a  possible 
case  of  regular  reflection.  In  the  general  case  acoustic  waves  can 
propagate  both  in  the  direction  of  rotation  and  against  it.  Under 
certain  conditions,  an  acoustic  wave  running  counter  to  the  rotation 
of  the  wheel  will  be  motionless  with  respect  to  the  directing  cascade. 

This  case  apparently  presents 
the  greatest  danger,  since  a 
standing  wave  is  formed.  The 
actual  pattern  depends  to  a 
considerable  extent  upon  re¬ 
fraction  of  the  waves  in  the 
turbulent  wakes.  The  resonance 
phenomena  are  considerably 
weakened  by  aerodynamic  inhomo¬ 
geneity  of  the  stream  and  geo- 


FI  gure  1.7.  Regular  reflection 
of  acoustic  waves  in  a  turbine 
stage. 


metrical  homogeneity  of  the 
cascades.  This  latter  property 
(for  example,  change  of  the 


spacings)  may  be  used  in  the  design,  in  order  to  avoid  dangerous  con¬ 


sequences  . 


t 

\ 


t 


Noise  originating  in  the  operation  of  a  turbomachine  is  deter¬ 
mined  bi  at  least  two  causes.  In  the  first  place,  the  blades  serve 
as  acoustic  emitters  and  are  of  the  pressure  dipole  type.  In  the 
second  place,  noise  originates  along  the  boundaries  of  the  turbulent 
edge  jets.  In  •'■he  latter  case  the  acoustic  sources  are  quadrupoles. 
The  resonance  processes  in  the  stream  affect  the  noise  level. 
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Aside  from  the  inhomogeneities  connected  with  the  presence  of  an 
trailing  wake  and  waves,  a  substantial  effect  can  be  exerted  by  an  in¬ 
homogeneity  originating  in  the  potential  stream  with  the  shift  of  the 
cascades  with  respect  to  one  another  as  has  been  shown  by  calculations. 

*  Let  us  consider  two  cascades,  through  which  a  potential  stream 

of  ideal  fluid  flows(Figure  1.8).  T v*‘  working  cascade  moves  in  the 
negative  ordinate  direction.  Obviously,  the  flow  regime  in  the  two 
£  cascades  depends  upon  their  position  with  respect  to  one  another. 

The  pressure  distribution  along  the  profiles  of  the  directing  cascade 
does  not  change  if  the  working  cascade  is  shifted  by  its  spacing  of 
t2.  In  precisely  the  same  manner,  the  pressure  distribution  along 
the  profiles  of  the  working  cascade  does  not  change  if  it  is  shifted 
by  the  spacing  of  the  nozzle  cascade  —  t-^. 

Mutual  cascade  influence  of  this 
type  becomes  much  weaker  when  the  gap 
Ab  is  increased.  The  perturbations 
which  are  presently  being  considered 
also  originate  in  a  potential  stream. 
However,  since  a  change  of  the  circu¬ 
lation  around  the  profiles  originates 
as  a  result  of  interference,  vortex 
wakes  will  appear  after  them.  The 
reason  for  the  appearance  of  these 
wakes  in  an  ideal  fluid  may  be 
explained  in  the  following  manner. 

The  motion  of  an  ideal  incom¬ 
pressible  fluid,  starting  from  a  state 
of  rest  under  the  influence  of  mass 
forces,  is  potential,  but  may  have 
discontinuities  in  the  velocity  fields.  These  solutions  with  dis¬ 
continuities  must  be  considered  in  order  to  satisfy  the  physical 
requirements  at  the  sharp  trailing  edge  of  the  profiles.  In  the 
contrary  case,  infinitely  large  velocities  and,  consequently,  infinite 


Figure  1.8.  Concerning  the 
influence  of  cascades  mov¬ 
ing  with  respect  to  one  an¬ 
other  in  a  potential  flow. 
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negative  pressures,  will  originate  at  the  trailing  edge.  This  mathe¬ 
matical  model,  with  a  discontinuity  proceeding  from  the  rear  edge, 
selects  among  the  possible  solutions  the  one  which  has  the  character¬ 
istic  featu'  .■  of  an  actually  observed  phenomenon.  It  is  known  from 
the  solution  of  many  problems  of  mathematical  physics  that  conditions  s 

at  sharp  edges  must  be  discussed  separately,  and  in  addition  to 

I 

observing,  the  usual  boundary  conditions,  special  physical  hypotheses 

must  be  resorted  to.  ^ 

This  feature  of  unsteady  streamline  flow  may  also  be  explained 
from  a  somewnat  different  point  of  view.  The  solution  of  the  problem 
of  flow  about  bodies  (in  the  present  instance  —  cascades)  by  a 
stabilized  stream  of  an  ideal  incompressible  fluid  may  be  obtained 
by  placing  a  vortex  layer  along  the  surfaces  of  the  bodies  with  a 
density  distribution  such  that  the  boundary  conditions  are  satisfied. 

The  distributed  vortexes  are  called  Zhukovskiy's  attached  vortexes 
and  are  connect -d  with  the  distribution  of  local  forces  (determined 
by  Zhukovskiy's  theorem  concerning  local  lifting  force).  With  a 
change  in  the  conditions  of  flow  about  the  body,  the  distribution 
density  of  the  vortex  layer  changes.  The  released  vorticity  is 
carried  away  by  the  mainstream  along  the  surface  of  the  blades,  and 
then  forms  a  vortex  wake  v/hich  flows  off  the  trailing  edge.  In  the 
presence  of  interaction  among  the  vortexes  and  with  shifting  of  the 
second  cascade,  tho  motion  of  these  vortex  wakes  will  be  very  complex. 

In  individual  cases  it  is  oossible  to  formulate  a  series  of  simplify¬ 
ing  assumptions  and  solve  the  problem  approximately.  Thus,  for 
example,  if  the  cascade  profiles  have  small  curvature,  if  the  flow  has 
a  small  angle  of  attack,  and  if  the  Intensity  of  the  vortex  sheet  is  5 

small,  it  may  be  assumed  that  the  vortex  wakes  propagate  from  the 
trailing  edges  of  the  blades  along  straight  lines  (although  the  motion 
of  the  sheet  will  be  unstable).  f 


mi - - U  T  ~  «  ,  £>  4.  ,4..  KU  4-U-.  .  V.UJ  ~  J.  J  ..  _ 
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nonuniform  potential  stream  which  is  perturbed  by  the  succeeding 
nozzle  cascade  is  of  piactical  interest  (particularly  if  the  axial 
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jet  is  small,  and  the  inlet  edges  of  the  second  cascade  are  thick). 
Such  a  problem  does  not  differ  in  principle  from  the  one  considered 
above . 


The  solution  of  problems  of  flow  about  a  cascade  by  a  nonuniform 
i  unsteady  stream  has  several  technical  applications. 

The  determination  of  nonsteady  forces  which  cause  blade  oscilla- 
^  tion  is  necessary  in  the  evaluation  of  vibration  reliability  of  the 

blades.  Frequently  one  makes  a  comparative  evaluation  of  the  danger 
of  various  types  of  oscillations. 

In  formulating  the  corresponding  problems,  it  is  necessary  to 
introduce  substantial  simplifications.  In  all  cases,  only  an  ideal 
fluid  is  considered. 

The  problem  of  the  displacement  of  cascades  with  profiles  of 
arbitrary  form  with  respect  to  one  another  ia  solved  in  an  incom¬ 
pressible  liquid  In  a  quasi-steady  formulation  in  order  to  obtain 
numerical  results.  The  simplest  case  is  where  the  spaclngs  of  the 
cascades  are  identical  (although  in  practice,  this  case  Is  usually 
not  treated).  The  case  where  the  cascade  spacings  are  different  has 
beer  solved  in  principle,  but  requires  extensive  calculations. 

The  problem  of  flow  about  an  insulated  cascade  by  a  vortex  stream 
has  been  solved  only  in  a  linear  formulation  for  thin  profiles  with 
small  curvatures. 

i  Problems  concerning  the  motion  of  cascades  in  a  nonuniform  field 

brought  about  by  the  influence  of  inlet  and  outlet  nozzles  are 
related  to  this  group.  Special  Interest  is  afforded  by  the  problem 
f  of  movement  of  the  working  cascade  with  supersonic  velocity  at  the 

outlet,  in  a  nonuniform  stream  caused  by  the  outlet  nozzle. 

A  second  problem  presented  by  practical  considerations  is  the 
determination  of  supplementary  losses  of  kinetic  energy  connected 
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with  unsteady  streamline  flow.  These  losses  are  brought  about  by 
the  expenditure  of  energy  for  the  formation  of  a  vortex  wake  behind 
the  profile,  velocity  pulsations  in  the  boundary  layer,  and  acoustic 
radiation.  Losses  also  originate  during  smoothing  out  of  the  velocity 
field  inside  the  channels  and  beyond  the  cascade  due  to  the  influence  * 

of  viscosity  forces.  The  problem  of  the  expenditure  of  energy  on 
the  formation  of  a  vortex  wake  may  be  considered  on  the  basis  of  an 
ideal  fluid  model. 

The  evaluation  of  supplemental  energy  losses  in  the  boundary 
layer  is  also  possible  in  principle.  For  this  it  is  necessary  to 
calculate  the  external  nonsteady  potential  stream  and  to  resort  to  the 
theory  of  a  nonstead;;  boundary  layer. 

The  energy  expenditure  for  acoustic  radiation  in  a  compressible 
fluid  is  small  in  a  number  of  cases,  but  precise  evaluations  for  an 
arbitrary  case  involve  considerable  difficulties. 

It  is  necessary  to  note  that  the  experimental  determination  of 
supplementary  nonsteady  losses  is  also  a  complex  problem.  In  general 
these  losses  are  not  very  great.  However,  the  available  experimental 
investigations  yield  contradictory  results. 

Special  regimes  may  originate  in  turbomachines,  in  which  a 
strong  separation  of  the  stream  appears  at  the  cascades.  Such  regimes 
represent  considerable  vibrational  danger  and  bring  about  a  substan¬ 
tial  drop  in  efficiency.  Separation  regimes  are  always  unsteady  . 

Their  theoretical  investigation  involves  considerable  difficulties.  « 

The  available  studies  are  based  upon  rather  crude  assumptions.  Here 
it  must  be  noted  that  a  stream  which  is  nonuniform  in  a  circumferential 
direction  will  facilitate  earlier  separation.  V 

It  was  noted  above  that  acoustic  radiation  is  possibly  not  even 
a  very  large  item  in  the  total  loss  balance.  However,  the  noise 
originating  during  the  operation  of  turbomachines  is  to  a  considerable 
degree  linked  to  the  generation  of  acoustic  waves  on  the  blades  in 
unsteady  streamline  flow.  The  study  of  noise  intensity  and  of  the 
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structure  and  characteristics  of  noise  is  of  great  practical  signifi¬ 
cance,  particularly  for  compressors  operating  at  high  velocities.  A 
number  of  experimental  studies  in  this  direction  are  known.  The 
theoretical  studies  are  based  upon  the  introduction  of  radiating 
dipoles  which  are  caused  by  pulsating  forces,  into  the  flow  field. 

This  problem  is  in  some  measure  equivalent  to  studying  aircraft  pro¬ 
peller  noise. 

The  problem  on  unsteady  flow  about  cascades  is  of  interest  also 
in  the  field  of  hydraulic  turbines  and  turbopumps j  in  addition  to 
some  enumerated  problems,  there  is  the  problem  of  the  cavitation 
characteristics  of  a  cascade  operating  in  a  nonuniform  stream. 

The  quantity  used  to  characterize  the  cavitation  in  hydrodynamic 
machines  is  the  so-called  cavitation  number,  which  is  proportional  to  the 
difference  of  the  pressure  in  an  unperturbed  stream  at  the  moment  of 
the  start  of  cavitation  and  the  saturation  pressure  at  the  temperature 
of  the  flowing  liquid.  In  flow  about  blades,  cavitation  commences 
earlier,  the  lower  the  minimum  pressure  on  the  blade,  which  in  a 
homogeneous  stream  depends  upon  the  shape  of  the  profile  and  the 
incident  flow  angle.  Cavitation  originates  at  the  point  of  minimum 
pressure  on  the  blade.  As  the  angle  3-^  increases,  this  point  moves 
toward  the  leading  edge.  A  break  of  the  cavitation  curve  (the 
relationship  of  the  cavitation  number  to  the  angle  of  attack)  is 
observed  from  the  moment  when  cavitation  bubbles  begin  to  form  on 
the  leading  edge  of  the  profile  (Figure  1.9).  When  the  cascade  of  a 
hydrodynamic  machine  moves  in  a  nonuniform  stream,  the  blades  inter¬ 
sect  turbulent  jets  and  operate  with  a  variable  entry  angle.  Since 
at  the  moment  of  intersection  of  the  turbulent  wake  the  angle  3^ 
increases  (for  example,  in  the  pump),  this  brings  about  an  earlier 
origination  of  cavitation  in  comparison  with  a  uniform  stream. 

The  unsteady  forces  acting  upon  turbomachine  blades  are  consid¬ 
erably  smaller  than  the  static  forces,  and  therefore  they  are  danger¬ 
ous  only  in  the  case  of  resonance  vibrations.  Determination  of  the 
frequency  (but  not  the  value)  of  the  regular  perturbing  forces  is 
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Figure  1.9.  Relationship  of 
the  cavitation  number  a  to 
the  incident  flow  angle  61; 

and  p°  are  respectively 
the  velocity  and  pressure 
in  the  mainstream,  p ?  is 
the  saturation  pressure. 
Dotted  line  indicates  the 
sector  of  the  cavitation 
curve  with  circular  uneven¬ 
ness  of  the  flow  due  to 
the  wakes  of  the  preceding 
cascade. 


elementary.  However,  wave  oscillations 
brought  about  by  random  aerodynamic 
forces  also  originate  in  turbomachines. 
The  reason  for  the  manifestation  of 
these  forces  is  understandable,  since 
along  the  boundaries  of  turbulent  trail¬ 
ing  wakes  there  are  the  so-called  ln- 
termittant  zones.  In  these  zones, 
irregular  velocity  pulsations  are 
observed.  In  addition,  the  disinte¬ 
gration  of  vortex  jecs  under  the 
action  of  a  shifting  cascade  also 
brings  about  irregular  pulsations  of 
the  stream.  Particularly  large  pul¬ 
sations  originate  in  the  case  of  separ¬ 
ation  flow  about  the  cascades.  Special 
measurements,  conducted  by  means  of 
quick-response  probes,  make  it  possible 
to  obtain  the  amplitudes  and  the 
These  pulsations  are  particularly 


frequencies  of  the  pulsations, 
large  behind  rotating  cascades,  which  have  also  been  confirmed  by 
direct  experiments  in  which  the  measurements  of  relative  motion  are 
made.  In  such  measurements,  regular  velocity  dips  are  observed  in 
the  wake  behind  a  rotating  cascade,  as  well  as  irregular  pulsations 
superimposed  both  upon  the  wake  and  upon  the  flow  core. 


Practical  interest  is  afforded  by  the  study  of  blade  oscillations 
under  the  action  of  random  aerodynamic  forces.  The  corresponding 
problems  are  analogous  to  problems  of  the  flight  of  an  aircraft  in 
a  turbulent  stream.  However,  the  presence  of  cascades  and  not  of  a 
single  wing  introduces  basic  difficulties. 

In  some  turbine  stages  so-called  partial  supply  is  used,  i.e., 
the  supply  of  the  working  medium  is  not  along  the  entire  length  of 
the  circumference,  but  only  along  a  specific  arc.  Thus,  the  working 
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blades  periodically  enter  (and  emerge  from)  a  jet  of  gas  flowing  at 
a  high  velocity.  In  such  a  case  a  very  pronounced  radical  reconstruc¬ 
tion  of  the  pattern  of  flow  about  the  blade  of  a  working  cascade  takes 
place.  In  this  case  the  working  blades  cannot  be  tuned  out  from  the 
resonance  frequency  in  view  of  the  high  density  of  the  spectrum  of 
the  perturbing  force  (1  -  2%  between  adjacent  harmonics).  Consequently, 
precise  evaluation  of  the  dynamic  stresses  is  of  particularly  great 
significance.  A  second  question,  also  very  important,  is  evaluation 
of  the  reduction  of  economic  efficiency.  In  stages  with  partial 
supply,  the  flow  velocities  are  frequently  supersonic  not  only  in 
terms  of  absolute  motion,  but  also  in  terms  of  relative  motion.  It 
may  be  assumed  that  in  some  cases  it  is  of  essential  significance  to 
take  into  account  the  propagation  and  reflection  of  shock  waves  orig¬ 
inating  at  the  jet  boundaries  in  the  cascade  channels. 

Let  us  now  devote  some  attention  to  the  phenomenon  of  aerodynamic 
damping.  In  the  excitation  of  oscillations  of  elastic  blades  in  a 
cascade,  there  originates  the  possibility  of  energy  exchange  between 
the  oscillating  blades  and  the  stream.  In  principle,  passage  of 
energy  is  possible  both  from  the  blades  to  the  stream  and  in  the 
opposite  direction.  The  first  of  these  processes  is  called  aero¬ 
dynamic. 

Let  us  consider  the  osciiation  of  a  single  wing  in  a  uniform 
stream  (Figure  1.10).  The  wing  performs  small  oscillations  in  a 
direction  perpendicular  to  the  chord.  If,  during  oscillation,  a 
blade  moves  in  the  direction  of  arrow  1,  the  angle  of  attack  decreases; 
but  if  the  motion  takes  place  in  the  direction  of  arrow  2,  the  angle 
of  attack  increases.  Change  of  the  angle  of  attack  brings  about  a 
change  in  the  lifting  force,  and  an  increment  of  the  lifting  force 
will  counteract  the  motion,  since  it  is  directed  against  the  rate  of 
movement  of  the  blade.  Consequently,  an  oscillating  blade  will  give 
energy  to  the  stream,  i.e.,  aerodynamic  damping  of  the  oscillations 
will  originate.  With  a  change  in  the  circulation  behind  the  blade, 
a  vortex  wake  will  appear;  this  will  introduce  only  a  quantitative 
correction  into  the  aerodynamic  damping.  If  the  fluid  is  compressible. 
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the  damping  increases  on  account  of 
energy  scattered  by  acoustic  radiation. 

The  problem  of  the  oscillation  of  a 
thin  single  wing  (the  limit  case  of 
a  very  sparse  cascade)  has  been  solved,  * 

and  corresponding  computation  tables 
exist  for  an  imcompressible  fluid,  as 
well  as  for  subsonic  and  supersonic  ^ 

flow. 

In  the  case  of  flow  about  an  aerodynamic  cascade  with  oscillating 
profiles,  the  problem  becomes  basically  more  complex.  In  the  first 
place,  the  profiles  of  the  cascade  may  oscillate  with  different 
amplitudes  (in  a  special  case,  some  may  be  motionless);  in  the  second 
place,  the  phases  of  the  oscillations  may  also  differ,  and  in  the 
third  place,  a  substantial  effect  may  be  exerted  in  the  cascade  by 
mutual  displacement  of  profiles. 

In  the  case  of  high-frequency  oscillations  in  an  unloaded  cas¬ 
cade  (a  cascade  is  called  unloaded  if  the  static  rotation  of  the 
stream  is  equal  to  zero),  the  influence  of  profile  displacement  may 
be  disregarded.  In  such  a  case  the  interference  consists  in  the 
fact  that  the  oscillating  profiles  bring  about  mutual  induction  of 
velocities.  Such  a  linearized  problem  is  the  simplest  of  all  and  has 
been  considered  in  detail.  Computation  tables  are  available.  In 
such  a  case  aerodynamic  damping  origniates  with  purely  transla¬ 
tional  and  purely  torsional  blade  vibrations.  Aerodynamic  damping 
depends  to  a  substantial  extent  upon  the  distribution  of  the  oscilla-  , 

tion  phases  of  the  blades.  Naturally,  the  greatest  effect  is  exerted 
by  the  neighboring  profiles.  It  is  obvious  that  the  greatest  aero¬ 
dynamic  damping  originates  when  the  blades  oscillate  in  counterphase,  ^ 

since  in  this  case  the  normal  velocities  induced  by  neighboring  pro¬ 
files  are  directed  against  the  motion  of  the  blades  situated  between 
them. 


Figure  1.10.  Oscillation  of 
a  single  wing  in  a  stream 
of  fluid. 


In  the  oscillation  of  blades  in  an  aerodynamically  loaded  cas¬ 
cade  (large  static  rotation  of  the  stream),  they  move  in  a  nonuniform 
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field  (Figure  1.11).  Let  us  at  first 
assume  that  only  one  blade  is  oscilla¬ 
ting,  and  that  the  rest  of  them  are 
motionless.  The  unsteady  part  of 
the  pressure  on  the  profile  will  have 
one  component,  proportional  to  the 
speed  of  the  oscillations,  and  a 
second  component,  proportional  to  the 
acceleration  (the  effect  of  the  vortex 
wake  will  be  disregarded  in  these  con¬ 
siderations).  In  addition,  since  the 
field  of  the  main  stream  is  nonuniform 
in  the  direction  of  the  cascade  axis, 
the  pressure  distribution  will  depend  upon  the  shift  of  the  blade 
under  consideration.  In  practice,  the  vibration  velocities  are  small 
in  comparison  to  the  velocity  of  the  main  stream,  and  the  displace¬ 
ments  are  small  in  comparison  to  the  cascade  spacing.  Therefore,  the 
problem  may  be  linearized,  and  the  three  components  of  the  unsteady 
flow  may  be  considered  separately.  It  is  obvious  that  during  the 
oscillation  cycle,  work  can  be  performed  only  by  the  force  which  is 
in  phase  with  the  speed  of  movement  of  the  profile.  Since  this  force 
is  contrary  to  the  direction  of  the  movement,  aerodynamic  damping  of 
the  oscillations  will  be  observed.  The  situation  will  change  basically 
if  the  neighboring  profiles  oscillate  synchronously  with  the  profile 
under  consideration,  but  there  will  be  a  phase  shift.  In  the  general 
case  a  component  of  the  unsteady  force  originates  which  depends  upon 
the  displacement  of  all  the  profiles  and  which  is  in  phase  with  the 
oscillation  rate.  Obviously,  this  force  may  perform  positive  or 
*  negative  work,  i.e.,  it  may  damp  oscillations  or  excite  them. 

If  the  profiles  are  oscillating  in  a  compressible  fluid,  then  in 
addition  to  acoustic  radiation,  which  brings  about  supplementary  energy 
dispersion,  a  new  phenomenon  may  be  observed  in  the  cascade  —  reso¬ 
nance  oscillations  of  the  gas  (which  cannot  originate  for  the  case 
of  a  single  wing) . 


Figure  1.11.  Oscillation 
of  profiles  in  a  cascade 
and  the  influence  of 
shift . 
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Let  us  first  consider  the  oscillations  of  orily  one  profile  in  the 
cascade.  In  the  course  of  the  oscillations,  the  profile  will  send 
acoustic  waves  in  oil  di<nobions,  including  along  the  cascade  axis 
(we  are  considering  subsonic  conditions).  The  rate  of  wave  propa¬ 
gation  depends  upon  the  soeed  of  sound  ani  the  direction  of  propaga¬ 
tion  of  the  waves,  since  they  are  cax-rieti  away  by  tr.e  main  stream.  * 

The  waves  will  be  reflected  by  motionless  profiles  and  will  be  re¬ 
turned  to  the  oscillating  profile.  If  the  reflected  waves  are 
returnee  in  the  corresponding  phase,  which  depends  upon  the  relation-  ^ 

ship  among  tne  velocity  cf  sound,  the  oscillation  frequency,  the 
cascade  spacing,  and  the  main  stream  velocity,  the  onset  of  acoustic 
resonance  is  possible.  Tnus ,  for  example,  if  a  straight  cascade  of 
plates  oscillating  in  counter  phase  is  considered,  the  (first) 
resonance  will  occur  if  half  the  wavelength  fits  between  the  profiles. 

In  such  a  case  the  oscillations  of  the  gas  along  the  cascade  axis  are 
analogous  to  the  oscillations  of  a  gas  column  in  a  pipe  that  is 
closed  at  one  end  and  is  provided  with  an  oscillating  piston  on  the 
other.  The  difference  will  be  only  in  the  fact  that  the  main  stream 
is  flowing  though  the  cascade,  and  therefore,  the  propagation  speed 
of  the  signal  (in  the  linear  formulation)  will  be  equal  to  the  speed 
of  souna  multiplied  by  Prandtl's  correction  a  Vi- m5  . 

A  similar,  but  a  somewhat  more  complex  pattern  is  observed  in 
a  cascade  with  an  offset,  the  profiles  of  which  oscillate  with  a  con¬ 
stant  phase  shift.  Resonance  will  obviously  be  observed  if  the 
acoustic  waves  reach  eacn  profile  in  the  phase  corresponding  to  it. 

Since  the  propagation  rates  of  a  signal  in  an  oblique  cascade  depend 

upon  the  direction,  two  resonances  should  be  observed,  each  with 

the  corresponding  multipl icicy  factors.  * 

The  study  of  resonance  is  of  practical  interest,  since  under 
these  conditions  aerodynamic  dumping  decreases,  which  facilitates 
the  origination  of  self-oscillation  of  the  blades. 

Let  us  pass  on  to  tne  consideration  of  regimes  in  which  oscillat¬ 
ing  blades  can  obtain  energy  f^om  the  stream  and,  consequently,  nen- 
damping  oscillations  can  be  maintained.  Since  the  energy  is  obtained 
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from  a  uniform  stream,  this  process  differs  basically  from  the  forced- 
oscillation  process  and  bears  the  name  of  self-oscillations.  In  a 
special  case,  in  the  application  to  aircraft  wings  and  turbomachine 
blades,  this  phenomenon  is  called  flutter.  It  is  theoretically  clear 
and  has  been  confirmed  in  practice  that  several  types  of  flutter  are 
possible,  which  differ  with  respect  to  the  energy- absorption  mechanism. 

The  first  type  of  flutter,  also  called  "classical, "  was  detected 
in  aviation. 

Let  us  consider  a  single  wing,  which  may  perform  flexural  and 
torsional  oscillations  in  a  uniform  stream.  The  center  of  torsion 
does  not  coincide  with  the  center  of  mass  (Figure  1.12).  In  such  a 
case,  flexural  oscillations  will  bring  about  torsional  ones,  and 
conversely,  i.e.,  combined  flexure-torsional  oscillations  may  be 
observed  in  the  wing.  If  only  purely  flexural  or  purely  torsional 
oscillations  were  to  originate,  they  would  have  been  damped  out  by 
aerodynamic  damping  (as  well  as  mechanical  damping).  The  appearance 
of  joint  flesure-torsional  oscillations  radically  changes  the  pattern. 
The  point  is  that  flexural  oscillations  will  bring  about  not  only 

the  unsteady  lift  force  .S',,  but  also 
the  unsteady  moment  and  torsional 
oscillations,  in  addition  to  bringing 
about  the  moment  M2,  will  also  bring 
about  the  lift  force  .2,.  The  work 
of  the  lift  force  and  the  aero¬ 
dynamic  moment  M2  in  the  respective 
shifts  is  always  negative,  since  they 
are  in  counterphase  with  the  oscilla¬ 
tion  rates.  Consequently,  this  force 
and  moment  bring  about  aerodynamic  damping.  The  work  of  force  and 
moment  may  be  positive  as  well  as  negative,  and  this  depends  upon 
the  phase-shift  angle  between  the  torsional  oscillations  and  the 
flexural  oscillations.  In  case  the  energy  supplied  and  energy  drawn 
off  balance  one  another,  nondamping  harmonic  oscillations  will 


U 
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Figure  1.12.  Flexure- tor¬ 
sional  oscillations  of  a 
single  profile  in  a  stream. 
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originate.  Since  aerodynamic  forces  and  moments  depend  upon  the 
velocity  of  the  main  stream,  the  energy  balance  will  occur  at  a 
specific  velocity,  which  is  called  the  critical  velocity.  If  the 
velocity  exceeds  the  critical,  oscillations  with  increasing  amplitude 
should  be  observed.  In  actual  fact,  nonlinear  factors  will  become 
effective,  which  will  retain  the  amplitude  at  a  certain  level. 

An  analogous  flexure  torsional  flutter  may,  in  principle,  exist 
also  in  cascades.  Calculations  show  that  in  view  of  the  great  rigidity 
of  the  blades  ,  the  required  critical  flow  velocities  are  very  great. 
Nevertheless,  this  question  should  not  be  considered  fully  solved, 
since  under  certain  conditions  the  aerodynamic  coherence  of  the  cas¬ 
cades  may  decrease  the  velocity. 

The  second  type  of  experimentally  observed  flutter  can  take  place 
only  with  purely  flexural  or  purely  torsional  oscillations  of  the 
blades  in  the  cascade.  The  oscillations  of  each  blade  take  place 
with  one  degree  of  freedom;  however,  the  entire  cascade  is  an  elastic 
solid  with  many  degrees  of  freedom,  this  being  basically  necessary 
for  the  origination  of  this  type  of  flutter,  which  therefore  may  be 
called  cascade  flutter.  In  the  cascade,  oscillation  of  the  blades  is 
possible  with  a  constant  phase  shift  such  that  the  energy  will  be 
derived  from  the  stream  and  nondamping  oseilations  will  originate. 


Let  us  consider  the  oscillations  of  blades  in  the  cascade 
represented  in  Figure  1.11.  It  was  said  above  that  in  the  case  of 
oscillation  of  ell  the  blades,  they  can  be  acted  upon  by  a  force  which 
depends  upon  the  relative  shift.  Let  us  emphasize  that  this  force 
acts  upon  the  blades  from  the  side  of  the  stream,  and  therefore,  a 

u  y 

force  acting,  for  example,  upon  the  n  blade,  with  the  shifting  of 
the  (n-i)  v  blade  is  altogether  not  equal  to  the  force  acting  upon 

c  f 

the  (n-1)  blade.  For  an  explanation  of  the  phenomenon,  let  us 
consider  a  special  case.  Let  us  assume  that  all  the  blades  oscillate 
with  a  constant  phase  shift,  which  between  neighboring  blades  is 
equal  to  v/2>  Then  it  is  obvious  that  the  force  component  induced  at 
the  nth  blade  by  the  shifting  of  the  (n-l)st  blade  will  be  in  phase 


» 
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with  the  vibration  rate  of  the  n  .  An  analogous  statement  can  be 
made  concerning  the  influence  cf  the  (n+l)sfc  blade  upon  the  nth.  Since 
the  sum  of  these  forces,  in  accordance  with  what  has  been  said  above, 

t*  h 

generally  will  not  be  equal  to  zero,  it  is  obvious  that  the  n  blade 
can  absorb  energy  from  the  stream  during  oscillations.  These  consid¬ 
erations  are  valid  with  respect  to  all  the  blades  of  the  cascade.  If 
the  absorbed  energy  is  equal  to  the  energy  dispersed  due  to  mechanical 
and  aerodynamic  damping,  undamped  oscillations  will  originate. 

Thus,  aerodynamic  coupling  of  the  cascade  is  necessary  for  main¬ 
tenance  of  the  oscillations.  The  example  considered  here  was  the  most 
simple  one,  since  in  actuality  a  substantial  influence  is  exerted  by 
the  compressibility  of  the  fluid,  inhomogeneity  of  the  cascade^ 
Mechanical  coupling  through  the  elastic  disk,  etc.  These  problems, 
aside  from  their  practical  application,  provide  a  number  of  inter¬ 
esting  examples  of  the  mechanics  of  the  aeroelastic  process.  We 
shall  immediately  emphasise  that  not  only  in  the  study  of  flutter  is 
it  necessary  to  deal  to  a  considerable  extent  with  aeroelastic  pro¬ 
cesses,  but  also  in  the  study  of  forced  oscillations,  because  the 
amplitude  and  phase  of  blade  oscillations  affect  damping  since  it 
depends  upon  aerodynamic  coherence.  The  mechanical  and  aerodynamic 
coupling  of  a  cascade  also  leads  to  the  result  that  it  becomes  possible 
to  transmit  energy  from  one  oscillating  blade  to  another;  study  of 
these  phenomena  makes  it  possible  to  explain  the  dispersion  of  instan¬ 
taneous  and  maximum  stresses  in  the  blades  of  an  inhomogeneous  cascade. 
This  dispersion  is  known  from  practical  experience  in  the  measure¬ 
ment  of  dynamic  stresses  in  operating  turbomachines. 

In  cascades  situated  in  the  streamline  flow  of  fluid,  separation 
flutter  can  also  exist. 

Figure  1.13  shows  an  experimental  graph  (1)  of  the  change  of  the 
coefficient  of  a  force  normal  to  the  chord,  acting  upon  the  profile 


Footnote  (1)  appears  on  page  31. 
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Figure  1.13.  ( 1) -Relation¬ 

ship  of  the  coefficient  of 
normal  force  to  the  angle 
of  attack  on  a  motionless 
blade  in  a  compressor  cas¬ 
cade,  (2)~for  an  oscillat¬ 
ing  blade. 


in  an  aerodynamic  compressor  cascade, 
as  a  function  of  the  angle  of  attack. 
Here  is  represented  not  the  graph  of 
a  lift  force,  but  of  a  normal  force, 
since  it  is  specifically  the  normal 
force  which  excites  the  oscillations 
of  the  blades  about  the  axis  of  mini¬ 
mal  profile  inertia,  which  is  parallel 
to  the  chord.  This  relationship  is 
characterized  by  the  fact  that  when 
the  critical  angle  of  attack  is  reached, 
the  normal  force  starts  to  decrease, 
since  separation  of  the  stream  takes 
place  at  the  profiles.  Damping  will 
be  observed  for  oscillations  of  a 
blade  at  the  subcritical  sector  of  the 


characteristic  since  an  increase  of  the  aerodynamic  force  corresponds 
to  an  increase  of  the  angle  of  attack  during  motion  of  the  blade.  In 
case  the  oscillations  take  place  at  the  decending  arm  of  the  curve, 
the  blade  may  absorb  energy  from  the  stream.  Steady  oscillations 
will  correspond  to  the  case  where  the  absorbed  energy  will  be  equal 
to  the  dispersed  energy.  Energy  dispersion  takes  place  both  on 
account  of  mechanical  damping,  and  on  account  of  aerodynamic  damping. 
The  origination  of  separation  flutter  at  supercritical  streamline- 
flow  angles  takes  place  at  comparatively  low  stream  velocities  and 
is  therefore  dangerous  for  turbomachine  blades.  Self-oscillations  of 
the  separation  flutter  type  may  take  place  both  in  a  cascade,  and 
in  a  case  where  the  blade  is  isolated.  However,  the  presence  of  a 
cascade  very  strongly  affects  the  flutter  characteristics,  both  on 
account  of  change  of  the  static  force  characteristic  and  on  account 
of  the  aerodynamic  coherence  of  the  cascade. 


The  relationship  represented  by  crve  (1)  in  Figure  1.13  was 
recorded  by  means  of  a  tensometric  balance  on  a  motionless  blade  (a 
damper  is  situated  at  the  apex  of  the  blade).  In  the  same  figure 
curve  (2)  represents  the  relationship  of  the  normal  force  to  the 
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angle  of  attack  in  a  case  where  the  blade  is  oscillating  in  a  cascade. 
The  curves  do  not  coincide.  This  is  explained  by  the  presence  of 
hysteresis  in  the  case  of  separation  streamline  flow.  The  hysteresis 
phenomenon  substantially  affects  the  value  of  the  energy  transmitted 
by  the  stream  to  the  oscillating  system  during  one  period.  The 
theoretical  investigation  o.f  separation  flutter  is  a  very  complex 
problem,  since  it  requires  determination  of  the  forces  in  a  separating 
stream  with  account  taken  of  hysteresis. 

Separation  flutter  has  been  experimentally  investigated  by 
numerous  authors.  Theoretical  considerations,  based  upon  similitude 
theory  with  resort  to  concepts  of  limit  oscillation  cycles,  are  known. 

As  a  result  of  these  studies,  it  is  becoming  possible  to  establish 
the  zones  of  the  origination  of  separation  flutter. 

When  supersonic  velocities  originate  in  the  cascades  of  the  axial 
compressor,  the  appearance  of  ''shock"  flutter  is  possible.  Its 
appearance  is  explained  by  instability  of  the  location  of  shock  waves 
and  by  interaction  of  the  shock  waves  with  the  boundary  layer.  In 
this  field  only  experimental  research  is  known. 

Also  known  in  addition  to  the  indicated  types  of  flutter  is  chok¬ 
ing  flutter,  which  is  detected  at  Mach  numbers  and  "onflow"  angles 
corresponding  to  "choking"  of  the  cascade. 

Thus,  with  respect  to  their  physical  nature,  the  last  three  types 
of  flutter  have  characteristic  restricted  areas  of  existence. 

The  typical  location  of  these  areas  is  shown  in  Figure  1.14. 

Along  the  abscissa  the  angle  of  attack  of  the  compressor  cascade  is 
plotted,  and  along  the  ordinate  the  Mach  number  at  the  inlet  is  plotted. 
Separation  flutter  originates  at  large  angles  of  attack  and  may  be 
excited  at  relatively  low  velocities.  This  area  (1)  is  bounded  on 
the  left  by  the  value  of  the  angle  of  attack  at  which  separation  of 
the  stream  occurs,  and  underneath  it  is  bounded  by  the  minimum  velocity. 
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determined  by  the  balance  of  supplied 
and  dispersed  energy.  Shock  flutter 
occupies  area  (2),  somewhat  higher  than 
the  curve  of  the  critical  Mach  number, 
i.e.,  the  Mach  number  at  the  inlet  at 
which  supersonic  zones  ending  in  shock 
waves  originate  at  the  profile  in  the 
cascade.  Choking  flutter  originates  in 
the  region  of  the  maximum  Mach  number 
(area  3),  i.e.,  the  Mach  number  at  the 
inlet,  at  which  the  input  through  the 
cascade  for  a  given  angle  of  attack 
attains  the  maximum  value. 

Let  us  now  consider  a  qualitatively  new  phenomenon  which  is 
detected  in  the  cascades  of  turbomachines  —  separation  due  to  rota¬ 
tion.  The  essence  of  the  phenomenon  consists  in  the  fact  that  under 
certain  conditions,  an  axially  symmetrical  flow  (as  a  whole)  becomes 
unsteady,  and  nonsymmetrical  forms  originate  which  are  more  steady. 

In  addition  to  its  practical  value,  this  phenomenon  represents  an 
Interesting  problem  in  fluid  mechanics. 

Let  an  annular  aerodynamic  diffuser  cascade,  in  the  general  case 
a  rotating  one,  be  in  a  streamline  flow  with  a  relative  velocity  w^ 
and  a  direction  angle  of  with  respect  to  the  cascade  front.  The 
development  of  a  cylindrical  section  of  this  cascade  is  shown  in 
Figure  1.15.  If  angle  Bj  is  close  to  the  calculated  value,  axially 
symmetrical  flow  exists  in  the  annular  cascade.  If  angle  B-j_  changes 
and  approaches  the  value  at  which  separation  of  the  stream  from  the 
blades  takes  place,  separation  can  be  observed  not  at  all  blades  of 
the  cascade,  as  may  have  been  expected,  v  at  only  at  a  specific  group 
of  blades  (or  several  groups).  The  separation  zones  do  not  remain 
motionless,  but  shift  or  rotate  (in  an  annular  cascade).  Generally, 
such  a  phenomenon  can  exist  not;  only  in  annular  cascades  (radial  and 
axial,  rotating  and  motionless),  but  also  in  straight  cascades.  The 


US 


'f; 


% 


/A  1 ’ 


Figure  1.14.  Areas  where 
various  forms  of  flutter 
originate  in  a  compressor 
cascade. 
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shifting  of  the  separation  zone  is 
explained  by  the  fact  that  during  effusion 
of  the  main  stream  (at  both  sides  of  the 
separation  point),  the  angles  of  attack  of 
the  adjacent  blades  change.  On  one  side 
the  adjacent  blades  get  into  a  separation 
regime  of  streamline  flow,  and  on  the 
other  side  they  come  out  of  it.  The  gas 
input  through  the  separation  zones  is 
small,  is  equal  to  zero,  or  is  even  direc¬ 
ted  against  the  main  stream. 


Figure  1.15.  Shifting 
separation  in  a  com¬ 
pressor  cascade. 


Although  simultaneous  homogeneous 
separation  at  all  blades  can  indeed  exist 
theoretically,  experience  has  shown  that 
it  turns  out  to  be  unstable.  The  originating  separation  zone  (or 
several  zones)  shifts  and  includes  within  itself  an  equal  number  of 
blades  at  all  times.  Consequently,  the  phenomenon  as  a  whole,  except 
for  turbulent  fluctuations,  is  stable,  i.e.,  a  separation  zone  is 
not  destroyed  during  motion.  The  angular  velocity  of  the  shift  of 
the  zones  with  respect  to  the  rotating  wheel  comprises  usually  0.1)  - 
0.6  of  the  wheel  velocity  and  is  directed  counter  to  the  rotation. 

The  study  of  rotation  separation  is  of  practical  interest,  since  it 
sharply  changes  the  aerodynamic  characteristics  of  the  stage  and 
creates  dangerous  blade  vibrations.  Rotation  separation  is  a  purely 
aerodynamic  phenomenon  and  may  exist  in  a  wheel  with  absolutely  rigid 
blades . 


The  basic  scheme  explaining  the  existence  of  rotation  separation 
may  be  represented  in  the  following  manner.  We  shall  not  be  consid¬ 
ering  the  initial  moment  of  separation,  when  the  choice  of  location 
of  the  separation  zone  depends  upon  random  phenomena.  Let  us  con¬ 
sider  a  steadily  shifting  separation.  Let  the  blades  be  replaced 
by  equivalent  attached  Zhukovskiy  vortices  with  a  circulation  r0 
(Figure  1.16).  We  shall  disignate  the  velocity  circulation  about  the 
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blades  that  are  in  the  separation 
zone  by  ft<ft  .  Since,  as  the 
separation  zone  moves,  the  blades 
alternatively  enter  the  separation 
region  and  emerge  from  it,  their 
circulation  changes  from  F0  to  ft 
and  from  ft  to  ft  ,  respectively. 
Then  at  the  boundaries  of  the 
separation  zone  there  will  be 
situated  vortex  arrays  with  cir¬ 
culations  of  ft— ft » ft,  ft —  ft-— ft* 

We  shall  assume  that  the  free 
vortices  are  carried  away  by  the 
stream  with  a  velocity  behind  the 
cascade  of  w^*  Prom  the  drawing  it  can  be  seen  that  the  vortex  arrays 
change  the  velocity  direction  of  the  stream  flowing  onto  the  cascade. 
In  the  upper  part  of  the  drawing  —  it  decreases.  This  explains  the 
shift  of  the  separation  zone  (according  to  the  diagram  —  upwards). 
Within  the  separation  zone  bounded  by  the  vortex  path,  an  additional 
velocity  is  induced,  directed  against  the  velocity  of  the  main 
stream.  From  here  on,  various  authors  put  forth  various  supplementary 
physical  hypotheses  which  permit  the  width  of  the  zone  and  the  rate 
of  its  shifting  to  be  determined. 

An  unstable  regime,  similar  to  rotation  separation.  Is  also 
observed  in  hydraulic  turbines.  For  partial  loads  a  vortex  filament 
is  formed  in  the  turbines.  It  brings  about  infraction  of  streamline 
symmetry,  and  strong  pulsations. 

All  the  unsteady  aerodynamic  or  aeroelastic  phenomena  take  place 
in  the  cascades  of  turbomachines.  In  this  sense  surging,  the  last 
unsteady  process  considered  here,  is  distinguished  by  the  fact  that 
the  possibility  of  origination  and  the  character  of  oscillation  of 
the  gas  depend  not  only  upon  the  compressor,  but  also  upon  the  net¬ 
work  connected  to  the  compressor. 


Figure  1.16.  The  vortex 
scheme  of  shifting  separa¬ 
tion. 
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Surging  refers  to  a  self-oscillating 
process  which  originates  in  the  entire 
mass  of  the  gas  situated  in  a  compressor 
(or  blower)  and  in  the  communicating 
passages.  The  possibility  of  the  origi¬ 
nation  of  static  instability  is  deter¬ 
mined  by  the  form  of  the  blower  curve 
(i.e.,  the  relationship  of  the  pressure 
p  to  the  discharge  Q).  Figure  1.17  shows 
the  static  performance  curve  of  a  blower 
(curve  2)  and  that  of  the  network  (curve 
1),  which  intersect  at  points  A,  B,  and 
C.  Points  A  and  C  lie  on  descending  arms  of  the  performance  curve, 
and  the  operating  conditions  will  be  statically  stable.  Point  B  lies 
on  the  ascending  arm,  and  corresponds  to  statically  unstable  conditions. 
Thus,  the  origination  of  this  type  of  instability  is  linked  with  non¬ 
linearity  of  the  performance  curves.  A  detailed  analysis  shows  that 
two  types  of  surging  can  be  distinguished  —  with  soft  and  hard  exci¬ 
tation,  as  is  known  from  the  theory  of  the  self-oscillation  of  systems 
with  nonlinear  performance  curves.  Soft  self-excitation  can  take 
place  on  the  ascending  arm  of  the  performance  curve.  Hard  excitation 
is  possible  under  certain  conditions  on  the  descending  arms  of  the 
performance  curve. 

Self-oscillations  which  take  place  in  sliding  bearings  on  an  oil 
film  have  also  been  detected  in  turbomachines.  Rotor  oscillations 
are  known.  They  are  maintained  due  to  forces  originating  with  change 
of  the  gaps  in  the  flow-through  part  and  in  labyrinth  seals. 

The  problem  of  the  possibility  of  flutter  in  the  blades  of  the 
last  stages  of  superpower  steam  condensation  turbines  is  a  very 
interesting  one.  This  problem  has  the  special  feature  that  streams 
pass  over  frequency  blades  at  high  supersonic  velocities.  The 
stream  is  very  nonuniform  with  respect  in  the  radial  direction.  Shock 
waves  and  rarefacation  waves  can  serve  as  excitation  sources,  since 
it  is  known  that  when  they  react  with  the  boundary  layer,  unsteady 


Figure  1.17.  Static  per¬ 
formance  curve  of  a  blower 
(2)  and  the  network  (1) 
(with  regard  to  the  origi¬ 
nation  of  surging) . 
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processes  originate.  In  particular,  such  unsteady  processes  can 
originate  both  at  the  inlet  to  the  cascade  and  at  the  outlet  from  it 
during  expansion  in  an  oblique  section. 

Oscillation  of  relatively  thin  outlet  edges  of  nozzle  units, 
brought  about  by  turbulent  edge  wakes,  is  possible  in  principle.  * 

Numerous  cases  of  the  breakage  of  high-pressure  steam-turbine 
control-valve  stems  due  to  self-oscillations  are  known.  v 

The  most  important  and  typical  unsteady  phenomena  in  turbomachines 
have  been  given  above,  with  clarification  only  of  the  basic  features. 

The  actual  patterns  of  the  phenomena  are  considerably  more  complex, 
since  they  take  place  in  annular  cascades  with  blades  of  variable 
profile. 

In  many  cases,  the  superimposition  of  several  phenomena  (for 
example,  surging  and  rotation  separation)  is  observed. 

Only  the  processes  themselves  have  been  considered  here,  but 
they  were  not  tied  to  the  operating  regime  of  the  entire  turbomachine. 
Establishment  of  this  relationship  is  a  very  important  engineering 
task,  since  only  after  this  is  it  possible  to  make  a  judgment  con¬ 
cerning  the  limit  regimes  with  respect  to  conditions  of  strength 
and  economy.  u.nis  question  is  not  discussed,  since  it  would  require 
a  classification  of  a  variable  turbomachine  operational  regime,  which 
is  beyond  the  scope  of  the  book. 
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FOOTNOTES 


1.  on  page  23.  An  inhomogeneous  cascade  is  called  a  cascade, 

the  blades  of  which  differ  with  respect  to  mass, 
rigidity,  and  other  mechanical  characteristics. 
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Chapter  2 


THE  BASIC  EQUATIONS  AND  ELEMENTARY  (FUNDAMENTAL) 
SOLUTIONS  OF  THE  UNSTEADY  MOTION  OF  A  FLUID 


« 

§  2.1.  Basle  Equations  and  Galileo 
and  Loren_t_a.-Transr_t>rinatlQjaa 

In  this  chapter  we  shall  consider  the  two-dimensional  motion  of 
an  ideal  (nonviscous)  compressible  fluid. 


Unsteady  motion  is  described  by  the  Euler  Equations: 

da  j.  Su  a.  „  d"  )  dp  ,  „ 


dx  +  “  dx  +  a  dy 


_ L  dp  .  v 

P  tty  +  ** 


and  by  the  equation  of  continuity 


dp  .  d(up)  ,  d(vp) 
dx  -r  dx  T  ~  <ty~ 


0, 


(2.1) 


(2.2) 


Here  u~u[x,y.x),  v*v(x,y,x)  are  projections  of  the  velocity  on  the  coordi¬ 
nate  axes;  t  is  the  time;  p**p{x,y, x),  p**p[x,y, t)  are  respectively  the 
pressure  and  the  density  of  the  fluid;  X,™Xl{x,y,x),  Yi^Yi(x.y,x)  are  the 
components  of  the  external  forces  per  unit  of  mass  of  the  fluid: 

These  equations  must  be  supplemented  by  an  equation  relating  the 
pressure  and  the  density  of  the  fluid,  which  is  done  below.  We 
shall  be  considering  such  small  perturbations  that  quadratic  terms 
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may  be  disregarded  and  the  equations  may  be  linearized.  We  shall 
select  a  system  of  coordinates  which  is  stationary  with  respect  to 
the  fluid  at  infinity.  Linearizing  the  Equations  (2,1),  we  obtain 


(2.3) 


Here  p-p(*,y, t)  is  regarded  as  a  small  perturbation  in  response  to 
constant  pressure  in  the  stream  p^ j  is  the  density  of  the  fluid  in 
an  unperturbed  flow.  For  the  sake  of  the  discussion  it  is  convenient 
to  introduce  forces  X  and  Y,  which  are  the  external  forces  acting 
upon  the  fluid.  Forces  X  and  Y  are  regarded  as  distributed  forces 
per  unit  of  volume.  In  the  special  case  of  external  forces  acting 
only  along  a  line,  they  will  be  surface  forces.  By  X  and  Y  will 
henceforth  be  understood  forces  acting  upon  the  fluid  from  the 
direction  of  the  body  in  the  stream. 


By  linearizing  the  continuity  equation,  we  obtain 

(2.4) 

Here  p-p{x,y,T>  is  the  perturbation  of  the  density  of  the  fluid,  which 
is  small  in  comparison  to  the  constant  density  of  the  unperturbed 
flow.  In  order  to  close  the  system  of  Equations  (2.3)  and  (2.4),  it 
is  necessary  to  establish  a  relationship  between  the  perturbed  pres¬ 
sures  and  densities.  Since  currents  of  nonviscous  fluid  are  being 
considered,  and  shock  waves  are  not  present  in  linearized  flows,  the 
process  taking  place  in  the  gas  must  be  isoentropic: 

Here  x  is  the  isoentropic  index. 

Retaining  in  the  preceding  equation  terms  no  higher  than  the 
first  order  of  smallness  (pifip0,  p<p°) ,  we  obtain 
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From  this  it  follows  that  perturbed  pressures  and  density  are  linked 
by  the  relationship 


JL 

7 


(2.5) 


Here  aQ  is  the  velocity  of  sound  in  an  unpert^  .ad  fluid  (the  rate 
of  propagation  of  weak  perturbations). 


We  obtain  the  basic  equation  for  perturbed  pressure.  We  differ¬ 
entiate  the  first  Equation  (2.3)  with  respecc  to  x,  and  the  second 
with  respect  to  y,  and  add: 


4  d  Idu  ,  do\  ( 

Pea?(a?+ 


a'p  .  ay  \ ' 

dx'  +  a/ J‘ 


dX 

dx 


+  dy  ' 


The  left-hand  part  of  the  equation  is  expressed  by  means  of  (2.4) 
and  (2.5)  in  terms  of  pressure,  and  we  finally  obtain  the  wave 
equation 


ay  .  ay  i  ay  ^  ax  .  ax 

a**  dy1  aj  dx1  dx  dy 


(2.6) 


We  obtain  the  second  basic  equation  of  the  problem  by  eliminating 
the  pressure.  We  differentiate  the  first  Equation  of  (2.3)  with 
respect  to  y,  and  the  second  with  respect  to  x.  Substracting  the 
former  from  the  latter,  we  obtain: 


p  \  dx  dy)  dx  ”  dy 


Into  this  equation  we  introduce  the  expression  for  the  vorticity 
of  the  fluid 


* 


0  ** 


1  fii  _ 

2  \  dx  dy  I 


and  obtain 


o.o  do  dY  dX 

p  dx  dx  ~~df' 


(2.7) 


(2.8) 
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Prom  this  equation  it  follows  that  vorticity  may  originate  only 
at  the  point  of  application  of  forces  (if  the  forces  do  not  have  a 
potential),  and  the  originating  vortices  remain  motionless.  The 
latter  remark  obviously  excludes  vortex  interaction,  and  is  a  conse¬ 
quence  of  linearization  of  the  problem. 

The  equations  derived  above  were  obtained  in  a  system  of  coordi¬ 
nates  which  is  motionless  with  respect  to  the  fluid  at  infinity,  i.e., 
is  not  connected  to  a  moving  body,  which  sometimes  makes  the  formu¬ 
lation  of  boundary  conditions  more  difficult. 

Let  us  connect  the  system  of  coordinates  x’y*  with  a  moving 
body.  We  shall  be  Interested  in  the  motion  of  the  body  only  at  a 
constant  velocity  Uj  and  therefore  it  is  possible  to  use  the  Galileo 
trans formas ion: 


x'  +  Ur',  t-t'. 


(2.9) 


The  advantage  of  this  transformation  lies  in  the  fact  that  the 
system  of  coordinates  will  be  connected  to  the  body,  while  the  time 
remains  invariant.  However,  a  drawback  will  be  the  fact  that  the 
wave  Equation  (2.6)  will  not  remain  invariant.  After  transformation 
of  Equation  (2.6)  by  means  of  (2.9),  we  obtain  (the  primes  are  dropped) 


<>-“■>$- 


f-2 


M  ay  l  a>p  m  ex  .  or 

Ox*  Ox  dg  ' 


«0 


Oxdt 


4 


(2.10) 


The  wave  equation  will  remain  invariant  if  use  is  made  of  the 
Lorer.tz  transformation,  which  for  subsonic  motion  (M  =  f//o0<l)  has  the 
form 


j'-jc  +  yr,  t/ -  V'l  —  M*y, 

Inverse  transformations  are  given  by  the  formulas 


x 


x'-Ux 
1  -  M*  ’ 


y- 


_ £ _ . 

yr^w' 


t*—  M«7a, 

*  1-M*  ’ 


(2.11) 


(2.12) 
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Thus  the  time  does  not  remain  invariant,  which  is  inconvenient, 
when  M  =  0,  the  Lorentz  transformation  passes  into  the  Galileo  trans¬ 
formation.  Applying  the  Lorentz  transformation  to  Equation  (2.6), 
we  obtain 

ay  ay _ L££_  =  _J _ ar  m  ax  i _ dr  . 

<v’  +  a/’  ^  dv*  i-m1  a0(i-M*)  at'  Ki-m*  a/* 

After  the  transformation  of  Equation  (2.8),  by  means  of  the 
Galileo  formulas  we  have 


j>u  .  ao  j_  /  _  dx  \ 
at'  +  u  ~dx-  “  2p°  l  ax'  a/  / ' 


(2.14) 


Integrating  this  expression  and  assuming  that  vorticity  and 
forces  are  absent  at  infinity  upstream,  we  obtain  an  equation  which 
describes  a  distribution  of  vorticity  in  the  fluid  which  originates 
under  the  action  of  r.onsteady  forces: 

«(*',  y'<xrisi-2u^y(x,‘  T')- 

-wy  i[wHt'y'’*+^)+uwx{t'^v+L£)]df-  (2‘15) 

—  CO 

If  the  forces  are  absent,  (2.14)  becomes  the  linearized  Helmholtz 
equation,  the  solution  of  which  is  the  traveling  wave  o>  =  m(t  —  x/U)  . 

The  first  term  in  (2.15)  represents  attached  vortices  situated  at  the 
point  of  action  of  force  Y.  Assuming  that  force  Y  acts  in  a  certain 
region  ft  ariu  integrating  in  this  region,  we  obtain 

Y  =  2Up°  j  j  (o  dSi. 
o 

From  Stokes'  theorem  concerning  the  fact  that  twice  the  vorticity 
equal  to  the  circulation  of  the  velocity  along  the  closed  curve 
vni  h  surrounds  the  region,  it  follows  that 


r  =  2 J Jo  dft. 


P 


t 


From  the  last  two  formulas  we  obtain  the  Zhukovskiy  formula  for  the 
lifting  force: 
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y  -  pW. 


Thus,  as  is  known,  the  existence  of  a  lift  force  is  connected 
with  attached  vortices.  If  the  lifting  force  does  not  depend  on  time, 
and  the  drag  force  (a  force  parallel  to  the  direction  of  the  main 
stream)  is  absent,  the  flow  will  be  potential  everywhere  except  for 
the  region  of  the  application  of  the  lift  forces.  It  should  be 
emphasized  that  the  action  of  the  drag  force,  as  well  as  the  action 
of  the  lift  force,  is  being  considered  on  the  basis  of  an  ideal  fluid 
model. 


The  second  term  in  (2.15)  represents  free  vorticity,  originating 
in  the  region  fl  and  carried  away  by  the  main  stream.  These  vortices 
form  a  vortex  wake.  The  lift  force  will  cause  free  vorticity  only 
if  it  changes  with  respect  to  time.  The  drag  force  can  also  cause 
vorticity  when  it  is  constant  with  respect  to  time. 

From  a  consideration  of  the  argument  of  the  forces  t/+  (g — x')/U ,  in 
the  Integrand,  it  follows  that  the  free  vortices  originating  at  the 
point  of  application  of  the  force  ?,  will  appear  at  point  xr>i  with 
the  delay  necessary  for  their  transfer  at  the  velocity  U.  In  such  a 
case.  If  the  point  x'  lies  in  the  region  of  the  vortex  wake  downstream 
from  the  region  a,  the  integral  does  not  change  when  x'—x'/U=co^, 
i.t.,  the  free  vorticity  moves  like  a  traveling  wave. 

When  the  main  stream  has  vorticity  at  infinity  (for  example,  by 
another  system  of  forces),  it  is  necessary  to  add  a  term  of  the  type 
of  <o(x~x/U) ,  to  the  Solution  (2.15),  i.e.,  a  vorticity  wave  traveling 
from  infinity. 


For  supersonic  velocity  of  the  main  stream  {M-*U/a0> I),  the  trans¬ 
formation  of  Equation  (2.6)  to  a  moving  system  of  coordinates  is 
effected  also  by  means  of  the  Galileo  transformation  in  the  form 


n'p  '  m  ay  1  ay 

Oy2  a0  dxdx  o\  dx1 


dX  dY 
dx  dy 


(2.16) 


FTD-HC-23-2JJ2-70 


37 


In  supersonic  flow  it  is  impossible  to  pass  to  a  moving  coordinate 
system  and  at  the  same  time  to  leave  the  wave  equation  invariant. 

As  has  been  shown  by  D.  1).  Miles  [M],  in  this  case  it  is  expedient 
to  use  the  modified  Lorentz  transformation: 

x'^x  +  Ut,  }  MJ—  I  tj,  t/«=  —  t  —  (2.17) 

UQ 

Here,  in  comparison  to  the  subsonic  case,  the  factor  y  i  -M*  is  replaced 
by  lr M3  —  I  ,  and  the  sign  of  t  is  changed. 

After  transforming  Equation  (2.6)  by  means  of  (2.17)  we  obtain 

<?'p  o’p _ l _ ! d*  | _ m dx  i  or 

dx'*  V*  oj  dx'1  M*-l  a*  Ox1  (2.1«; 

For  the  subsonic  case,  the  perturbed  pressure  must  satisfy  the 
classical  wave  equation,  i.e.,  a  hyperbolic  equation.  For  supersonic 
velocity  of  the  main  stream,  the  perturbed  pressure  in  the  coordinate 
system  that  is  moving  with  respect  to  the  fluid  at  infinity  satisfies 
Equation  (2.18). 


It  is  convenient,  as  before,  to  use  the  Galileo  transformation 
for  the  vortex-propagation  equation.  After  transformation  it  takes 
on  the  same  form  as  in  the  subsonic  case,  (2.1*0 . 


It  was  noted  above  that  in  the  Lorentz  transformation  the  time 
does  not  remain  invariant.  In  the  fiial  solution  it  is  convenient  to 
retain  the  coordinates  connected  with  the  body,  but  to  return  to 
absolute  time.  We  obtain  the  transition  formula  for  the  subsonic 
case  from  (2.11): 

For  the  supersonic  case,  from  (2.17)  we  obtain 


(2.19) 


* 


1 
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5  2.2.  The  Velocity  PotontiaJ  and 
the  Acceleration  Potential 


Above  we  obtained  equations  for  the  perturbed  pressure  field  and 
the  vorticity  field.  When  solving  boundary  value  problems  it  is 
necessary  to  determine  also  the  perturbation- velocity  fields,  in 
order  to  satisfy  the  boundary  conditions  at  the  bodies  in  th<  stream¬ 
line  flow. 

ac  a  r'uult  of  the  preceding  calculations,  it  was  shown  that  in 
the  case  of  unsteady  motion,  vorticity  is  created  in  the  fluid  at  the 
points  <  ~  application  of  tne  forces.  The  flow  of  the  fluid  may  also 
have  vox-vices  in  regions  located  downstream  from  the  points  of  appli¬ 
cation  of  th .  forces  where  vortex  wakes  propagate. 

Ir.  the  remaining  regions,  the  flow  of  the  fluid  will  be  vortex- 
free,  i.e.,  for  a  two-dimensional  flow  the  following  condition  must 
hold: 


Consequently,  the  velocity  field  has  the  potential 

ue*5>'  v,=  <?--<?(*.  y.  v).  (2,20) 

Since  a  vortex  sheet  may  exist  in  unsteady  fluid  flow,  the 
velocity  potential  may  be  i.  discontinuous  function. 


Let  us  return  to  the  linearized  equac.' ons  o1'  ..:o.ior:  (2.3), 
written  in  a  system  of  ocv^dinates  which  lc  nu  i*ot' UoS  with  respect 
to  the  fluid  at  infinity.  Let  us  consider  a  region  of  the  stream 
outside  the  point  ci  r»op  xir  at  ion  of  the  forces  and  o;  tside  the  vortex 
wake.  Then  from  (2.3)  and  (2.20)  we  obtain 


!>JL  •  jp 

Ox  9  *  Or  \  Of) )  0y  * 


FTD-H C-23-2 42-70 


39 


Hence  we  find  the  connection  between  the  velocity  potential  and  the 
perturbed  pressure  (in  a  stationary  system  of  coordinates): 


dtf 

dx 


(2.21) 


From  the  continuity  Equation  (2.4)  and  acoustic  Condition  (2.5),  It 
follows  that: 


P° 


+ 


jljl 

Oj  dx 


=  0. 


(2.22) 


Then  from  (2.22)  —  (2.20)  we  find  that  the  velocity  potential  in  a 
stationary  system  of  coordinates  must  satisfy  the  wave  equation 


il£  +  i X _ Li!2.=,o. 

Ox2  dy2  aj  dt1 


(2.23) 


From  Euler's  equations  it  is  possible  to  express  the  projections 
of  the  accelerations  by 


I  dp  du  _  l  dp  do 

a*a  ~  p«  dx  °  dx  •  n»“  p°  ~dy“  d x‘ 


From  this  it  follows  that  the  vector  acceleration  field  possesses  the 
potential  (as  was  noted  by  Euler)  • 


<T. 


air. 
dx  • 


ay 


(2.24) 


Since  the  acceleration  potential  q\>  =  'Fo(*.  n,  x)  ■'s  proportional  to 
the  perturbed  pressure,  it  must  satisfy  the  wave  equation. 


The  connection  between  the  velocity  potential  and  the  accelera¬ 
tion  potential  for  a  motionless  system  of  coordinates  follows  from 
(2.21)  and  (2.24): 


?* 


(2.25) 


♦ 


4 


Applying  the  Galileo  transformation  to  Equation  (2.25),  we  obtain 
this  connection  for  a  moving  system  of  coordinates 
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(2.26) 


Integrating  this  equation  under  the  assumption  that  the  perturbations 
attenuate  far  upstream  from  the  point  of  application  of  the  force, 
we  obtain 

X 

<p(x,  !/,  Jq>*(g.  V>  (2.27) 

—  09 

This  integral  equation  makes  it  possible  to  find  9  from  ?>»  or, 
what  is  the  same  thing,  to  find  the  perturbation-velocity  field  from 
a  known  field  of  perturbed  pressures. 

We  emphasize  that  the  pressure  field  at  the  vortex  wake  cannot 
have  a  discontinuity  and,  consequently,  the  acceleration  potential 
is  also  a  continuous  function.  This  affords  distinct  advantages 
when  using  the  acceleration  potential  method. 

In  many  problems  it  is  of  interest  to  study  the  oscillations 
in  a  flow  brought  about  by  forces  which  depend  harmonically  upon  time. 

For  studying  harmonically  time-dependent  flows,  we  introduce  the 
designations 


0  (*.  y,  t)  -  9  (*,  tj)  el",  9,  (x,  y,  t)  -  9.  (x,  y)  el",  (2.28) 

Here  v  is  the  angular  frequency  of  the  process;  j  is  a  imaginary  unit 
used  for  designations  having  to  do  with  time.  In  linear  problems, 
for  the  sake  of  abbrevated  notation  9  is  frequently  written  which  is 
9.  Therefore,  we  shall  henceforth  be  writing  only  9,  and  if  9(x,i/,t) 
is  meant  by  this,  it  will  be  noted.  Then  Formula  (2.27),  which  con¬ 
nects  these  potentials  in  the  special  case  of  harmonic  motion,  will 
take  on  the  form 

9(*.  y)-jr  / (2.29) 
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The  wave  equation  which  is  satisfied  by  the  velocity  potential, 
the  acceleration  potential,  and  the  perturbed  pressure  with  the  har¬ 
monic  law  of  oscillations  will  change  into  the  Helmholtz  equation. 


Thus,  in  a  stationary  system  of  coordinates  the  velocity  poten¬ 
tial  must  satisfy  the  equation 


<5*’  dy* 


,  v*  ft 
+  — r  “  0. 


(2.30) 


§  2.3.  Green's  Theorem  and  the  Klrchhoff  Formula 


In  the  solution  of  boundary  value  problems  in  a  linear  formula¬ 
tion,  elementary  solutions  corresponding  to  fields  evoked  by  sources 
and  multipoles  (and  in  the  first  place  by  dipoles)  are  of  special 
Interest.  An  analysis  of  such  solutions  is  of  interest  from  the 
physical  aspect,  since  perturbation  fields  far  away  from  the  perturbing 
bodies  do  not  depend  upon  the  specific  shape  of  the  bodies,  but  are 
determined  only  by  the  total  action  of  the  forces. 


These  solutions  may  also  be  used  as  kernels  of  integral  equations 
which  solve  the  corresponding  boundary  value  problems. 

For  the  boundary  value  problem  of  potential  theory,  use  is  made 
of  Green's  theorem,  which  reduces  the  volume  integral  to  a  surface 
integral: 

(2.31) 

Here  <p  and  <J>  are  functions  which  are  bounded,  continuous,  and  single¬ 
valued  together  with  their  first  derivatives;  d/drt  signifies  differen¬ 
tiation  along  the  external  normal. 


Selecting  the  function  \jj«=r>,  for  the  three-dimer.r tonal  case, 
where  r  =  Y x*  +  y1  z* ,  we  obtain  the  expression  for  the  potential: 


<P 


j_  fri£i 

4n  J  L  f 


0 

dn 


(f)l* 


(2.32) 


T 
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This  formula  yields  the  value  for  the  potential,  expressed  in  terms 
of  values  of  <j>  and  dy/dn  at  the  boundary.  The  first  integrand  term  is 
the  potential  of  simple  sources  distributed  along  the  boundaries  of 
a  region  with  the  density  dtf/dn  ,  and  the  second  integrand  term  is  the 
dipole  potential  with  axes  normal  to  the  surface  and  distributed  with 
a  density  <p. 


For  the  wave  equation  the  Kirchhoff  formula  is  used;  this  is  a 
mathematical  formulation  of  the  Huygens  principle: 


9 


(2.33) 


The  integrand  may  also  be  written  in  the  form  of 


K 


r  dn  Y  dn  \rj  a?  dx  dn 


and  the  integral  may  be  represented  in  the  following  manner: 

^he  value  r/a0  is  the  delay  time,  i.e.,  the  time  necessary  for 
passage  of  the  signal  from  the  point  of  excitation  to  the  point  of 
observation. 


In  the  special  case  of  harmonic  vibrations,  the  Kirchhoff  formula 
changes  into  the  formula  obtained  by  Helmholtz. 

Formula  (2.33)  describes  the  propagation  of  perturbations  in  a 
stationary  medium.  For  generalization  for  the  case  of  a  moving 
medium,  either  the  Doppler  principle  is  used,  or  else  use  is  made  of 
the  invariance  of  the  wave  equation  with  respect  to  the  Lorentz  trans¬ 
formation. 


5  2 .  .  Elementary  Solutions  for  an 
Incompressible  Fluid 

In  order  to  find  the  basic  physical  features  of  unsteady  fields 
of  perturbed  pressures  and  v.Tooity,  as  well  as  of  the  vorticity  field, 
let  us  consider  elementary  solutions. 


FTD-HC-23-242-70 


43 


Let  a  stream  of  ideal  incompressible  fluid,  moving  at  a  constant 
velocity  of  U  be  acted  upon  by  the  concentrated  impulsive  force 

+  » 

Y  ~  Y£{x)b(tj)t>{x),  6{x)-0  for  J  6(x)dx  -  1. 

Here  5  is  the  Dirac  function. 


The  pressure  field  is  found  on  the  basis  of  Equation  (2.6), 
which  for  an  incompressible  fluid  (a0=oo)  assumes  the  form 

a»p  ,  a’p  dY 

dx>  +  dy>  ‘*17* 

In  this  problem  the  concentrated  force  acts  at  the  coordinate 
origin  (x  =  0,  y  =  0)  at  the  moment  in  time  t  =  0;  consequently, 

Here  ff(y)  is  a  derivative  of  the  Dirac  function,  which  is  regarded  as 
a  derivative  of  the  generalized  function. 


In  solving  the  problems,  we  shall  use  the  direct  Fourier  trans¬ 
form  and  the  inverse  one  according  to  the  formulas 

0*  cm 

P(r)-  j  p(.x)e-*»”dx,  p(x)-  j  p(r}e'-T"dr.  (2.3*0 


In  order  not  to  introduce  a  new  designation  for  the  Fourier  transform, 
we  shall  use  the  same  designations  for  the  function,  but  shall  denote 
the  corresponding  arguments. 


The  Fourier  transform  of  the  derivative  function  corresponds  to 
multiplication  of  the  representation  by  2n/r .  In  particular,  the 
Dirac  6-function  and  its  derivatives,  regarded  as  generalized  func¬ 
tions,  have  the  following  Fourier  transforms  [89]: 

36  ~1,  36M  ~  (2ju>)"\  B6(x-a)=>e-£v*. 


Completing  transformation  of  the  equation  according  to  the  variables 
x  and  y,  we  obtain 


p{r,  s) 


-lsYt  6(t) 
2n  (r»  +  *>)  ’ 


V 
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Effecting  a  double  inverse  Fourier  transform,  we  find  the  solution 
for  the  perturbed  pressure  and  tne  acceleration  potential: 


-  -'M(T)  lYtl(x) 

P  2ji  (x  +  ly)  •  'P*  2np°  {x  +  ly)  ' 


(2.35) 


The  perturbed  pressure  is  represented  by  the  real  part  of  this  ex¬ 
pression: 


.  -YertM 
p  2n{x* ’+!/•)  ’ 

Thus  we  arrive  at  the  conclusion  that  the  concentrated  inpulsive 
force  brings  about  an  instantaneous  pressure  dipole  at  the  point  of 
its  application.  The  lines  of  constant  perturbed  pressure  in  a  plane 
(an  instantaneous  pattern  is  being  considered)  will  be  circles  passing 
through  the  coordinate  origin,  with  the  centers  on  the  ordinate  axis 
(Figure  2.1).  It  may  be  considered  that  this  pattern  has  been  evoked 

by  a  directional  explosion,  the  axis  of 
which  coincides  with  the  ordinate  axis. 

It  may  also  be  imagined  that  such  an  accel¬ 
eration  field  is  brought  about  by  a  small 
plate,  placed  at  the  origin  of  the  coor¬ 
dinates  and  brought  into  motion  by  an 
impact  in  the  direction  of  the  ordinate 
axis.  Since  the  acceleration  potential  is 
proportional  to  the  perturbed  pressure, 
determination  of  the  instantaneous-acceler¬ 
ation  components  is  not  difficult.  Since 
the  time  function  5(t)  was  not  differen¬ 
tiated  or  integrated,  it  follows  that  6(t)  may  be  replaced  by  an 
arbitrary  time  function.  Thus  this  solution  is  a  general  one  for  an 
arbitrary  force  law  (in  an  incompressible  fluid).  Thus,  we  arrive 
at  the  conclusion  that  the  pressure  dipole  exists  as  long  as  the 
force  is  acting. 

This  conclusion  is  valid  only  for  an  incompressible  fluid,  since 
a  signal  propagates  in  it  at  an  infinitely  high  velocity.  However, 


Figure  2.1.  Lines  of 
constant  perturbed 
pressure. 
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the  perturbation-velocity  field  will  in  all  cases  depend  upon  the  law 
of  change  of  the  force  in  time  and  the  velocity  of  the  main  stream. 

The  velocity  potential  of  the  disturbed  motion  originating  after 
the  impulsive  application  of  a  force  is  computed  by  means  of  Formulas 
(2.27)  and  (2.35)  and  has  the  form 

iYo  f  jY ,  | 

<P’=‘  2.ip °U  J  5  +  <n  2.ip«  (x-Ut)  +  /y  * 

—  Op 

In  the  integration,  the  basic  property  of  the  Dirac  function 

+  f» 

J  / (s) MS =■/(*)  is  utilized.  The  formula  is  valid  for  «— 0. 

— oo 

This  expression  is  called  a  complex  potential,  and  the  velocity 
potential  is  determined  by  its  real  part. 

Thus,  the  velocity  potential  of  the  induced  motion  is  a  dipole 
which  originates  at  the  moment  of  application  of  the  force  and  contin¬ 
ues  to  exist  after  removal  of  the  load  and  is  carried  away  by  the 
stream  with  a  velocity  U. 

It  can  be  shown  that  the  motion  described  by  the  velocity  dipole^ ^ 
A/z  possesses  a  finite  momentum,  equal  to  2ap°^>  in  the  direction  of 
the  axis  of  the  dipole  action.  Consequently,  the  dipole  obtained  has 
a  momentum  in  the  direction  of  the  y-axis  equal  to  2np°)V2.ip0  =  >'o ,  and 
this  value  is  numerically  equal  to  the  momentum  of  the  force  bringing 
about  the  motion: 

+  «•  + « 

J  Y  (t)  dx  -  j  YJS  (t)  dx  =  K0. 

—  O*  -0* 

The  momentum  of  the  fluid  due  to  the  dipole  in  the  direction  of 
the  abscissa  is  equal  to  zero  in  view  of  the  symmetry  of  the  flow 
pattern.  The  impulse  of  the  forces  causes  a  corresponding  momentum  in 
the  fluid,  which  subsequently  remains  constant,  since  it  does  not 
depend  upon  the  position  of  the  dipole  center. 


Footnote  (1)  appears  on  page  69. 
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The  action  of  a  force  that  changes  with  time  in  an  arbitrary 
manner  may  be  replaced  by  consecutive  impulses.  Thus,  the  perturbed- 
pressure  field  will  be  determined  by  a  pressure  dipole  located  at  the 
point  of  action  of  the  force,  and  the  velocity  field  will  be  deter¬ 
mined  by  the  velocities  induced  by  the  velocity-dipole  sheet  which 
are  carried  away  by  the  stream  and  which  depend  upon  the  entire  his¬ 
tory  of  the  motion. 

In  case  the  force  is  applied  suddenly  at  the  moment  of  time 
t  =  0  and  subsequently  remains  constant,  the  perturbed  pressure  is 
determined  by  (2.35)  in  the  following  manner: 


_  —dtfs  (t) 
p  2rt  (x+ly)  * 


where 


<r(t) 


0  when  t<0, 
o(t)=*1  when  t>0. 


Here  a(x)  is  a  unit  function. 

The  velocity  potential  is  found  from  (2.27)  and  is  expressed  by 
the  formula 


***"  ZtUp*  In  (*  —  Ux)  +  ly  »  x  ^T>°- 


x  +  ly 


(2.36) 


We  shall  find  the  vorticity  distribution  from  (2.15)  in  the  form 


u°W(6Wfi(i/)6  {T) "  6  (x  ~  Ux)  6  Ml- 


The  last  two  formulas  show  that  the  disturbed  flow  is  determined 
by  two  vortices  of  identical  intensity,  but  of  opposite  sign.  The 
first  one  is  motionless  and  is  located  at  the  coordinate  origin 
(attached  vertex),  and  the  second  ,  ss  at  the  velocity  of  the  main 
stream  (the  so-called  initial  vortex; .  According  to  (2,36),  the 
circulation  of  the  vortices  is  equal  to  r=y0/t/p0.  From  this  it  follows 
that  the  lifting  force  is  eq’*al  to  the  Zhukovskiy  force  Ko=p°t/r. 
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It  is  known  that,  the  momentum  possessed  by  the  vortex  pair  is 
-qua!  to  where  r  is  the  oircuiai, i on  of  the  vortices  and  d 

is  the  distance  between  their  centers.  The  vector  of  the  momentum  is 
perpendicular  to  the  straight  line  connecting  the  centers  of  the 
vortices,  i.e.,  is  directed  parallel  to  the  ordinate  axis.  In  this 
case  \'~Y<jL'p*  and  d  *  Ux ,  so  that  the  momentum  introduced  constantly 
increases.  The  derivative  of  the  momentum  with  respect  to  time  is 
equal  to  the  acting  force 


J-Y, T. 


d!_ 

dx 


Y+ 


After  mucn  time  has  passed,  the  flow  pattern  becomes  stabilized,  and 
the  flow  will  be  determined  only  by  the  Zhukovskiy  attached  vortex. 
The  action  of  a  wing  upon  the  stream  of  fluid  may  be  represented  by 
the  action  of  a  distributed  load.  The  sudden  application  of  a  load 
must  evoke  an  initial  vortex.  The  appearance  of  such  a  vortex  can 
be  found  experimentally.  Figure  2.2  shows  a  photograph  taken  during 
the  sudden  origination  of  motion  of  the  wing  by  a  camera  which  is 
stationary  with  respect  to  the  unperturbed  fluid.  A  trailing  initial 
vortex  can  be  seen  behind  the  trailing  edge.  After  this  the  wing  was 
stopped,  and  the  photograph  in  Figure  2.3  shows  the  trailing  vortex, 
which  has  a  circulation  opposite  in  sign  to  the  initial  vortex.  The 
momentum  imparted  to  the  fluid  by  the  impulse  of  forces  applied  to 
the  wing  is  equal  to  the  momentum  of  the  vortex  pair  which  is  formed. 


let  us  now  consider  still  another  case  of  practical  importance 
of  a  concentrated  force  which  depends  harmonically  upon  time.  The 
pressure  dipole  is  determined  in  the  conventional  manner: 

—  it's  COS  VT 

P  “  2.ftr  +  /yj" 


We  compute  (according  to  2.27)  the  real  part  of  the  complex 
velocity  potential  at  an  infinite  distance  downstream  from  the  point 
of  action  of  the  force: 


<p  n 


cos  Jf  (*  -  Ux). 


(2.37) 
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Figure  2.2.  The  appearance  of 
an  initial  vortex  for  the 
sudden  motion  of  the  wing. 


Figure  2.3.  The  appearance  of 
a  second  vortex  when  the  wing 
suddenly  stops. 


The  +  signs  refer  to  the  upper  and  lower  half-planes,  respectively,. 
The  vorticity  in  this  current  is  determined  by  the  formula 

(2.38) 

Here  a  dimensional  unit  of  length  is  placed  in  front  of  v,  in  order 
to  emphasize  that  the  second  term  represents  a  distribution  of  linear 
vorticity. 


For  the  latter,  we  shall  obtain  the  law  governing  distribution 
of  vertical  perturbation  velocities  along  the  x-axis,  which  is  found 
by  the  above-described  methods  (the  transforms  are  omitted)  in  the  form 


•l*.0*-  s Mr-"""  *  7r[ci(Tr}+'si  (ifl+f])*'" 


Here  Ci  and  Si  are,  respectively,  the  integral  cosine  and  the  integral 
sine  functions : 

Ci(*)~-  [~dx,  Si(x)-  / ^-dx. 

*  0 

When  the  frequency  of  the  process  tends  towards  zero  (v  •+  0),  the  vor¬ 
tex  wake  disappears  and  this  expression  passes  into  the  well-known  for¬ 
mula  which  yields  the  velocity  distribution  of  a  single  vortex.  Far 
upstream,  the  perturbation  velocity  vanishes  v{— oo,0)=»0.  For  points 
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which  corresponds  to  the  vertical  velocity  for*  an  infinite  moving 
vortex  sheet  with  a  harmonic  vorticity  distribution. 


Thus,  in  this  case,  in  addition  to  a  concentrated  vortex  at  the 
coordinate  origin,  there  is  an  infinite  vortex  wake  with  a  periodic 
distribution  of  vorticity.  in  connection  with  this,  the  velocity 
potential  has  a  discontinuity  at  the  x-axis.  We  emphasize  that  the 
acceleration  potential  and  the  perturbed  pressure  do  not  have  a  dis¬ 
continuity,  i.e.,  the  pressure  on  both  sides  of  the  traveling  vortex 
sneefc  is  the  same. 


ft 


The  action  of  concentrated  forces  upon  a  stream  of  fluid  has 
been  considered  above.  It  is  obvious  that  a  wing  may  be  replaced  by 
a  system  of  forces  in  oifder  to  satisfy  the  boundary  conditions  at  the 
contour.  If,  however,  the  behavior  of  the  stream  far  from  the  body 
In  the  stream  is  being  studied,  then  obviously  the  action  of  the  wing 
Is  equivalent  to  a  perturbation  induced  by  a  resultant  concentrated 
force.  However,  the  moment  of  the  forces  is  also  transmitted  to  the 
fluid  from  the  wing.  To  study  the  flow  pattern  at  a  distance  from  the 
body,  the  concentrated  moment  may  also  be  considered.  Corresponding 
solutions  are  obtained  from  a  consideration  of  tie  action  of  a  force 
couple.  Let  us  assume  that  the  fluid  is  acted  upon  by  two  concen¬ 
trated  ’orces  Y0,  located  at  the  points  x**±h,  y=o.  Let  us  let  the  arm 
become  zero  (2ft-*-0),  keeping  the  moment  constant:  M  =  2hYQ.  Then 
we  shall  obtain,  at  the  limit,  the  expression  of  the  perturbed  pressure: 

I 

P  Z%  (r+  iy)*  * 
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$  2.5.  Elementary  Solutions  for  Subsonic  Flow 


In  a  compressible  fluid,  in  distinction  to  an  incompressible  fluid, 
the  acceleration  potential  is  determined  not  by  the  Laplace  equation, 
but  by  a  wave  equation,  which  results  in  essential  special  features. 

Let  us  first  consider  the  action  of  a  concentrated  impulse  force  upon 
a  motion!  -ss  gas  : 


Above  Fourier  transformations  were  used  with  respect  to  coordi¬ 
nates  as  well  as  with  respect  to  time  for  obtaining  the  solution. 

These  transformations  are  necessary  when  considering  a  range  of  change 
of  variables  that  is  infinite  in  both  directions.  In  the  problem 
under  consideration,  the  time  changes  within  the  range  of  r  >  0.  Below, 
in  the  study  of  supersonic  flow,  th.  change  of  space  coordinates  will 
also  be  restricted  within  definite  ranges.  In  such  cases  it  is 
natural  to  apply  the  Laplace  transformation 

/(0*“  J  ruF(x)4x.  (2.  U0) 

•  _ 

The  basic  equation  of  this  problem  has  the  form 


■y  ,  <>v _ i  ay  , 

i*’  i)jr*  a}  J** 


Applying  Fourier  transformations  (witn  respect  to  coordinates)  and 
Laplace  transformations  (with  respect  to  time)  to  the  wave  equation, 
we  obtain 


.  -  -IZlafcY. 


(2. 'll) 


Here  r,  s,  t  are,  respectively, the  equivalents  of  variables  x,  y,  t. 
By  carrying  out  an  inverse  Laplace  transformation  [21j,  we  find 


P(r,  s,  *)=• 


F/-+7 


sin 


(2w»*  //-,  +  s*t). 
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Inverse  Fourier  t ran 3 for nations  with  respect  to  r  and  s  lead  to  the 

fo  1  low I  u c  f  j rr.ui as : 


/»('.  s.  V  olt1- x‘), 

ajr0  o 


(2.H2) 


Ir.  the  numerator  of  the  last  expression  there  is  a  unit  function  and, 
thus,  tn-j  perturbations  are  at  any  given  moment  of  tine  bounded  by 
the  circle  a-y-  x*-y!l?Q .  This  is  explained  by  the  fict  that,  in  a 
compressible  fluid,  a  signal  propagates  with  a  finite  velocity  equal 
to  one  speed  of  sound.  Under  tne  differentiation  sign  in  (2.42)  there 
is  a  discontinuous  function,  equal  to 


x*— j3)-1'1  vhen  ajy  —  —  y5  >  0  and  0  uhen  a%t*  —  x1  —  y*  <0. 


According  to  the  rule  for  the  differentiation  of  discontinuous  func¬ 
tions  regarded  as  generalized  function  [89],  we  find 


p{x.  y.  d- 


x  g J»  -*?-**) 

^  (4**-**-r)w  **  Vtf-x'-?  * 


(2.43) 


The  first  term  of  the  formula  describes  an  aftereffect,  charac¬ 
teristic  of  two-dimensional  problems,  which  is  expressed  in  the  fact 
that  behind  the  wave  front  perturbations  also  remain  within  the 
circle.  When  a-r > x2+y*  ,  these  perturbations  rapidly  diminish.  This 
feature  of  two-dimensional  problems  is  explained  when  one  considers 
the  effect  of  a  two-dimensional  impulse  distributed  in  a  three- 
dimensional  soace  along  the  z  coordinate  axis.  After  the  passage  of 
time  t  in  an  arbitrary  plane  z,  a  signal  sent  by  a  perturbation 
source  lying  in  this  plane  will  cover  a  circle  a*t,~x1-yi^sO .  The 
same  plane  will  be  reached  by  perturbations  sent  by  a  source  lying 
on  an  axis  witn  the  z  coordinates  (c,  <C-a<,r .  Each  of  '•'nese  perturbations 
will  be  located  in  a  selected  plane  within  the  circle  x*  +  . 

It  is  the  interference  of  the  indicated  waves  that  explains  the 
aftereffect. 


Since  in  the  subsonic  case  the  wave  equation  remains  invariant, 
the  solution  obtained  in  a  stationary  gas  can,  by  means  of  a 
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substitution  of  variables,  be  transformed  into  a  solution  for  a  moving 
stream.  Let,  for  example,  the  field  of  perturbed  pressures  for  a 
given  type  of  perturbations  in  a  stationary  gas  be  described  by  the 
solution  o  f  x.  y).  It  may  be  assumed  that  this  solution 

p~  Y«F {t',  xf.  tf)  remains  Invariable  for  a  moving  stream,  if  the  new 
coordinates  are  connected  to  the  old  ones  by  Lorentz  transformations, 
while  i-M*. 


Consequently, 


x'-x+t/r,  /-Psr,  +  (2.M) 

In  the  solution  obtained  we  3hall  be  measuring  the  coordinates 
In  a  moving  system,  but  we  shall  return  to  absolute  time.  From  (2.*i*i) 
we  obtain 

00-0  “  MV+~x'-P,t+-£ Jf'* 

Then  it  is  obvious  that  the  solution  for  a  subsonic  stream  is  obtained 
from  the  solutions  for  U  *  0  by  the  substitution  (we  crop  the  primes) : 

Y,for-^-,  y  forty  and  TforjPr+~. 

We  effect  the  change  of  variables  In  the  denominator  of  ( 2 .  •* 3 )  in  the 
expression  which  Is  encountered  In  problems  with  the  initial  conditions 

0* + -£  xJ  ~  -  py  -  p*  [fl.v  -  (*  -  U'f-s]- 


Naturally,  the  circle  in  which  the  perturbations  are  contained  moves 
with  the  velocity  of  the  main  stream  in  the  coordinates  linked  with 
the  body  (force).  Taking  this  into  account,  from  (2.^3)  we  obtain 


'  Qtft  yo  U)  ,  q>y*  *(<) 

V~Z  • 


o-t7—  (x  —  Ur)*  — y*. 


Let  us  define  the  perturbation  brought  about  by  the  concentrated 
force  suddenly  applied  at  th  moment  of  time  t  =  0  and  by  the  subse¬ 
quently  remaining  constant  Y«K(,.H.v)iMy)o(t).  The  Laplace  transformation 
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oi'  a  unit  function  is  equal  to  s?o{r)»5/h  Effecting  the  Fourier  trans¬ 
formation  according  to  the  coordinates,  we  find  the  representation  of 
the  wav*:  equation  in  the  form 


p{r.  S.  /)“ 


‘Y. _ * _ 

2.V  «(,»  hiUtVkt'tf  * 


The  inverse  Fourier  trans format Jon  on  the  basis  of  the  variable 
r  leads  tc  tr.e  formula 


p(x.  s.  I) 
% 


iYn  3  «.*p(-  S.tlxl 

~~  vt+wZ 


Taking  advantage  of  the  fact  that  differentiation  of  the  function  with 
respect  to  y  is  equivalent  tc  multiplying  the  Fourier  transformation 
by  2,-ifrj  and  employing  the  inversion  formula,  we  obtain 


pi x,  y.  t)‘ 


[  'zp{-£iisy) cip(-2nUt  V*2+tVWa£)jt 


TU  dg  \  *,  > 


Y, 


2.-W,  YvTf 


Kt{—  \^+?y 


Here  Kg  and  Xj  are  cylindrical  functions  of  the  third  kind,  of  an 
imaginary  argument . 


Applying  the  formula  for  inversion  of  the  Laplace  transformation 


[22j  to  tne  obtained  representation,  we  fina  the  solution 


(2). 


_ _ «JV» 


(2.^5) 


After  the  transition  to  a  moving  system  of  coordinates,  we  obtain 


OT_  Hr'S _ t  +  >»* _ 

**  lS+?sr)Y*y--T*-Utf-?' 

Here  j»  «  jjjjr ,  q| t*  -(*-  i/r)*  -  y1  >  0. 


(2.46) 


Footnote  (2)  appears  on  page  69. 


5  J< 
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In  the  special  case  of  an  incompressible  stream  {<»«-♦■  oo),  the 
solution  passes  into  the  pressure-dipole  formula  obtained  above.  With 
a  boundless  time  Increase  (t-*-*),  Solution  (2.^6)  describes  a  field 
of  perturbed  pressures  brought  about  by  a  constant  force  in  a  stream 
of  compressible  fluid: 


p(*.  y)~  5Jur+gvrj‘* 


Let  us  consider  a  case  which  is  of  considerable  interest  in 
problems  dealing  with  unsteady  flow  about  cascades .  We  define  the 
perturbations  brought  about  in  a  subsonic  stream  by  a  concentrated 
force  which  depends  harmonically  upon  time, 

y—  )\,6{x)6ty)exp(/vr). 


Applying  the  Fourier  transform  tc  the  wave  equation,  we  obtain 


P(r.  0 


jY^U-utx) 


(2.47) 


Here  J  is  an  imaginary  unit  connected  to  time  processes.  The  Dirac 
fur c* ion  in  the  numerator  is  a  Fourier  transformation  of  exp  f/Vt)  . 

Successive  inversions  of  (2.47)  are  found  from  the  expression 
(the  transformations  are  omitted) 

P(r  s  _ ggiaifea 

PF.  9,  t)- (2.4 

Here  is  a  Hankel  function  of  the  second  kind,  which 

is  expressed  in  terms  of  a  combination  of  a  Bessel  function  of  the 
first  kind  and  a  Neumann  function. 


The  latter  formula  is  a  solution  of  the  problem  concerning  the 
propagation  of  perturbations  in  a  stationary  gas  medium.  By  the 
method  described  above  we  pass  to  a  moving  system  of  coordinates  in 
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Substituting  this  expression  into  (2.^9),  we  find  (x—  o,  H-^o,  p— !> 

(iva) 

P  '  -2Alx'+ri~’ 

This  coincide::  with  the  rerturbed-pressure  dipole  obtained  above. 

Let  us  recollect  that  since  a  signal  propagates  instantaneously  in  an 
incompressible  fluid,  an  analogous  solution  is  valid  for  any  1  of  * 

on  an, re  :f  a  force  ir.  tine.  This  conclusion  at  the  same  time  shows 
that  at  a  lev;  oscillation  frequency  (more  precisely,  at  a  low  value 
of  :«)  and  at  small  distances  from  the  focus  of  perturbations,  the  fluid 
oehaves  like  an  incompressible  fluid. 


In  order  to  represent  the  solution  a  great  distance  from  the 
source  of  the  perturbations,  we  may  use  the  asymptotic  representation 
for*  the  Hankel  function: 
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Let  us  find  the  perturbation  velocity  field  far  downstream  from 
the  acting  force. 

We  express  the  perturbation  velocity  potential  by  means  of 
(2.29)  and  (2.49)  in  the  form 

Here  the  upper  limit  is  taken  as  +«,  since  the  velocity  potential  is 
calculated  at  an  infinite  distance  behind  the  perturbation  source. 

At  an  infinite  distance  in  front  of  the  perturbation  source  the 
velocities  are  equal  to  zero,  since  the  perturbations  attenuate; 
this  follows  from  the  asymptotic  behavior  of  the  Harikel  function. 
Taking  the  representation  of  the  Hankel  function  H? (z)-/i(r)— ,W»(x)  and 
the  Euler  formula  exp/x~cosx-f/sinx  into  account,  this  integral  may  be 
written  as  the  Integral  of  the  sum  (the  arguments  are  omitted) 

/,cos(  )+y,*in(  )  +  /[- tf|Co*(  )+/|S$n(  )L 

Functions  Jj  sin,  N1  sin  are  odd  and  their  integrals  are  equal  to 
zero. 

The  integral  of  the  first  term  is  also  equal  to  zero,  since  it 
is  known  [193  that 

J  <**+  Vrwh{a  VF+?)cos(cx)(/x-0, 

if  0<a<r,  6> o.  In  this  case  this  condition  is  always  satisfied,  since 

_  vM  t  .  t  /,  .  \  y  1 

X  l/{l  —  M*>  *  e  1/  +|1"  U  [l+  U 

The  computation  of  the  integral  of  cos  (  )  remains,  which 
when  0<a<c,  *>0  is  equal  [19]  to 
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/  “  A't  (a  Y  **  +  6*}  cos  (cjc)  dz  *■ 

The  cylindrical  function  of  the  imaginary  argument  with  the  index 
1/2  is  expressed  in  terms  of  the  elementary  functions : 

K,n(b  ^  -  j/J  -4-1—  *“* 

Therefore  the  computed  integral  is  equal  to 

, - ‘ 


Collecting  the  computations  and  making  the  transformations,  we 
finally  obtain  the  perturbation-velocity  potential  at  an  infinite 
distance  downstream  from  the  perturbation  source: 


* 


i" 


— rlr|  /FTg 
*  V 


(2.60) 


The  signs  +  pertain  to  the  upper  and  lower  half-planes.  It  should  be 
noted  that,  as  the  distance  downstream  increases,  the  perturbation 
of  the  velocity  field  along  the  abscissa  continues  indefinitely. 

This  perturbation  is  brought  about  by  a  vortex  sheet  which  has  its 
origin  at  the  point  of  application  of  the  periodic  force.  From  the 
last  cofactor  in  (2.50),  it  follows  that  the  vortex  sheet  constitutes 
a  traveling  wave.  The  length  of  the  wave  is  equal  to  >.=»2 xU/v.  When 
\y\->±eo  the  perturbations  attenuate.  The  sheet  serves  as  a  line  of 
discontinuity  for  the  tangential  velocities.  The  fields  of  the  normal 
perturbation  velocities  and  pressures  are  continuous.  Computing  the 
tangential  velocities  according  to  (2.50)  when  y  +  0,  we  obtain 


<h 

dx 


,±  t*~S) 

1  Wy  * 


The  intensity  of  the  vortex  sheet  which  brings  about  this  velocity 
jump  can  be  found  from  formula 

--{%?*" ('"ft-  (2.51) 


t 


If 
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This  same  vorticity  distribution  law  may  be  found  on  the  basis 
of  considerations  concerning  the  preservation  of  vortices  in  an  ideal 
fluid. 

The  acting  force  brings  about  the  appearance  of  an  attached  vortex, 
and  according  to  Zhukovskiy’s  theorem  concerning  a  lifting  force  we 
have 


Y  -  V"  -  -  (fiur.  (2.52) 

With  a  change  in  the  circulation  of  the  attached  vortex,  the 
liberated  vorticity  trails  off  into  the  vortex  wake.  Let  the  circu¬ 
lation  increment  during  the  time  dr  be  equal  to  dr,  and  let  the 
vertex  wake  increase  by  the  length  dx;  then  from  the  condition  of 
the  preservation  of  vortices  it  follows  that 

■^■dt+ydx-Q. 

Since  the  movement  of  a  vortex  trail  takes  place  with  the  velocity 
of  the  main  stream,  the  intensity  of  the  vortex  sheet  at  the  point 
of  its  origin  is  equal  to 


Employing  (2.52)  and  taking  into  account  the  fact  that  the  inten¬ 
sity  of  the  vortex  sheet  at  point  x  may  be  expressed  in  terms  of  its 
intensity  at  the  coordinate  origin  taking  account  of  lag  with  respect 
to  time  y(x.t)-y(0.t— x/t/),  we  obtain 

This  expression  coincides  with  the  one  found  above. 

5  2.6.,  Elementary  Solutions  for  Supersonic  Flow 
Let  us  consider  perturt'.tions  excited  in  a  supersonic  stream  by 
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a  suddenly  applied  force  which  subsequently  remains  constant: 

K-  MW«(y)a( t). 

Since  the  basic  wave  equation  is  written  for  a  supersonic  stream, 
the  perturbations  must  be  found  in  the  semiplane  x  >  0.  By  applying 
to  Equation  (2.18)  a  Laplace  transformation  with  respect  to  the  var¬ 
iable  x  and  Fourier  transformations  with  respect  to  the  variables  y 
and  t,  we  find 

-2.1  tiY, 

Applying  the  Laplace  inversion  formulas  with  respect  to  the  variable 
r  yields 

p(x‘  *' 0  ”  sSn  ^  V?T7^- 

Henceforth  we  shall  denote  the  coordinates  and  the  time  by  primes  in 
order  to  emphasise  that  they  pertain  to  the  wave  equation  obtained  by 
the  generalized  Lorentz  transformation. 


Applying  the  Fourier  inversion  formula  with  respect  to  the  var¬ 
iable  s,  and  caking  into  account  the  fact  that  the  factor  2*is 
corresponds  to  differentiation  with  respect  to  y,  we  obtain 

rv.f.n  --■&  77)- 


In  view  of  the  parity  of  the  function,  the  formula  for  inversion  of 
the  Fourier  transformation  with  respect  to  the  variable  t  may  ba 
written  in  the  following  manner: 


pW.  /.  *0“ 


)'.  d 

P  >)/ 


(2.53) 


Hen lacing  the  integration  variable 
integral  to  the  form 


2.-i  V 3r~^ ^r:/at a  z ,  we  reduce  the 
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•• 


In  computing  the  integral,  two  cases  may  be  encountered: 


1) 


_ _ .S  I  /_2L 


2)  -7=^=--<lt  /»  srcsin/ — 

\  VS^F) 


In  the  first  case  the  perturbed  pressure  is  equal  to  zero.  In 
the  second  case,  from  (2.53),  carrying  out  the  differentiation,  we 
find 


.  ■  _ -OaVtT. _ 

p  ‘  ✓')  Yx>*-S-4S  ' 


(2.5*0 


The  coordinates  with  primes  correspond  to  the  generalized  Lorentz 
transform: 


tf-x  +  Ux.  sf-fa  (2.55) 

In  the  final  solution.  Just  as  in  the  subsonic  case,  it  is  convenient 
to  transfer  to  absolute  time,  but  to  retain  the  coordinate  xf,  which 
is  linked  to  a  moving  system. 

From  (2.55)  we  find 


Making  the  substitution  in  (2.5*0  and  discarding  the  prime,  we  obtain 
the  solution 


P(*.  V.  t) 


N  _  T-H3 _ 


The  perturbations  are  concentrated  in  the  circle  Uif  , 

which  is  carried  away  by  the  supersonic  stream  (U  >  a^.),  and  thus 
the  point  of  application  of  the  force  is  now  no  longer  located  within 
the  circle,  as  it  was  in  the  subsonic  case.  The  difference  consists 
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in  the  fact  that  at  any  moment  of  time  the  perturbations  cannot  pass 

beyond  the  Mach  vjedge  .vJ>pV  •  At  any  finite  moment  of  time  the  per- 

2 

turbati-in  region  is  bounded  on  the  left  by  the  straight  lines  x  = 

2  0 

3'y“,  and  on  tne  right  by  the  arc  of  the  circle  <i;t7 - (x -  .  In 

zone  (1)  (Figure  2.*Ja)  the  process  is  already  stabilized  and  the  per¬ 
turbed  pressure  is  equal  to  zero  (with  the  exception  of  the  boundaries 
of  this  region) . 


Figure  2.^.  (a)  Perturbation  zones  for  supersonic 

and  (b)  for  subsonic  flow. 

In  the  case  of  supersonic  streamline  flow,  the  attached  vortex 
is  located  at  the  apex  of  the  wedge,  and  the  free  vortex  is  shifted 
together  with  a  circular  zone,  which  is  located  in  its  center.  The 
perturbations  at  the  straight-line  segments  which  bound  region  (1) 
are  determined  by  the  transformation  of  the  basic  equation  for  stabi¬ 
lized  flow. 


The  hyperpolic  equation  for  stabilized  flow  has  the  form  (after 
transformation  for  a  moving  system) 

#£_  i  or 
•>**  ~  0/  '**  ~  »  57* 

In  this  case  we  are  considering  the  concentrated  stabilized  force, 
Y-Ytk(x)b{y$\t  whicn  acts  at  the  coordinate  origin.  Applying  the 
Laplace  transformation  (for  the  x-coordinate)  and  the  Fourier  trans¬ 
formation  (for  the  y-coordinate) ,  to  this  equation  we  obtain 


p[r,  s) 


—2xisY, 
r*  HaV  ' 
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The  Laplace  transformation  has  been  selected, because  the  perturbations 
are  located  only  in  the  right  half-plane  (x  >  0). 

Carrying  out  an  inverse  Laplace  transformation,  we  find 

ft{x,  s)  -  -  iT0sin{2«x). 

Further,  employing  the  Euler  formula  sin (2nsx)  =  {e™1* - e'vl,I)/2l  and  taking 
advantage  of  the  fact  that  the  Fourier  transformation  of  1  yields  the 
delta  function 

J  <*»»*»*« A (y>. 


we  find  the  expression  for  the  perturbed  pressure: 

p(x.  *>o. 

Thus,  the  pressure  field  undergoes  a  discontinuity  and  the  per- 

2  2  2 

turbations  are  concentrated  along  the  straight  lines  x  “By.  These 
discontinuities  are  inclined  at  the  angle  tga-±i/p  ,  l.e.,  at  the 
Mach  angle  sin  a  *  +  1/M. 

Since  this  case  corresponds  to  the  effect  of  the  action  of  a 
concentrated  force,  it  follows  that  the  object  in  the  stream  has 
vanishingly  small  dimensions.  The  function  £(*— py)  describes  (in  a 
linearized  formulation)  the  pressure  change  in  the  front  shock  and  in 
the  tail  rarefacatlon  wave  which  has  merged  with  it:  the  pressure 
first  increases,  and  then  drops  to  the  previous  value.  The  function 
— Kv+Pv)  represents  the  merged  rarefacatlon  and  tail  shock  waves. 

For  a  clarification  of  this,  let  us  consider  the  flow  under  study 
after  the  passage  of  an  infinitely  great  amount  of  time,  when  it  has 
become  completely  stabilized.  Then  the  perturbations  from  the  con¬ 
centrated  force  are  observed  only  along  the  semi-infinite  straight 
2  2  2 

line  x  *  B  y  .  Let  us  now  assume  that  at  first  yQ  is  uniformly 
distributed  along  the  segment  i.e.,  the  load  intensity 

is  equal  to  yQ/b. 
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The  perturbed  pressure  is  determined  by  integration  along  the 
segment : 

Pix>  l /)”  jV  l*fr-5-Py)-d(4f-s  +  Py))</;« 

0 

“  ii  Yo  1°  (*  ~  py)  -  a  (x  ~  b  ~  ?y)  J  +  fiY0lo(x-b  +  Py)-<j  (x+py)i. 

The  obtained  equation  describes  the  pressure  perturbation  in  the 
field  of  a  supersonic  stream  in  flow  about  a  plate  at  the  angle  of 
attack.  Perturbations  are  absent  before  the  frontal  waves  \.p  =  0); 
after  the  tail  waves  they  are  also  equal  to  zero. 

From  the  preceding  formula  it  follows  that  in  the  region  bounded 
by  the  straight  lines  x-py.  x  —  b-py,  0*£x-4b  and  the  condition  y>  0,  the 
perturbation  pressure  is  constant  and  is  equal  to  p*-=Kc/26.  Similarly 
in  the  region  x=— py,  x  —  b**— py,  0<x<6,  under  the  condition  of  y< 0, 
the  perturbation  pressure  is  equal  to  p-*=—Yd2b . 

Supersonic  streamline  flow  (including  such  flow  at  nonsteady 
regimes)  is  characterized  by  the  absence  of  infinitely  large  rare fa- 
cation  at  the  sharp  leading  edge. 

Figure  2 . hb  also  shows  the  perturbation  zone  for  the  subsonic 

case. 


Let  us  consider  the  perturbations  brought  about  in  a  supersonic 
stream  by  a  concentrated  force  which  changes  harmonically  in  time: 

Y  Y<fi  (x)  6  (y)  exp  (jvx). 


Applying  to  the  wave  equation  the  Laplace  transformation  with  respect 
to  the  variable  y  and  Fourier  transformations  with  respect  to  y  and 
t ,  we  obtain 


p(r.  s.  /)*» 


f  ,’ibv+£f-' 

4 


Using  the  transformation  inversion  formulas,  we  find 


6H 
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P  r*  +  4i»V+^j- 

*sln|2:llf  1  /  1*  +  — T^rl 

p<*.  *.  t)-  -  •g^p.iiy?) .  — L V — -*“< 

V *'+!%rj 


The  sequence  of  the  inversion  operations  may  be  followed  on  the  basis 
of  the  arguments. 

Effecting  the  transition  to  absolute  time  and.  an  undlstorted 
ordinate,  we  obtain  the  final  formula 

,<«.».<>  -  -5*-  /,  (« y^W).  (2.56) 


Here  we  set 

M*~*  1.  W“*“jpr»  *”  ~^n  - 

In  the  case  of  supersonic  streamline  flow,  the  perturbations  are 
concentrated  within  the  wedge  .  When  the  frequency  of  the  pro¬ 

cess  tends  toward  zero,  the  perturbations  within  the  wedge  also  tend 
toward  zero.  In  the  case  of  stabilized  streamline  flow,  the  pertur¬ 
bations  will  be  concentrated  only  In  the  Hash  waves  at  the  boundaries 
of  the  waves. 


5  2.7.  Energetic  Interaction  Between 
Stream  and  Body 

Before  passing  on  to  consideration  of  the  process  of  energy 
exchange  between  an  oscillating  body  and  a  stream  of  fluid,  let  us 
discuss  the  manner  in  which  the  action  of  the  body  upon  the  stream 
can  be  replaced  by  the  action  of  a  system  of  fGrcas.  Up  to  now  we 
have  been  studying  perturbations  brought  about  forces  that  are  per¬ 
pendicular  to  the  direction  of  the  main  stream.  The  point  of  appli¬ 
cation  cf  the  force  was  assured  motionless.  In  actuality,  a  variable 
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force  can  act  upon  a  wing  only  in  a  case  where  the  velocity  of  the 
wing  also  changes  in  time  (or  if  the  wing  is  encountering  a  stream 
the  velocity  >f  which  changes  in  time). 

We  will  be  particularly  interested  in  two  cases:  (1)  the  wing  is 
in  a  stream  of  constant  velocity  U  and  oscillates  in  a  direction  per¬ 
pendicular  to  the  main  stream,  arid  (2)  the  wing  is  motionless,  but  is 
situated  in  a  stream  in  which  transverse  velocity  pulsations  occur. 

We  shall  now  trerc  the  first  case,  and  we  shall  assume  that  the 
action  of  the  wing  upon  the  stream  is  replaced  by  the  action  of  a 
single  concentrated  force.  Ot/iously,  the  point  of  application  of 
the  force  must  move  with  the  velocity  of  oscillation  of  the  wing  Vq. 

In  this  case  the  point  of  application  of  the  force  moves  with  respect 
to  the  fluid  with  a  velocity  equal  to  the  geometrical  difference  of 
the  velocities  of  the  wing  and  the  stream.  Since  the-  force  S  is  a 
lift  force  (drag  is  absent),  it  must  be  perpendicular  to  the  speed 
of  motion  of  the  wing  with  respect  to  the  fluid.  It  was  found  above 
that  the  force  creates  a  pressure  dipole  with  the  axis  directed  along 
the  axis  of  action  of  the  force.  Thus,  the  axes  of  pressure  dipoles 
originating  during  oscillation  of  the  wing  will  not  be  perpendicular 
to  the  direction  of  the  main  stream. 

Velocity  dipoles  are  formed  simultaneously  with  pressure  dipoles, 
which  exist  while  the  force  is  acting.  The  axes  of  velocity  dipoles 
are  parallel  cc  the  instantaneous  direction  of  the  force.  Later  the 
velocity  dipoles  are  carried  away  by  the  main  stream  and  form  a  wake. 

In  chis  case,  the  wake  behind  the  body  will  consist  of  a  sheet  of 
dipoles,  the  axes  of  which  are  inclined  at  different  angles  in  the 
general  case. 

From  Figure  2.5  it  is  clear  that  the  influence  of  the  stream  on 
the  wing  has  a  component  directed  in  the  principal  direction  of  motion 
of  the  wing,  i.e.,  the  oscillating  wing  is  acted  upon  by  a  thrust 
force.  This  force  is  a  propulsive  force  (for  example,  in  bird  flight). 
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If  one  considers  a  stream  flowing 
over  an  oscillating  wing,  the  wing  will 
be  acting  upon  the  fluid  with  a  force 

which  is  directed  in  the  direc¬ 
tion  of  the  flow,  i.e.,  it  will  acceler¬ 
ate  the  stream.  From  the  diagram  It 
also  follows  that  work  must  be  expended 
for  the  oscillation  of  the  wing  in  the 

Figure  2.5.  The  effect  of  fluld»  since  the  Section  of  the  oscil- 
an  oscilltt'ing  body  oh  the  lation  velocity  has  a  component  which 
stream.  iS  0pp0site  t0  fne  force.  Energy  is 

expended  by  formation  of  the  vortices  of  the  sheet  behind  the  wing 
and  by  creation  of  thrust.  In  a  compressible  fluid,  the  energy  input 
due  to  the  formation  of  acoustic  waves  is  an  additional  factor. 


Let  us  consider  the  harmonic  oscillations  of  a  body  in  an  incom¬ 
pressible  fluid.  The  energy  input  on  the  formation  of  a  vortex  wake 
may  be  determined  by  computing  the  kinetic  energy  of  the  perturbed 
motion.  The  energy  input  per  oscillation  cycle  Is  equal  to  the  kinetic 
energy  contained  in  an  Infinite  vertical  band  with  a  width  equal  to 
the  wavelength  of  the  wake. 


It  Is  known  that  the  kinetic  field  energy  In  a  potential  flow 
may  be  expressed  in  terms  of  the  contour  integral 


Here  <p  is  the  velocity  potential,  s  is  the  curvilinear  contour  coordi¬ 
nate,  n  is  a  normal  directed  outward.  We  shall  apply  this  integral 
only  to  the  upper  half-band  and  shall  double  the  result.  The  flow 
field  has  a  period  along  the  abscissa  equal  to  the  wake  wavelength; 
thus,  the  integrals  along  vertical  straight  lines  will  cancel.  The 
Integral  along  the  upper  boundary  of  the  band  will  be  equal  to  zeror 
since  (%/<?y)->0  when  y-+  e». 

We  obtain  as  a  final  result: 
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The  velocity  potential  of  a  vortex  wake  at  an  infinite  distance 
from  the  body  has  the  form  (the  inessential  time  factor  is  discarded) 


<p  «*  A  exp  [  -•  |  y !  -£-]  cos 


Consequently,  the  kinetic  energy  of  perturbed  notion  contained  in  one 
period  is  equal  to 


This  calculation  may  be  extended  also  to  the  case  where  the 
axes  of  the  velocity  dipoles  are  not  perpendicular  to  the  wake  axis . 
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FOOTNOTES 


1.  on  page  46.  The  complex  coordinate  is  Z  *  x  +  iy. 

2.  on  page  54.  It  should  be  kept  in  mind  that  in.  the  quoted 

source,  the  connection  between  the  original  and 
the  representation  differs  from  the  one  adopted 
here. 
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Chapter  3 

GENERAL  PROPERTIES  OP  UNSTEADY  PLOW  IN  A  CASCADE 

5  3.1.  Preliminary  Remarks 

Let:  us  consider  a  system  of  singular  points  (vortices  or  dipoles), 
situated  along  a  straight  line.  We  shall  be  calling  such  a  system  a 
singularity  cascade,  and  the  straight  line  will  be  called  the  cascade 
axis,  while  the  constant-  distance  t  between  adjacent  singular  points 
is  the  cascade  spacing. 

The  flow  field  around  the  cascade  possesses  specific  properties 
(periodicity,  conditions  of  perturbations  at  infinity,  the  possibility 
of  the  origination  of  resonance)  which  are  not  characteristic  of  an 
isolated  singularity,  and  therefore  deserve  special  study. 

In  addition,  elementary  solutions  corresponding  to  a  singularity 
cascade  are  used  as  kernels  of  integral  equations. 

§  3.2.  The  Singularity  Cascade  in  a 
Incompressible  Fluid 

Let  us  consider  a  field  created  by  a  vortex  cascade  with  a 
circulation  that  is  constant  in  time. 
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Let  the  cascade  axis  be  directed  along  the  ordinate.  Since 
blade  oscillation  with  a  phase  shift  will  no  longer  be  of  interest  tqr) 
us,  we  shall  study  the  velocity  field  from  a  vortex  cascade  with  a 
circulation  which  changes  according  to  a  harmonic  law  (Figure  3.1a): 

r «-r#e*p {—/««),  m-0.  ±1,  *2, ...  (3.D 

Here  a  is  the  phase  shift  between  adjacent  vortices,  m  i3  the  number 
of  the  vortex,  read  off  from  the  basic  vortex  which  has  the  circula¬ 
tion  r#  and  which  is  located  at  the  origin  of  the  coordinates.  Here 
and  subsequently  the  imaginary  unit  j  will  be  used  for  writing  down 
time  processes  in  'complex  form'.  The  imaginary  unit  i,  which  does  not 
interact  with  J,  will  used,  as  usual,  for  complex  numbers  in  the 
plane  of  the  coordinates.  In  determining  the  law  of  change  of  vortex 
circulation,  the  imaginary  unit  J  has  been  selected,  since  it  will 
henceforth  be  assumed  that  the  intensity  of  the  vortices  can  change 
in  time. 


Figure  3.1.  (a)  Cascade  of  vortices  with¬ 

out  offset,  (b)  with  offset. 

The  field  created  t>y  the  cascade  of  attached  vortices  may  be 
regarded  as  a  perturbation  field  evoked  by  a  cascade  of  forces  that 
are  constant  in  time  (under  the  condition  that  the  main  stream  Is 
superimposed) . 

The  complex  velocity  induced  by  the  vortex  cascade  siay  be  rep¬ 
resented  by  the  infinite  sum: 


M-l 


(3.2) 


This  expression  may  be  transformed  and  summed: 

.  Ti  I  I  ,  2;  V  e tnma  2 II  V  wisinmul 

w’ “  2:d  7  +  7*"  -J  TdTl'.-S  - 1'  Jj 7P+F7T*'  " 

L  «-!  »s-i  .1 

-  4r  I  r  - - f  -- } .  0  <  a  <  2.i. 


shit* 


K) 


(3.3) 


Obviously ,  the  velocity  field  possesses  generalized  periodicity 
in  the  sense  introduced  in  Reference  [573: 


»  (r  -t-  //«/>  =  e'imav  [z).  ( 3 .  *0 

The  perturbation  velocity  at  an  infinite  distance  from  the  cascade 
strives  to  zero  according  to  an  exponential  law: 

^4(1? '/> (v - o). 

Let  us  note  some  interesting  special  cases.  In  the  absence  of  a  pbas 
shift  (a  =  0)  the  result  may  be  obtained  by  direct  summation  (3.1) 
when  a  =  0: 

n(z,  0,  0— gj-cth-2.. 

In  case  the  vortices  are  in  counterphase  (a  *  t0»  we  find 

»(*.  0^-fifCsch—-' 

When  the  cascade  spacing  increases  to  infinity  by  a  limit  tran¬ 
sition  we  obtain  the  velocity  field  brought  about  by  a  single  vortex 
in  the  form 


"fo  °*) 


r,  > 

2nl  z  * 


FTfc-HC-23-2^2-70 


72 


The  case  of  the  absence  of  a  phase  shift  (<*  *  0)  is  a  special 
one,  since  here  the  perturbations  created  ’ey  the  cascade  propagate  to 
infinity : 

w(t,  0,  0- for  X-*±eo. 

In  some  cases  it  is  more  convenient  to  consider  a  cascade  with 
aerodynamic  offset  yb  (Figure  3.1b)  instead  of  changing  the  direction 
of  the  main  stream  velocity.  Obviously,  the  singular  points  will 
then  have  the  coordinates  imt exp(— /y*) ,  where  m«0,  ±!;  ±2 ; . . .  Then  the 
corresponding  formulas,  describing  the  velocity  field  of  an  oblique 
cascade,  are  obtained  from  the  preceding  ones  by  replacing  t  by 
/exp(— %) .  The  use  of  a  vortex  cascade  with  offset  does  not  introduce 
any  fundamental  changes,  and  is  expedient  in  some  cases  only  due  to 
the  compactness  of  the  formulas. 

Expression  (3.3)  may  be  represented  in  the  form  of  a  series  of 
exponential  functions;  this  is  starting  to  find  application  in  prob¬ 
lems  dealing  with  the  mutual  influence  of  cascades.  Let  us  utilize 
the  well-known  expansion  for  the  denominator  of  (3.3): 

m 

— ±2V  «*«»♦>>■*. 

ik~ 

Here  the  upper  and  the  lower  signs  pertain  respectively  to  the  right- 
hand  (x  >  0)  semiplane  and  the  left-hand  (x  <  0)  semiplane. 

We  shall  represent  the  numerator  of  Formula  (3.2)  in  the  follow¬ 
ing  manner: 

After  simple  transformations  we  obtain  the  final  formula: 

* W - W  <± 1  -■ W E + 

L  m-* 

+ (±  t  -  #)«*•*  5  «**<*♦!>»#!. 
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For  the  case  of  a  =  0  we  obtain  an  analogous  formula,  utilizing 
the  expansion  of  the  hyperbolic  cotangent: 

a(z)  =  ±  +  2  V]  . 

Here  the  upper  and  the  lower  signs  also  pertain  respectively  to  the 
right-hand  semiplane  and  the  left-hand  semiplane. 

From  the  obtained  expressions  it  follows  that  the  perturbations 
brought  about  by  the  singularity  cascade  are  periodic  and  attenuate 
exponentially  as  the  distance  from  the  cascade  axis  Increases.  The 
intensity  of  the  amplitude  decrease  depends  on  the  wavelength;  the 
greater  the  wavelength,  the  slower  the  attenuation.  A  wave,  the  period 
of  which  is  equal  to  t/a,  attenuates  most  slowly  of  all.  When  a  =  0, 
the  perturbations  brought  about  by  the  cascade  are  finite  at  an 
arbitrary  distance  from  the  cascade  axis. 

These  conclusions  are  valid  for  a  cascade  of  arbitrary  profiles, 
since  an  arbitrary  cascade  can  be  replaced  by  a  corresponding  combina¬ 
tion  of  singularities.  Such  considerations  are  of  practical  interest 
when  studying  the  mutual  influence  of  a  system  of  aerodynamic  cas¬ 
cades  in  turbomachines. 

Let  us  consider  one  more  case  which  has  a  practical  application. 
Let  there  be  an  infinite  cascade  of  vortices  that  are  situated  along 
the  ordinate  (the  cascade  axis).  Let  the  distance  between  (n+1) 
successively  situated  vortices  t^,  . ..,  tn  (the  cascade  spaclngs) 

and  the  circulation  of  vortices  Flt  r*. ....  r„  be  given.  Let  us  assume 
that  further  on,  the  pattern  is  cyclically  repeated.  Such  a  non- 
uniform  cascade  may  be  replaced  by  a  system  of  n  cascades,  each  of 
which  has  a  constant  spacing  equal  to  t  *  t^  +  t2  +  . . .  +  t  and 
consists  of  vortices  with  equal  circulation  r*.  r» . r« . 

The  field  of  complex  velocity  brought  about  by  such  a  cascade 
system  may  be  represented  by  the  sum 

w  W  “  ir  2  r«clhf 

m-l 
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Here  b  is  the  ordinate  determining  the  position  of  the  "basic"  vortex 
of  the  m  cascade. 

Placing  the  basic  vortex  of  the  first  cascade  at  the  origin  of 
the  coordinates,  we  obtain  A|»0,  .... 

In  the  special  case  where  t^  =  tg  a  ...  *  fcn  an<* 
r,-r,exp(-/a),  r,-r,exp{-2/a).  ....  rM-r,txp(-n/a), 

after  summation  we  arrive  at  Formula  (3.3). 

It  has  already  been  mentioned  that  a  field  created  by  a  cascade 
of  attached  vortices  may  be  regarded  as  a  turbulence  field  in  the 
stream,  brought  about  by  the  action  of  constant  forces.  Let  us 
emphasize  that  the  replacement  of  bodies  in  a  streamline  flow  by  a 

v 

system  of  vortices  is  possible  also  in  the  case  of  large  perturbations, 
i.e.,  in  a  nonlinearized  problem  as  well.  In  such  a  case,  if  the 
forces  vary  in  time,  a  vortex  wake  is  situated  behind  each  vortex. 

The  perturbation  fields  may  be  found  on  the  basis  of  the  obtained 
solution  by  means  of  integration  along  the  vortex  sheet. 

If  a  linearized  problem  is  considered,  the  acceleration-potential 
method  may  be  used. 

Let  a  plane-parallel  stream  of  an  incompressible  fluid,  having 
a  velocity  of  U,  be  acted  upon  by  a  system  of  concentrated  forces  Ym, 
which  change  according  to  a  harmonic  law  with  a  phase  shift  and  are 
applied  at  the  points  (0,  ym) 


Ym-Yttl ym - Im,  m-0;  ±  1;  ±2; ... 

Each  of  the  forces  creates  a  field  of  perturbed  pressure  equiva¬ 
lent  to  a  dipole  situated  at  the  point  of  its  application.  Then  the 
total  perturbed-pressure  field  (or  the  complex  acceleration  potential) 
may  be  expressed  by  means  of  Formula  (3.3): 
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y.  fh  [<•■»--“)  7]  :!l  [<'l— °^t] 

p“l  *(.i)  r 


(3.5) 


Here  use  has  been  made  of  the  fact  that  (3.3)  constitutes  the 
total  action  of  an  infinite  series  of  dipoles,  which  in  this  case 
are  regarded  as  pressure  dipoles.  The  constant  factor  in  (3.5)  is 
expressed  in  terms  of  force  by  means  of  the  known  solution  for  a 
single  dipole  (see  Chapter  2). 

§  3.3.  A  Singularity  Cascade  in  a  Subsonic  Stream 

Let  us  now  consider  the  action  of  a  force  cascade^  upon  a  sub¬ 
sonic  stream  [62].  We  assume  that  the  main  stream  is  parallel  to  the 
x-axis,  the  cascade  offset  is  equal  to  yb,  the  harmonic  forces  are 
arranged  with  the  spacing  intervals  t  and  have  the  phase  shift  a. 

We  consider  the  perturbation  problem  in  a  linearised  formulation. 

The  acceleration  potential  brought  about  by  a  single  periodic 
concentrated  force  applied  at  the  origin  of  coordinates  is,  for  a 
subsonic  stream,  expressed  in  terms  of  the  Hankel  function  //?’  (see 
Chapter  2) . 

On  the  basis  of  the  known  property  of  cylindrical  functions 

dZ n  n  «  _ — 

Jx  “  2  /'nM 

the  formula  for  perturbation  pressure  may  be  expressed  in  terms  of  a 
derivative  of  a  zero-order  Hankel  function  in  the  form  of 


(3.6) 


where  A  -  ~/K./}fi} ;  the  rest  of  the  designations  are  the  same  as  in 
Chapter  2.  Let  us  note  that  if  function  Hf  represents  a  perturbed 
dipole  field,  then  function  //?  describes  the  field  of  pressure 

Footnote  (1)  appears  on  page  121. 
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perturbations  brought  about  by  a  pulsating  source  in  a  compressible 
fluid.  Here  the  derivative  must  be  taken  in  the  direction  of  the 
action  of  the  field.  In  the  case  under  consideration  it  is  assumed 
that  the  forces  are  perpendicular  to  the  main  stream,  i.e.,  are 
parallel  to  the  ordinate. 


The  perturbation  pressure  brought  about  by  the  action  of  the 
force  cascade  i3  represented  by  the  series 

XH?[*  \'(x  -  nisln  yj  +  fb-nt  cos  tj*j. 

Let  us  apply  the  Poisson  summation  method  to  this  series,  and 
let  us  represent  the  perturbation  pressure  by  a  series  of  Fourier 
representations  of  the  summed-up  function 

j  BW.  (3.7) 


By  S(m)  is  meant  a  Fourier  transformation  of  the  summed-up  function, 
represented  in  the  form 


«(«*>— S'  f  x 

—m 

X  H?  (*  VU  -  Wflx)  Jin  Y.P + ?!f  -  cy/2*)  co«  r»P)  at 


(3.8) 


Here  the  imaginary  unit  i  has  been  introduced,  which  does  not  Interact 
with  the  imaginary  unit  J.  However,  the  imaginary  unit  i  in  Formula 
(3.8)  may  be  replaced  by  J.  This  is  possible  since  summation  along 
m  proceeds  for  all  whole  positive  and  negative  values.  The  exponen¬ 
tial  factor  in  the  integrand  may  be  grouped  for  values  of  +  m,  and  it 
can  be  shown  that  only  cosine  transformation  takes  place  with  the 
exponent  m.  Lef  us  replace  the  integration  variable 


t- 


U* 


,  2*(**i«T>+P*jrto»Yj 

l  y*in>T,+P,«»,r#  +  " /(U a* y,+I* «•*  rj 


and  designate 
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Since  these  functions  are  even  functions  of  z,  in  the  integration 
along  the  interval  -°»,  +»  it  is  necessary  to  take  into  account  only 
the  Fourier  cosine  transformation. 


With  account  taken  of  what  has  been  said.  Integral  (3.10)  is 
represented  by  a  sum  of  two  integrals: 

«j(;n) «  2dm  X 

X  J  4>(*  yV+  b2) cos {cmz) dz -  /  J„Vg(x  Y 2I+6I)ccs {c*t) 


The  reduced  definite  integrals  are  expressed  in  terms  of  elemen¬ 
tary  functions,  two  cases  being  possible  for  the  Integration: 


a) 

b) 


0<x<|c„i,  b>  0, 

b>0. 


(3.1D 

(3.12) 


The  denominators  of  these  expressions  increase  arbitrarily  when 
x3  -  *  Cpj  •  This  case  deserves  special  attention,  since  it  corresponds 
physically  to  cne  phenomenon  of  resonance  in  a  gas  stream.  The 
oscillations  of  the  gas,  brought  about  by  finite  harmonic  forces,  must 
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increase  arbitrarily  in  the  absence  of  attenuation.  Consequently,  the 
resonance  condition  is  the  equality  (x«±rm): 

„  _  „i_  td»lny,  +  a«m+g 

H,m  I  y  * 

After  the  substitution  x-vM/tfp*.  h « \W/Up*,  1 - Ms,  M ~t//a»  and  transfor¬ 

mations,  we  find 


vM  ^  .  _ ?22Li5 _ 

1/(1  —  M*)  /(»M»i»v,vV'l-M‘c'5?  7J’ 

The  left-hand  part  of  this  expression  is  always  positive.  Since 
the  numerator  of  the  right-hand  part  is  also  always  positive,  the 
sign  in  front  of  the  entire  right-hand  part  must  be  selected  in  such 
a  manner  that  for  the  selected  m,  the  numerator  also  be  positive. 

After  transformations,  the  formula  for  determination  of  the  resonance 
frequence  may  be  written  down  as  follows  [62]: 

v  -  ±  a,(±  M  sifi  Y*+  V 1  -MWvJ-22^.  (3.13) 

Here  the  +  signs  in  front  of  the  parenthesis  should  be  selected  in 
such  a  manner  that  the  oscillation  frequency  is  a  positive  value. 

This  formula  has  a  simple  physical  interpretation,  since  the 
product  of  the  first  two  cofactors  constitutes  the  rate  of  propagation 
of  the  perturbations  along  the  cascade  axis,  i.e.,  in  the  direction 
of  a  straight  line  drawn  at  the  angle  yb. 


The  +  signs  correspond  to  propagation  of  the  signal  in  one 
direction  and  in  the  other,  i.e.,  in  the  direction  of  the  rays  yb 
and  y*+ji. 


Actually,  if  a  signal  is  sent  from  the  coordinate  origin,  then 
after  the  time  x  the  region  of  perturbations  will  be  bounded  by  a 
circle  (Figure  3-2a): 

i  •  V 
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Figure  3.2.  (a)  The  determination  of  the  pro¬ 

pagation  rate  of  a  perturbation  in  subsonic 
flow  and  (b)  in  supersonic  flow. 


We  make  the  replacement  x-rs\ny,  y**r cosy  (remember  that  the  angle 
y'o  - —  the  cascade  offset  —  is  measured  clockwise  from  the  ordinate) . 
Then,  differentiating  with  respect  to  time,  from  this  equation  it  is 
possible  to  determine  the  rate  of  propagation  of  the  signal  in  the 
direction  of  ray  y(Y*°Y*  or  y~Y*  +  »): 


a*-*  —  »«o(Msiii  v+  Y l  -  W cos2  y)- 


(3.1*0 


Formula  (3-13)  may  also  be  written  in  the  form 

v  «  2.i  ~ , 

where  the  relationship  of  the  frequency  v  to  the  rate  of  propagation 
of  the  wave  a^  and  its  length  t-~±iHm+a/2a)  is  obvious. 

Returning  to  Formula  (3.13),  we  note  that  there  are  two  resonance 
frequencies  which  correspond  to  waves  traveling  forward  and  backwards. 
In  a  cascade  without  offset,  the  two  frequencies  coincide  (y4=0)  .  In 
a  cascade  with  offset  y*«.-i/2  the  speeds  forwards  and  backwards  of  the 
traveling  waves  are  respectively  equal  to  +  U. 

In  the  straight  cascade  (yb  =  0)  and  with  the  action  of  forces 
without  a  phase  shift,  resonance  should  De  observed  when  a  whole 
number  of  waves  is  situated  along  the  cascade  spacing: 
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This  problem  is  applicable  in  the  theory  of  aerodynamic  cascades 
which  consist  of  thin  profiles,  and  are  in  a  subsonic  streamline  flow 
of  gas,  since  the  arbitrary  profiles  are  replaced  by  a  dipole  system. 

Let  us  also  consider  the  application  of  the  above  considerations 
to  the  problem  of  flow  resonance  in  a  turbomachine  stage.  In  Figure 
3.3  line  (1)  conventionally  represents  a  directing  cascade,  and  line 
(2)  represents  a  working  cascade.  The  points  on  these  lines  denote 
blades,  situated  in  accordance  with  spacing  t-^  and  tg.  The  stream, 
which  is  assumed  to.  be  subsonic,  emerges  from  the  directing  cascade 
with  a  velocity  of  c^.  The  working  cascade  moves  with  respect  to  the 
directing  cascade  with  the  peripheral  velocity  u.  The  stream  enters 
the  working  cascade  with  the  relative  velocity  »?. 


Figure  3.3.  The  origination 
of  resonance  in  a  turbo¬ 
machine  stage. 


Let  us  consider  the  conditions 
of  the  development  of  resonance  in 
the  space  between  the  cascades. 

The  blades  of  the  working 
cascade  move  in  a  periodically  In¬ 
homogeneous  stream  which  is  per¬ 
turbed  by  the  directing  cascade. 

The  angular  frequency  of  the  pulses 
acting  upon  the  working  blades  is 
equal  to  2.w, ,  where  n  is  the 
number  of  rotations  of  the  turbo¬ 


machine  wheel,  and  is  the  number  of  blades  in  the  directing  cascade. 
The  phase  shift  of  the  action  of  the  aerodynamic  force  upon  the 
adjacent  blades  of  the  second  cascade  is  equal  to  . 


At  resonance.  Condition  (3.13)  must  be  satisfied  in  the  stream; 
this  condition  is  written  in  conventional  notation  In  the  following 
manner : 


2wu,— 


±a,(±Mco»Pi+.Vl  —  M’jin’fc) 
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Here  the  offset  angle  of  the  second  cascade  is  found  on  the  basis  of 
condition  yP  =  n/2  —  ,  the  orientation  of  the  coordinate  axes  *>2^2 

being  selected  in  the  manner  that  has  beer,  adopted  above.  The  Mach 
number  in  this  case  must  be  determined  on  the  basis  of  the  relative 
stream  velocity  M ~xofla<>  •  The  minus  sign  ir.  front  of  2 is  used 
because  the  phase  shift  is  opposite  in  sign  to  the  phase  shift  selected 
in  the  derivation  of  Formula  (3*13). 

The  number  of  blades  in  the  first  cascade  is  equal  to  =  Tfd/t-^, 
where  d  is  the  diameter  of  an  annular  cascade.  Then  from  the  basic 
formula  (when  m  -  0)  vie  shall  obtain  the  result  that  resonance  will 
be  observed  under  the  condition  of 

and  =»  a0(— ?■'  a-  p,  +  Vl  —  WFiltPpj). 


This  relationship  establishes  the  equality  of  the  circular 
velocity  u  =  *dn  and  the  velocity  of  the  backwards  traveling  wave 
Mcosfj  +  Vl-M2siiFp,). 

Since  these  velocities  have  different  directions,  the  traveling 
wave  will  be  motionless  with  respect  to  the  first  cascade.  Consequently, 
resonance  will  originate  when  the  wave  is  a  standing  wave.  This 
pehnomenon  is  analogous  to  the  phenomenon  of  resonance  in  a  rotating 
disk. 


§  3 . 4 .  A  Singularity  Cascade  in  a  Supersonic  Stream 


A  concentrated  force  acting  at  the  origin  of  the  coordinates  and 
changing  harmonically  in  time  brings  about  a  pressure  perturbation 
which  is  described  by  the  Bessel  function  (see  Chapter  2).  By 
means  of  a  simple  transformation,  analogous  to  the  one  cited  in  §  3.2, 
the  perturbation  may  be  expressed  by  the  formula 

P  - 

Here 
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•‘“■jy  •  *"  dy>  p,u>M*— l. 

Let  us  consider  a  cascade  of  forces  acting  with  a  phase  shift, 
and  let  us  determine  the  resonance  frequency  [62]. 

With  supersonic  velocity  of  the  main  stream,  perturbations  created 
by  any  of  the  forces  propagate  only  within  the  Mach  wedge.  Thus,  a 
force  denoted  by  the  index  m  (i.e.,  applied  to  the  cascade  axis  at  the 
point  x-/n/sin.y*,  y^w/cos  y*)»  brings  about  perturbations  only  within  a 
wedge  bounded  by  the  straight  lines 

x  -  mi  sin  y,  -  ±  p  (y  -  mt  cos  y,) 

under  the  condition  x>m/slny*,  since  the  perturbations  propagate  only 
downstream. 

In  this  equation  the  value  +  6  is  the  angular  coefficient  of  the 
Mach  line3  and,  consequently,  dt  l/|l—  sfc  i/Kfti1—  1  is  equal  to  the  tangents 
of  the  inclination  angle  of  these  lines.  In  connection  with  this, 
two  characteristic  regimes  of  flow  about  a  cascade  by  a  supersonic 
stream  are  possible: 

(a)  p>tgy*  —  the  cascade  axis  lies  (Figure  3**0  within  the 
region  of  unperturbed  flow  (except  for  the  points  of  application  of 
the  forces); 

(b)  p<tgy»  —  the  Mach  waves  emerge  into  the  space  in  front  of 
the  cascade,  and  the  cascade  axis  lies  within  the  region  of  perturbed 
flow  (Figure  3*5). 

Let  us  consider  the  latter  case.  In  view  of  the  periodicity  of 
the  pattern,  it  is  possible  to  study  only  the  perturbations  within 
bands  bounded  by  adjacent  Mach  lines,  for  example,  x«py,  x  — /.sfny*«p(y  — 

—  /cosy,)  and  py.  — p(y  — /cos y*)  .  Within  the  band  under  consideration, 

only  forces  with  indexes  from  m  *  0  to  m  *  participate  in  the 
formation  of  perturbations. 
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x-ml  slnyt  ‘fily-mtcosrj 


Figure  3.4.  Singularity  cas-  Figure  3.5.  Singularity  cascade 

cade  in  supersonic  flow  when  in  supersonic  flow.  Arrows 

P>  uy  indicate  the  flow  velocity  (U) 

and  the  propagation  rates  of 
perturbations  along  the  cascade 
To  reduce  the  computations.  axis  (aYl  and  a^.2). 

let  us  consider  the  perturbations 

only  at  one  point  of  this  band  —  at  the  origin  of  the  coordinates, 
and  we  shall  naturally  exclude  the  effect  of  a  force  with  an  index 
m  =  0.  In  case  resonance  occurs  at  the  point  under  consideration,  it 
will  simultaneously  originate  at  other  points  of  the  band. 


The  perturbed  pressure  may  be  represented  by  the  following  series 

p  =  Ae1  £e,<^>i,,V->/o(xw/  KsVv,-pWy,). 

1 

This  series  is  transformed  into  a  series  [19],  the  general  term 
of  which  has  the  form 

Y»  “  ?•’  cosJ  v»)  -  [2 Mit  ±  (ji/  sin  y,  -  a)3l} (3.15) 

When  the  expression  in  the  parenthesis  tends  toward  zero,  the 
series  diverges,  which  corresponds  to  the  origination  of  infinitely 
large  oscillations  during  resonance. 

Equating  Expression  (3*15)  to  zero  and  taking  into  account  the 
fact  that 
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we  obtain  the  formula  for  the  resonance  frequency  in  a  supersonic 
stream  [62]  j 


v-±o,(M s!n y* ±  V'l ®!2L±fl.  (3.16) 

Formula  (3.16)  differs  from  Formula  (3.13)  by  the  position  of 
the  double  sign.  This  is  explained  by  the  fact  that  in  supersonic 
flow  the  perturbations  propagate  in  only  one  direction  (see  Figure  3.2). 

Since  now  M  >  1,  the  condition  I— M,c3s,v»>0>  is  additionally  set 
forth,  whence  follows  that  resonance  is  possible  only  when  the  condi¬ 
tion  p'<  fgv„  is  satisfied. 

The  double  sign  at  the  second  term  indicates  the  possibility 
of  two  resonance  frequencies  for  the  given  regime  of  flow  about  a 
cascade  (not  counting  the  possibility  of  varying  the  number  of  waves 
m).  This  corresponds  to  two  possible  rates  of  propagation  of  the 
perturbations  along  the  cascade  axis,  as  was  also  the  case  in  sub¬ 
sonic  flow.  Now,  however,  the  perturbations  propagate  along  the 
cascade  axis  only  in  one  direction. 

It  Is  of  Interest  to  study  the  behavior  of  perturbation  functions 
at  a  very  large  distance  from  the  cascade  axis. 

If  the  observation  point  Is  situated  at  a  distance  that  is  much 
greater  than  the  cascade  spacing,  it  may  be  considered  that  the 
perturbation  forces  replace  the  real  profiles,  i.e.,  the  asymptotic 
behavior  of  the  perturbation  functions  should  not  depend  upon  the 
specific  shape  of  the  blades. 

Analyzing  Formulas  (3.11)  and  (3.12),  conclusions  may  be  drawn 
concerning  the  attenuation  intensity  of  perturbations  with  different 
wavelengths  (in  comparison  to  the  cascade  spacing  and  the  total 
period  of  the  forces,  the  action  of  which  has  been  shifted  by  the 
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angle  a) .  Corresponding  remarks  are  made  below  for  some  special 
oases. 


S  3 • 5 •  A  Cascade  as  a  Singular  Line 

above  we  considered  the  effect  of  Individual  concentrated  forces 
upon  a  stream.  The  limiting  problem  of  flow  about  a  cascade  with  an 
infinitely  small  spacing  is  of  interest.  In  order  to  solve  such  a 
problem,  it  is  necessary  first  to  consider  the  perturbations  brought 
about  by  forces  distributed  along  a  straight  line.  The  solution  may 
be  obtained  in  two  ways:  direct  integration  of  the  wave  equation, 

■which  in  this  simple  case  is  feasible,  or  by  using  the  solution  for 
a  single  singularity.  Let  us  pick  the  second  way,  and  let  us  consider 
the  problem  for  subsonic  flow. 

Lee  us  assume  that  the  main  stream  is  moving  parallel  to  the 
abscissa,  the  forces  are  perpendicular  to  the  x-axis,  depend  harmon¬ 
ically  upon  time,  and  are  distributed  along  the  cascade  axis  also 
according  to  a  harmonic  law.  The  cascade  axis  has  an  offset  of  yo. 

We  shall  write  the  acceleration  potential  of  such  a  flow  by  using  the 
well-known  solution  for  the  acceleration  potential  due  to  the  action 
of  a  concentrated  harmonic  force. 

Distributing  the  singularity  along  the  cascade  axis  and  replacing 
the  discrete  phase  shift  wi«(/;»»0;  ±1;  ±2;  by  a  continuous  change,  we 
write  the  acceleration  potential  in  the  form  of  the  integral: 

X  f/c?  fx  l'(r  —  S  sin  y,)'  +  |i-’  (y  - g  cos  y.f]  </$. 

Here  t  is  the  period  of  the  cascade  (the  period  of  load  distribution), 
the  integration  variable  ?  passes  along  the  cascade  axis;  B  is  the 
linear  load. 

From  a  consideration  of  the  integral  it  follows  that  it  is  possible 
to  use  the  solution  obtained  above  for  a  singularity  cascade.  For 
this  solution  it  is  necessary  to  retain  only  the  one  term  of  Series 
(3.7)  which  corresponds  to  the  given  wavelength. 
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In  Designations  (3.9)  it  should  be  assumed: 

ft*.  tt«(<co*y»~ytiny*)1  r  -  yf»iny,+t* 

^  *1*»,Y,+P*  *****  V,  '  1  J/’iinrv^+Vr*o*r\^ 

d  m  ««p/*(jt«lffy,  +  PV*o*v,) 

^iiPyT+P1*®^  * 

Then,  making  use  of  Formulas  (3.7),  (3*10),  and  (3.17),  we  obtain 
the  final  solution.  Two  cases  must  be  considered: 

a) 

b) 

Let  us  consider  an  analogous  problem  with  supersonic  velocity  of 
the  main  stream.  Let  the  stream  be  directed  along  the  abscissa,  and 
let  the  load  be  distributed  along  the  cascade  axis  perpendicular  to 
the  main  stream.  The  acceleration  potential  (for  the  case  of  pctgy*) 
is  determined  by  the  formula 

— m 

X  /e  (*  V((jr~-{slnY*)*-i 

Here  use  is  made  of  the  solution  for  the  acceleration  potential  created 
by  a  single  concentrated  force,  expressed  in  terms  of  the  Bessel 
function  Jq.  In  this  case  the  upper  integration  limit  is  not  infinite, 
as  in  subsonic  flow,  since  the  perturbation  at  the  observation  point 
x,  y  is  created  only  by  the  forces  (situated  at  the  cascade  axis)  for 
which  the  observation  points  are  within  the  Mach  wedge.  The  integra¬ 
tion  variable  £  runs  through  the  cascade  axis  and,  consequently,  may 
be  found  as  a  coordinate  of  the  point  of  Intersection  of  a  Mach  line 
passing  through  the  observation  point  with  the  cascade  axis. 

For  determining  it  is  necessary  to  solve  the  equations : 
*-{isinv»"  ±P(y-5)cosY»* 


x<|e|,  *>0, 
.  *  -iH _ » 
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Here  the  +  signs  pertain  respectively  to  cases  where  the  observation 
point  lies  at  the  left  (1)  or  at  the  right(2)  of  the  cascade  (Figure 
3.6a).  Hence 

.  _ jr  — -  Pu _  »  x  +  Py 

Si  “  sin  ys  -  P  cos  vt  an“  51  ”  sin  y4  +  p  cos  y,  * 

Obviously,  for  |4ci  the  radicand  in  the  formula  for  the  acceler¬ 
ation  potential  is  non-negative.  We  replace  the  variable  ih  (3.20): 

t_ _ 5 _  ;  *  sin  yft-f.»y  cosy, 

b  ^  sin*  y7“  cos’ V,  sin’ V,~P’ cos’ y, 

and  designate 

.  -  (*«***  V»  ~  y  »|"  v»)j  H  sin  y,  +  ~ 

O'  =-«  p*  ■■■ —  ■■■  —•■■■■  ■  -  t  C  a  - -  -»■ 

sin*  y,  —  p1  cos’  yt  y  sin’  y,  -  p’  cos’  y, 

H  =  C.\p  jc  (. r  sin  y6  -  PV  cos  yt) 

J  'Till’  yj  '»P*"cos*'^ 

Then  the  acceleration-potential  integral  is  reduced  to  the  form 

e* 

/=-</[  c */'*/„  (x  \'  z2  —  ir)dz,  b>  0. 

» 

In  integration,  two  cases  are  possible: 

a  y-<c.  b>  0.  /=-/</  -•—==-  e~l* 

}  —  x* 

b  X>C,  6>0,  «-»»'*=? 

!  k’-c’ 

The  case  of  c  =  >c,  as  has  already  been  said  above,  corresponds  to 
resonance. 


The  obtained  expressions  differ  from  the  subsonic  variant  with 
respect  to  one  fundamental  feature.  In  the  case  of  subsonic  stream¬ 
line  flow,  oscillations  with  a  frequency  below  the  critical  attenuate 
far  away  from  the  cascade,  while  those  with  a  frequency  above  the 
critical  propagate  to  infinity. 


In  the  case  of  supersonic  streamline  flow,  the  pattern  is  re¬ 
versed:  oscillations  with  a  subresonance  frequency  are  observed  in 


Figure  3.6.  Determination  of  the  integration 
limits  in  cases  (a)  (b)  . 


the  entire  flow  field,  whereas  oscillations  with  a  frequency  above 
the  resonance  attentuate  at  a  distance  from  the  cascade. 

Let  us  dwell  on  the  second  possible  variant  of  flow  about  a 
cascade,  when  p>lg t*  ,  i.e.,  the  variant  where  perturbations  do  not 
penetrate  into  the  region  to  the  left  of  the  cascade  (Figure  3.6b). 

Now  both  limits  in  the  fundamental  integral  will  be  finite  and  equal 
to  (it  (j  • 

These  limits  are  found  as  coordinates  of  the  points  of  intersec¬ 
tion  of  Mach  waves  (from  the  first  and  second  family),  passing  through 
the  observation  point,  with  the  cascade  axis. 

We  replace  the  Integration  variable: 

We  introduce  the  designations 

A  —  **P  k  m'tt-xrJn  r») 


Then  the  integral  of  the  acceleration  potential  turns  out  equal 
to 
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■f* 

d  f  c,r% (* \ rb'-=^) ,fc  .  2d  ■£" .  *>0. 
..*  i  x*+c> 


In  this  case,  resonance  cannot  originate  in  the  stream,  since 
this  value  remains  restricted  at  any  values  of  the  determining  para¬ 
meters.  Physically,  this  is  explain'd  by  the  fact  that  at  any  point 
of  the  stream,  interference  of  waves  emitted  from  the  restricted 
sector  of  the  cascade  axis  is  observed. 

We  shall  find  the  equations  for  calculating  the  velocity  field 
and  shall  find  the  connection  between  the  oscillation  rate  and  the 
value  of  the  force.  Formulas  were  established  above,  which  determine 
the  field  of  perturbed  pressures  of  cascades  with  an  arbitrary  offset. 
How,  in  order  to  obtain  more  graphic  formulas,  we  shall  find  the  per¬ 
turbation-velocity  potential  only  for  the  special  case  of  a  cascade 
without  offset  and  for  a  subsonic  stream. 


For  yj,=-0 ,  from  (3.17)  we  have 


(3.21) 


The  acceleration  potential  for  subsonic  flow  and  for  a  subresonance 
oscillation  frequency  (x.Cicd  is  determined  by  Formula  (3.18).  Substi¬ 
tuting  Conditions  (3.21)  into  (3-18),  differentiating  with  respect  to 
y  and  transforming,  we  obtain  the  acceleration  potential 

*  -  vnfym  »p  [/  (« + 1“ + 2.  f )  ■ -  Pjjr1)  J  • 

Here  the  Strcuhal  number  *-=v//2nt/  has  been  introduced;  it  characterizes 
the  unsteadiness  of  the  process.  The  wavelength  in  the  distribution 
of  the  perturbing  forces  has  been  taken  as  the  linear  dimension  of  t. 


On  the  basis  of  the  acceleration  potential,  v;c  determine  the 
vertical-acceleration  field  by  differentiation  with  respect  to  y 

cxp  M" ' ,,x  +  2*  ?)“  1'sFW].  (3.22) 


.70 


On  the  basis  of  the  acceleration  field  it  is  possible  to  deter¬ 
mine  the  field  of  vertical  perturbed  velocities.  For  this  it  is 
necessary  to  integrate  the  linearized  equation  of  motion  all  the  way 
through. 


When  using  this  equation  it  is  necessary  to  bear  in  mind  that  the 
vertical  velocity  has  a  discontinuity  at  the  cascade  axis,  which  is 
a  singular  line.  We  represent  the  derivative  of  the  discontinuous 
function  on  the  basis  of  the  theory  of  generalized  functions  in  the 
form 


■£-(■£)+-'*<*>•  c.2'0 

Here  («?«*/<! x)  Is  a  derivative,  understood  in  the  conventional  sense; 
A«c(+o,  y,  0.  jf.  is  the  value  of  the  function  discontinuity,  i.e., 

the  difference  of  the  limits  on  the  right  and  to  the  left  of  the 
discontinuity  line.  The  value  of  the  vertical- velocity  discontinuity 
is  determined  by  the  value  of  the  acting  force  from  the  relationship 

(3.25) 

since  only  the  component  of  the  vertical  velocity  which  is  in  phase 
with  the  local  acting  force  has  a  discontinuity. 

For  the  case  of  harmonic  oscillations  it  may  be  assumed  that: 

a$am* »-✓(*)«*/(«+*» *•), 

r*- 

Then  from  Equation  (3.23),  by  means  of  (3.24)  -  (3.26)  we  obtain 
(again  discarding  the  prime  index) 

«„-/w+l/-£-+rei£t.  (3.27) 
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Here  is  ?  known  function  and  is  determined  by  Formula  (3.32),  in 
which  the  factor  exp J^vxi- 2x~j  should  be  discarded. 

We  integrate  (3.27)  first  in  the  left-hand  semiplane,  assuming 
that  perturbation  velocities  at  infinity  in  front  of  the  cascade  are 
absent  y(— co)«o.  During  integration  in  the  left-hand  semiplane,  the 
last  term  of  (3.2?)  is  equal  to  zero  in  accordance  with  the  well- 
known  property  of  the  Dirac  Function. 


The  total  integral  has  the  form 

» (•*)  =*  if  e~1' 17  J  di. 

—  em 

Performing  calculations  and  effecting  transformations,  we  obtain  the 
value  of  the  perturbation  velocity  in  the  left-hand  semiplane 


t, (t)  =.  «xp f/)ix -f 

2p -v  l’P!-tW(|*+rF*TM'')  * 


(3.28) 


On  the  basis  of  (3.28)  we  find  the  perturbation  velocity  immed¬ 
iately  in  front  of  the  cascade: 

o(-G)=* - : - rlig! _ _ 

VW  j»‘ — t-M-  (/*  t-  ' 

At  the  intersection  of  the  cascade  axis  (from  x  =  -0  to  x  =  +0) 
the  vertical-velocity  jump  determines  the  last  term  of  (3.27),  and 
when  integrating  we  obtain  .Sv-Yg/Up0 .  In  passage  through  the  discon¬ 
tinuity  line, only  that  part  of  the  vertical  velocity  undergoes  a  jump, 
which  is  in  phase  with  the  force.  Computing  the  velocity  component 
before  the  cascade  (x-+—  0) ,  which  is  in  phase  with  the  force,  and  adding 
the  jump,  we  find  the  same  component  after  the  cascade  (x —  +G).  Adding 
to  this  the  component  which  does  not  have  a  discontinuity,  we  find  the 
boundary  value  of  the  vertical  velocity.  Integrating  and  making 
transformations,  we  obtain  the  value  of  the  perturbed  vertical  velocity 
in  the  right-hand  semiplane  In  the  form  of 


i  y,  w  c-fvxH/_7cP* 

°W=V£/{1  +*’)  2  p-tf 


(3.29) 


q? 
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The  first  term  of  this  expression  constitutes  velocity  induced 
by  free  vortices,  and  is  therefore  a  traveling  wave  and  does  not 
vanish  when  x-^+oo.  in  this  case  the  entire  right-hand  semiplane  is 
filled  by  free  vortices. 


Let  us  remember  that  these  relationships  have  been  obtained  for 
a  subresonance  oscillation  frequency  of  We  find  analogous 

relationships  for  an  above-resonance  frequency * 


The  acceleration  potential  is  written  in  the  following  form: 
»•' *  vrlmTp «*  i  [** + ■“ + (»*  f )  -  (7?)  • 


In  this  case  the  perturbations  do  not  attenuate  at  an  infinite 
distance  in  front  of  the  cascade.  The  perturbation-velocity  field 
in  the  left-hand  semiplane  is  periodic  and  is  yielded  by  the  formula 


•W 


yr.  mi 

I 


I  U* + <fcur/l»»)  yV#  -ff] 


(3.30) 


We  shall  find  the  velocity  in  the  right-hand  semiplane  in  the 
same  manner  as  above.  In  order  that  the  Ivusp  condition  be  satisfied. 
Then  we  shall  obtain 

1 '  t>t/(i+#)  a?u  rvfP^pJk-YPfP^W  *  C3.31 


In  the  same  way,  by  means  of  the  formulas  presented  in  this 
section,  it  is  possible  to  consider  the  general  case  of  a  cascade 
with  offset,  as  well  as  supersonic  flow  about  a  cascade. 


Let  us  consider  a  straight  cascade,  composed  of  plates.  Let 
the  cascade  have  very  high  density,  so  that  the  spacing  t-^  is  smaller 
than  the  chord  {*,<&) .  The  cascade  is  in  a  streamline  flow  with  a 
velocity  of  U,  parallel  to  the  chords.  Let  the  profiles  oscillate 
with  a  certain  phase  shift  a,  which  is  constant  from  profile  to  pro¬ 
file.  The  flow  pattern  will  be  repeated  at  intervals  of  a  period  equal 
to  We  shall  be  considering  only  the  case  where  the  cascade 
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spacing  is  much  smaller  than  this  period:  If  at  the  same  time 

it  is  assumed  that  b<&t  ,  it  is  then  easy,  on  the  basis  of  the  preceding 
conclusions,  to  obtain  an  approximate  solution  of  the  problem.  Let 
us  emphasize  already  now  that  the  problem  can  be  generalized  in  a 
sufficiently  simple  manner,  thus  giving  up  the  last-mentioned  restric¬ 
tion. 


Under  the  assumptions  set  forth,  the  cascade  can  be  replaced  by 
a  system  of  forces  distributed  along  its  axis. 

Let  the  plates  make  small  harmonic  oscillations  along  the  ordi¬ 
nate;  then,  in  view  of  the  smallness  of  the  spacing,  it  may  be  assumed 
that  the  vertical  component  of  velocity  at  the  outlet  of  the  cascade 
is  equal  to 


where  vQ  is  the  modulus  of  the  blade  oscillation  velocity  v0<zU. 

The  boundary  condition  at  the  outlet  from  the  cascade  requires 
equality  of  the  vertical  velocities  of  the  plates  and  the  fluid  vQ  = 
v  (+0).  Here  v  (+0)  is  the  vertical  velocity  according  to  (3.29) 
with  tendency  toward  the  cascade  axis  from  the  right-hand  side. 

For  a  subresonance  oscillation  frequency,  the  vertical  velocity 
of  the  fluid  at  the  cascade  outlet  wlLl  be  found  from  (3.29),  assuming 
x  =  0,  in  the  following  form: 

„  (+ o)  -  -A-  JggjJlPy- 

We  introduce  the  force  coefficient 

,  => _ _ 

p’C/r,  * 

whicn  in  the  general  case  is  a  complex  number,  so  that  the  force 
induced  at  the  blades  luring  oscillation  acts  out  of  phase  with  the 
velocity. 


9*J 
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Then  for  the  subresonance  oscillation  frequency  (AM<{t>  we  obtain 


,  2  ()+**)  .  w 

*  +  *  m  3nU 


(3.32) 


For  a  super-resonance  oscillation  frequency  the  boundary  value 

of  the  velocity  in  the  case  of  an  approach  from  the  right  is  found 
from  (3.31),  for  the  condition  x  *  0,  according  to  the  formula 


o(+0) 


2  {!+**) 


Analogously  to  the  preceding,  the  force  coefficient  is  expressed  by 
the  relationship 


c,~ 


CiP-i  UYpM *-**+*  ‘ 


(3.33) 


In  this  case  the  force  coefficient  is  a  real  number. 


Let  us  emphasize  that  by  the  force  Yq  is  understood  a  force 
acting  upon  the  fluid.  Thus,  a  body  in  a  streamline  flow  is  acted 
upon  by  the  force  -Yq. 

Let  us  consider  first  the  special  case  of  an  incompressible  stream. 
When  M  *  0,  it  follows  from  (3*32)  that: 


W  +  l  +  ik  ’ 


(3.34) 


The  real  part  and  the  imaginary  part  of  this  function  are  repre¬ 
sented  in  Figure  3.7.  First  of  all,  ?et  us  note  that  the  real  part 
of  c  is  positive  over  the  entire  range  of  the  change  of  k,  I.e,, 
oscillation  damping  is  observed,  as  well  as  energy  transmission  from 
the  oscillating  plates  to  the  stream.  When  k  »  0,  cy  “  2  and  when 
Thus,  at  a  very  high  oscillation  frequency  the  absolute 
value  of  the  force  coefficient  decreases.  Let  us  note  one  more 
important  special  case,  which  is  singular.  When  the  cascade  profiles 
oscillate  as  a  single  whole,  i.e.,  without  a  phase  shift,  the  force- 
distribution  period  t  *  »  and,  no  matter  what  the  cscilation  frequency 
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Is,  we  have  c  =  1.  On  the  other  hand,  when  the  oscillation  frequency 

w 

decreases  to  zero  (v  =  0),  the  solution  must  tend  toward  the  solution 
of  a  static  problem  of  flow  about  a  cascade.  An  indeterminacy  origi¬ 
nates  with  the  value  of  k  when  t  «  and  v  ■*  0. 

The  case  of  oscillations  without  a  phase  shift  is  singular,  since 
only  v;hen  a  =  0  do  perturbations,  induced  by  the  cascade  in  an  in¬ 
compressible  flow,  not  tend  toward  zero  at  infinity.  If,  however, 
it  is  required  that,  just  as  in  the  other  cases,  the  vertical  velocity 
far  in  front  of  the  cascade  be  equal  to  zero,  it  is  necessary  to 
superpose  a  vertical  flow  which  nullifies  this  velocity  (this  flow 
will  double  the  velocity  at  the  right  of  the  cascade).  Determining 
the  change  of  momentum,  we  find  Yo=>p°Ui%  and,  consequently,  when  a  =  0 
we  obtain  cy  =  1. 

Thus,  the  problem  of  profile  oscillation  in  a  dense  cascade  with 
a  small  phase  shift  is  reduced  to  the  problem  of  steady  streamline 
flow,  since  the  influence  of  trailing  free  vortices  may  be  disregarded. 

When  the  cascade  oscillates  in  a  compressible  fluid,  a  new  phen¬ 
omenon  —  resonance  —  appears,  which  originates  at  With 

resonance  c  =  0,  which  indicates  an  absence  of  aerodynamic  damping 
of  the  oscillations.  A  substantial  deviation  of  the  curves  for  a 
compressible  fluid  and  an  incompressible  fluid  is  observed  specifically 
in  the  resonance  region  (Figure  3.8).  In  limit  cases  (k  =  0  and 
k  =  ■»)  the  force  coefficients  for  a  compressible  fluid  coincide  with 
the  corresponding  values  for  an  incompressible  fluid,  as  follows  from 
Formulas  (3-32)  and  (3.33).  Figure  3.8  shews  the  real  parts,  and 
Figure  3*9  shows  the  imaginary  parts  of  the  force  coefficient  for 
three  values  of  the  Mach  number. 

From  Formulas  (3-32)  and  (3. 33)  it  follows  that  when  passing 
through  resonance,  the  phase-shift  angle  between  the  force  and  the 
velocity  changes  by  n/2 . 

The  approximate  theoi’y  that  has  been  set  forth  describes 


tir*  ■'I**' 
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Figure  3.7«  Relationship  of  the  real  and 
imaginary  parts  of  the  force  coefficient 
to  the  Strouhal  number  for  a  cascade  of 
very  great  density  /,<».  .  The 

dotted  curve  corresponds  to  a  phase  shift 
equal  to  zero  (a  =  0). 


Figure  3*8.  Relationship  of  the  real  part  of 
the  force  coefficient  to  the  Strouhal 
number  and  the  Mach  number  for  a  cascade 
of  very  great-  density. 


correctly,  in  general  terms,  the  laws  governing  the  action  of  the 
cascade  upon  a  compressible  flow. 

By  means  of  the  formulas  of  this  chapter,  analogous  calculation? 
may  be  made  for  a  cascade  with  offset,  as  well  as  for  a  cascade  in 
a  supersonic  flow. 


J.VCf 

Problems  concerning  dense 
cascades  have  been  dealt  with  by 
other  methods  by  Songen  [139] > 
Songen  and  Quick  [1*11],  and 
Whitehead  [145]. 


I  3*6.  A  Dense  Cascade 
in  a  Monuni form  Vortex 
Stream 

In  the  problems  considered 
in  this  chapter,  it  was  assumed 
that  the  main  stream  is  homo¬ 
geneous,  and  that  its  angle  of 
turn  in  the  cascade  is  negatively  small.  In  real  turbomachines  the 
stream  has  circumferential  nonuniformity,  and  turns  by  a  considerable 
angle  in  the  aerodynamic  cascade.  This  introduces  substantial  singu¬ 
larities  into  the  problem. 

Let  us  consider  the  problem  of  flow  about  an  aerodynamic  cascade 
with  a  very  small  spacing  (in  the  sense  defined  in  §  3-5)  by  a  non- 
uniform  unsteady  vortex  stream  of  Incompressible  fluid. 

We  shall  replace  the  cascade  by  discontinuity  lines  with  tangen¬ 
tial  velocities;  however,  in  distinction  from  the  previous  problems, 
we  shall  consider  that  the  main  stream  turns  in  the  cascade  by  an 
arbitrary  angle.  This  problem  was  considered  in  Reference  [68] . 

Let  us  consider  a  moving  aerodynamic  cascade  in  v/hich  a  vortex 
stream  flows  with  nonuniform  velocity.  The  nonuniform  vortex  stream 
may  be  brought  about  by  edge  wakes  of  the  preceding  cascade,  may 
originate  during  flow  about  motionless  struts,  etc.  We  shall  replace 
the  vortex  trails  originating  in  viscous  fluid  flow  about  the  indi¬ 
cated  bodies  by  a  distributed  vorticity  transported  by  a  stream  of 
ideal  fluid. 


Figure  3*9.  Relationship  of  the 
imaginary  part  of  the  force 
coefficient  to  the  Strouhal 
number  and  the  Mach  number  for 
a  cascade  of  very  great  density. 
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Let  us  designate  by  the  absolute  velocity  of  the  main  stream, 
u  is  the  velocity  shift  of  the  cascade,  is  the  relative  motion 
velocity  of  the  main  stream  running  in  the  cascade.  We  shall  hence¬ 
forth  be  considering  the  cascade  in  terms  of  relative  motion.  Then 
it  can  be  considered  that  a  uniform  main  stream  flows  in  at  a  constant 
complex  rate  of  wic'"1,  and  transports  the  vorticity  waves  u,  which  may 
also  be  characterized  by  a  supplementary  complex  velocity  t?cie-"*, 
which  are  directed  at  the  angle  of  inclination  of  the  absolute  velocity. 
The  cascade  under  consideration  constitutes  a  cylindrical  cross 
section  of  the  wheel  blades;  and  therefore  the  vorticity  waves  will 
have,  along  the  cascade  axis,  a  period  equal  to  2nR/z  (R  is  the  radius 
of  the  annular  section,  z  is  the  number  of  perturbing  bodies  —  blades, 
struts,  etc.)  and  a  repetition  frequency  of  \'=>zU/2aR. 

After  turning,  the  main  stream  is  determined  in  terms  of  relative 
motion  by  the  constant  complex  velocity  u&r'f‘  ,  as  well  as  by  vorticity 
waves,  which  will  be  defined  below. 

Let  us  formulate  the  problem  in  the  following  manner.  We  connect 
the  coordinate  system  xy  to  a  movable  cascade,  and  shall  consider  the 
vortex  stream  of  ideal  fluid  in  terms  of  relative  motion.  We  shall 
replace  the  system  of  edge  wakes  by  vorticity  waves  flowing  in  from 
infinity.  The  vorticity  is  «(x,  y,  t),  here  t  —  the  time,  is  determined 
by  the  known  nonuniformity  of  the  flow  in  edge  wakes.  The  velocity 
perturbations  are  assumed  everywhere  to  be  small  in  comparison  to  the 
velocity  of  the  main  stream  in  this  manner  we  disregard  the 

distortion  of  the  flow  lines  by  the  main  stream. 

He  replace  the  cascade  by  the  tangential-velocity  discontinuity 
line  (x  =  0)  (Figure  3.10).  The  traveling  vorticity  waves  in  the 
left-hand  semiplane  are  described  by  the  equation 

u  =  e[vr  +  x  sin  a,  +  y  coso,  )j. 

Then  the  equation  of  motion  cf  the  wave  front  will  be 
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VT  + 


2 * 

I, 


(—  .v sin  Oj  +  y  cos  a,)  «=»  const. 


Differentiating  this  expression  with  respect  to  t  and  replacing 
Oyld c  =  li-Jsinfy.  dx/dt** afcosp,,  we  obtain  the  expression  for  the  wave 
frequency  or  for  its  length 


sin  («,  -  p,).  /,  =  sin  (a,  -  {),). 

Henceforth  we  shall  consider  only  one  harmonic  of  vorticity  waves 
(the  results  are  generalized  by  the  use  of  a  Fourier  series) 


t)i  (x.  y.  t)  =  u,  «  a0l  exp  /'v  (i  -  p,x  - 


(3.35) 


The  imaginary  unit  j  does  not  interact  with  i.  On  the  basis  of  the 
preceding  calculations  we  obtain 


Pi 


<in  d; _ _ 

sin  (a, -P|)  ’ 


—  COS  Of 

^sin(o,-p,)  * 


(3.36) 


Figure  3-10.  Diagram  of  flow 
about  a  cascade  by  an  inhomogen¬ 
eous  vortex  stream.  The  y-axis 
is  a  discontinuity  line  replacing 
the  cascade;  (1) -front  of  approach¬ 
ing  and  (2)-front  of  the  receding 
vorticity  waves;  (3)-front  of  vor¬ 
ticity  waves  originating  on  the 
cascade. 


In  the  general  case,  re¬ 
fraction  of  traveling  vorticity 
waves  originates  at  the  discon¬ 
tinuity  line.  It  follows  from 
the  condition  of  the  mainten¬ 
ance  of  vortices  that  in  reced¬ 
ing  waves  the  amplitude  and 
frequency  must  be  maintained, 
and  the  condition  q 2  =  q^  must 
also  be  observed.  Then  the 
vorticity  waves  behind  the 
cascade  (in  the  right-hand 
semiplane)  will  be  described 
by  the  equation 
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(.V.  IJ,  t)  =  ».  =  Ujj exp  ;v (x-piX-  g,y),  qt  =  <7,. 


(3.37) 


The  values  p2  and  q2  are  determined  in  a  like  manner  according 
to  (3.36).  Utilizing  (3.36),  (3.37),  and  the  continuity  equation 
ic* j cos Pj  ** h?!| cos p, ,  we  find  the  equation  for  determining  the  angle  of  in¬ 
clination  of  the  receding-wave  front  (the  condition  of  wave  refrac¬ 
tion) 


tgaj-iga.-tgk-tgp,.  (3.38) 

The  refraction  of  vorticity  waves  is  an  essential  singularity  of 
a  cascade  in  which  the  mainstream  turns  by  a  finite  angle.  The  dis¬ 
continuity  line  constitutes  a  vortex  sheet  and  replaces  the  influence 
of  the  blades  which  turn  the  stream.  Let  us  note  that  the  streams  in 
regions  before  and  after  the  cascade  cannot  be  considered  independent, 
since  wave  systems  (3.35)  and  (3.37)  Induce  velocity  in  the  right- 
hand  semiplane  and  the  left-hand  semiplane,  respectively. 

According  to  Stokes’  theorem  the  circulation  around  the  elementary 
area  with  vorticity  is  equal  to  df=2»rfxrfy.  Then  the  complex  velocity 
in  the  region  of  x>0,  induced  by  the  wave  system  (3,35),  is  equal 
to 


f  f  «xP/v(T-P,t-g,t)dtrfn 
,w  m  J  J  z-il+lv) 


(3.39) 


Here  integration  is  performed  along  the  entire  semiplane  x  <  0.  Making 
the  substitution  y  -  n  =  s,  we  reduce  the  integral  to  the  following 
form: 


9  m 

£.  (*),,  Lc/V <»-**>  f6-/.Aiwt  f 

-  w  J  5J  {7--ij'  +  i* 


Integrating  along  s  (with  account  taken  of  x>0,  $<0,  y>0),  we  obtain 


-  u>0l "  •-  J  ai. 


(3.^0) 
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Here  the  +  signs  in  front  of  j  pertain  respectively  to  the  cases  of 
q^  >  0  and  q^  <  0. 

Completing  integration  along  5,  we  finally  find 

e, (2) “ “  vfl'^r-^r e'v| (3. ‘II) 

If  the  right-hand  semiplane  were  also  taken  up  by  waves  (3.35), 
they  would  induce  in  the  left-hand  semiplane  the  velocity 

»(*>—  (3.42) 

This  result  may  be  obtained  from  (3.40),  (3.41)  if  account  is 
taken  of  the  fact  that  the  vorticity  is  situated  to  the  right  of 
point  z  (this  changes  the  sign  of  the  imaginary  unit  i) ,  and  also 
of  the  fact  that  when  integrating  (3-40)  from  0  to  +«>  the  sign  in 
front  of  pt  changes  andv  |<7i|x  . 

In  this  case  the  total  velocity  at  the  ordinate  axis  will  be 
equal  to  the  sum  of  (3.41)  and  (3.42)  (when  x  =  0).  By  virtue  of 
periodicity  along  x,  the  velocity  In  the  entire  plane  taken  up  by 
Waves  (3-35)  will  be  equal  to  the  sum  of  (3.41)  and  (3-42)  when  x  =  0 
with  the  addition  of  the  multiplier  cxp(~t>-p,x).  Obviously,  this  will 
be  the  velocity  at  an  Infinite  distance  in  front  of  the  cascade,  in¬ 
dependently  of  what  wave  system  is  situated  in  the  right-hand  semi¬ 
plane  (according  to  (3.42)  u(z)  -+0  when  *-*— »  ) . 

Making  the  indicated  transformations  and  utilizing  the  obvious 
relationship  ±i<7i|  =  ?:,  we  obtain  the  perturbation  velocity  farin  front 
of  the  cascade 


(3.43) 

The  latter  result  is  also  easy  to  obtain  by  means  of  direct  application 
of  the  continuity  and  vortex  equations;  however,  we  will  need  the 
intermediate  Formulas  (3.41)  and  (3.42). 
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Recollect  that  actually  the  left-hand  semiplane  contains  the  wave 
System  (3.35),  and  the  right-hand  semiplane  contains  the  wave  System 
(3.37).  We  find  the  velocities  at  the  cascade  axis,  as  well  as  far 
in  front  of  and  behind  the  cascade,  for  the  wave  system  under  consid¬ 
eration. 

According  to  (3.36)  and  (3.43)  the  perturbation  velocity  at  in¬ 
finity  in  front  of  the  cascade  is  equal  to 


»,„(*)  -  4ln(«, 

^ —sit  («»-&>• 


(3.44) 


Here  wQ1  is  the  modulus  of  the  perturbation  velocity  at  infinity  in 
front  of  the  cascade.  The  replacement  of  by  aci+.i  does  not  change 
the  value  of  p  and  q  according  to  (3.36).  Therefore,  we  henceforth 
consider  that  (at  —  Pi)>0 


The  perturbation  velocity  at  infinity  behind  the  cascade  (only 
from  the  stream  carrying  the  vorticity  o>01''  will  be  found  analogously 
by  replacement  of  the  indexes  1  by  2: 


e’w,'3ln  (oj| — fe)  «/v 


(3.45) 


The  modulus  of  the  perturbation  velocity  may  be  expressed  in  terms  of 
the  initial  perturbation  by  means  of  (3.45),  (3.38),  and  the  continuity 
equation  in  the  form  of 


jin  (0,-0,) 


(3.46) 


We  shall  express  the  perturbation  yelocity  at  the  cascade  axis 
(x  =  0),  brought  about  by  the  system  of  vortex  waves  (3*35),  by  means 
of  (3.41),  (3.36),  and  (3.44)  in  terms  of  the  perturbation  velocity 
far  in  front  of  the  cascade: 


»i  (0.  y,  t)  =  - 1  ( ±  /  +  /)  wwe/#'e,v( *■*»•') . 


(3.47) 
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More  the  +  signs  pertain  respectively  to  the  cases  of  ^  0  and 
q^^  <  0.  Here  and  henceforth  we  shall  designate  cxp(/cQa|cos'*,,|  +  /sina1? , 
i.e.}  when  -.•t/2<«l?<a/2  and  when  ji/2  <a,j<3n/4 

The  perturbation  velocity  at  the  outlet  from  the  cascade  of  wave 
System  (3-37)  is  found  by  means  of  ( 3 . 42)  and  (3-36)  with  the  replace¬ 
ment  of  and  q^  by  p2  and  q2  according  to  the  formula 

*,(0.  y.  (3.48) 

The  value  Wq2  may  be  expressed  in  terms  of  the  initial  perturbation 
according  to  (3.46). 

With  the  passage  and  refraction  of  a  vorticity-wave  system, 
attached  vortices  originate  at  the  cascade;  these  yield  the  unsteady 
component  of  circulation  dl'(y,x)‘=2y{y,x)dy.  The  attached  vortex  sheet 
must  have  the  same  frequency  of  change  with  respect  to  time  and  the 
same  wavelength  as  the  cause  bringing  it  about: 


yly,  x)  Yoe,'c/v(t'^>  (3.49) 

Here  t  is  the  phase  shift.  The  attached  vortex  sheet  determines  the 
unsteady  part  of  the  aerodynamic  force  acting  upon  the  cascade.  Such 
a  phase  shift  is  characteristic  of  unsteady  processes  and  is  brought 
about  by  the  influence  of  free  vorticity. 


The  velocity  induced  by  the  vortex  sheet  will  be  found  by  inte¬ 
grating  along  the  cascade  axis 


I  f  v(y.  t )<h 
nf  J  z— ii) 


(3.50) 


Completing  the  integration,  we  obtain 


ii’,  (z) »  —  \uclc  (±  j±i)  cvl 'd'- 


(3.5D 


Here  the  +  signs  in  front  of  i  pertain  respectively  to  the  right-hand 
semiplane  and  the  left-hand  semiplane.  Let  us  note  that  the  sheet 
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does  not  cause  an  accelerated  velocity  field  at  infinity.  With  the 
appearance  of  the  time-dependent,  attached  distributed  vorticity 
(3 .49),  a  vortex  sheet  originates  behind  the  cascade,  consisting  of 
free  vortices  carried  away  by  the  stream  at  a  velocity  of  »J.  This 
sheet  will  occupy  the  entire  right-hand  semiplane.  The  circulation 
change  of  an  element  of  the  vortex  sheet  y  with  a  length  of  dy  for 
the  time  dr  is  equal  to  2^dxdy.  The  circulation  of  the  vortices  in 
the  wake  behind  the  cascade  during  the  same  time  will  change  by 
2<oldxdsr-2ult?lcosptdirdt.  We  find  the  value  of  the  trailing  vorticity 
immediately  behind  the  cascade  (x  *  0),  by  equating  the  total  circu¬ 
lation  change 


«»(y.  »).- 


UjCMp,  dx  vjcof  P, 


(3.52) 


to  zero  in  accordance  with  Thompson’s  theorem. 


Downstream  the  vorticity  is  carried  away  by  waves  traveling  with 
the  velocity  of  the  main  stream  w®. 

Waves  of  free  vorticity  will  have  a  rectilinear  front,  parallel 
to  the  front  of  the  refracted  waves  which  have  been  described  above, 
and  their  propagation  in  terms  of  xy  coordinates  can  be  -expressed 
by  the  formula 


(3.53) 

Figure  3.10  shows  fronts  of  vorticity  waves:  oncoming  (1), 
refracted  (2),  and  those  which  have  originated  during  the  change  of 
an  attached  vortex  sheet  (3).  A  phase  shift  is  possible  between 
wave  systems  (2)  and  (3) 

Obviously,  the  perturbations  velocity  of  wave  system  (3.53)  far 
past  the  cascade  can  be  found  according  to  formula  analogous  to 
(3.^3)  or  (3.45): 

»<„--/ -^7 e'10’  sin (°, - ft) </»</» <*-**-«*.  (3.54) 
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Htrv  cc'o<-2vosin(aj— p;)/cosf5j  is  the  modulus  of  the  perturbation  velocity 
of  this  wave  system  at  infirtioy  past  the  cascade.  Just  as  before, 
it  may  always  be  considered  that  sin(a2—  p.,)>0. 


The  perturbation  velocity  of  wave  system  (3-53)  at  the  cascade 
axis  can  be  found  according  to  Formula  (3. ^2)  with  the  replacement  of 
p-j^  and  q^^  by  p2  and  q2,  and  u01  by  according  to  (3-53).  After 
transformation  with  the  use  of  Formula  (3.36)  we  obtain 


w*, (0,  y. 


(3.55) 


Here  the  signs  in  front  of  j  and  <x\  are  selected  in  the  same  manner 
as  in  (3.^7). 


When  considering  the  boundary  conditions  at  the  cascade  we  shall 
assume  that  in  the  general  case  the  blades  can  oscillate,  and  also 
that  the  stream-emergence  angle  can  change  on  account  of  inhomogeneity 
of  the  blades.  Since  a  velocity  that  is  normal  to  the  cascade  axis 
undergoes  no  discontinuity,  the  continuity  equation  is  satisfied 
automatically  for  perturbed  flow.  The  tangential  component  of  velocity 
tc  the  right  of  the  cascade  must  be  found  according  to  the  known  emer¬ 
gence  angle  p •-?:(?.  t).  The  relationship  p2(y.  t)  is  determined,  generally 
speaking,  on  the  basis  of  a  given  law  of  profile  oscillation  in  the 
cascade,  as  well  as  on  the  basis  of  a  given  inhomogeneity  of  the 
emergence  angle. 

The  perturbed  velocity  at  the  outlet  from  the  cascade  (x-*o.  x>0) 
must  satisfy  the  condition  (stationary  blades) 

p*.  (3.56) 


Here  v+  and  u*  are  projections  of  the  velocity  w  on  the  coordinate 
axc-o . 


Above  the  frequency  of  the  process  plays  no  part  in  the  deter¬ 
mination  of  all  the  desired  vaiues  in  terms  of  the  velocity  of  the 
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perturbed  stream.  Therefore,  the  results  may  be  applied  directly  to 
nonuniformities  of  arbitrary  shape.  This  remark  naturally  pertains 
to  the  case  of  a  cascade  with  maximum  density. 


Let  us  consider  a  motionless  cascade  in  an  unsteady  vortex  field. 

In  this  case  perturbation  velocities  at  the  cascade  are  brought  about 
by  systems  of  vortex  waves  (3.35),  (3.37),  and  (3.53),  as  well  as  by 
the  unsteady  vortex  sheet  (3.49).  Separating  the  imaginary  terms  (on 
the  basis  of  i)  and  the  real  terms  in  (3.47),  (3.48),  (3*51)  and  (3.55), 
we  obtain  on  the  basis  of  (3.56)  the  equation  for  determining  the 
intensity  of  the  attached  vortex  sheet  Yq  and  the  phase-shift  angle 
e.  After  trans formations,  by  meana  of  (3.46)  we  find 


tftitotff,  te»C|i 


(3.57) 


Here  the  +  signs  pertain  respectively  to  the  cases  of  >  0  and 

4l  <  °. 


The  modulus  of  the  distributed  force  acting  along  the  cascade 
axis  is  found  on  the  basis  of  the  equation  of  momentum 


We  denote  several  special  cases: 


(3.58) 


1.  Let  us  consider  flow  about  a  cascade  of  plates  without  offset 
by  a  stream  with  a  zero  angle  of  attack  ( B *  0),  which  carries  ver¬ 
tical  vortex  waJces  (a,»n/2).  Obviously,  the  angle  of  emergence  is 
S2  =  0  and  tsrf-sj*.  In  this  case,  according  to  (3.38)  a2  *  ir/2,  i.e., 
the  waves  are  not  refracted.  According  to  (3.57)  we  determine  the 
intensity  of  the  attached  vortex  sheet  y»*»sW2  and  the  phase-shift 
angle  n/2. 


The  initial  vorticity  of  the  stream  according  to  (3.44)  is  equal 
to  *  va»w/2»5'  .  The  factor  exp/v(T-^,x-?,y)  is  discarded.  On  the 
basis  of  (3*53)  we  find  the  free  vorticity,  evoked  at  the  cascade  and 
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carried  away  by  the  stream  =  —  vaai/2»« .  Since  a,  r a^Q,  it  follows 
that  there  is  no  vortex  wake  behind  the  cascade (the  initial  vorticity 
is  destroyed  by  the  vorticity,  opposite  in  sign,  which  has  been 
brought  about  on  the  cascade).  The  distributed  lift  force,  acting 
upon  a  unit  of  cascade  length,  is  according  to  (3-58)  equal  to 
l ** p°tt>ets^oxp |/v x (t  —  qxy)\  ,  i.e.,  coincides  with  a  quasi-steady  force.  The 
singularities  of  streamline  flow  noted  above  are  mentioned  in  [58,  60] 
(in  which  is  considered  a  precise  linearized  solution  for  a  cascade  of 
plates  in  a  velocity  burst)  as  the  limit  case  of  a  dense  cascade. 

2.  For  a  typical  reactive  cascade:  p,  =  0,  p,=a-70h  ,  «■,  =  70°. 

On  the  basis  of  (3.38)  we  find  the  inclination  of  the  receding  wave 

a2  =  0.  We  determine  the  intensity  of  the  vortex-sheet  attachments 
and  the  phase  shift  on  the  basis  of  (3.53)  y0“  0.555^1,  e»-93\  The 
modulus  of  the  distributed  force  acting  upon  the  cascade  axis  is, 
according  to  (3-58),  equal  to  /0=  I,llpw0I»°. 

3.  For  a  typical  active  cascade:  ^  =  65°,  =  -65°,  o-j.  =  75°  • 

On  the  basis  of  (3-38)  we  find  the  inclination  of  the  receding  wave 

The  intensity  of  the  attached  vortex  sheet  is,  according 
to  (3-53),  equal  to  y, « 0,850 ;  the  phase  shift  is  equal  to  e  =  -94°. 
The  modulus  of  the  distributed  force  along  the  y-axis  is  found 
according  to  (3*58)  as  /0 ~ 0.35pc>0,»® . 

Let  us  make  an  estimate  of  the  value  of  the  forces  acting  upon 
the  cascade  in  cases  2  and  3,  at  an  equal  absolute  velocity  of  the 
main  stream.  Vorticity  is  formed  -when  the  flow  velocity  about 
perturbing  bodies  is  c-^;  and  therefore,  the  perturbation  velocity  is 
proportional  to  the  absolute  velocity:  wQi  =  k-^.  The  proportion¬ 
ality  coefficient  k,  may  be  found  from  a  calculation  of  the  '"-'aka 

J. 

or  experimentally.  The  relative  velocity  of  the  main  stream  can  also 
be  expressed  in  terms  of  the  absolute  velocity  c-Jcosfy-^cosa, ,  Then 
for  cases  1  and  2  we  find  respectively,  *the  following  force  values: 

2)  /o-0,3S0^poc?, 

3)  /9=0.520fr/c*. 
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In  estimating,  it  is  logical  to  consider  that  the  specific  work 
of  both  stages  is  the  same.  In  the  active  stage,  thermal  energy  is 
transformed  into  kinetic  energy  in  the  directing  cascade.  In  a  typical 
reactive  stage  with  congruent  blades  in  a  directing  cascade,  only 
half  the  available  energy  is  used.  Since  the  squares  of  the  absolute 
velocities  are  related  as  correspoinding  differences  of  gas  enthalpies , 
the  ratio  of  the  perturbing  forces  for  cases  2  and  3  will  be  equal  to 
0.365. 


Let  us  consider  flow  about  a  cascade  by  a  steady  vortex  stream. 

In  steady  flow  the  wave  front  coincides  with  the  flow  lines,  and  along 
each  flow  line  the  vorticity  remains  constant.  Henca,  on  the  basis 
of  geometrical  considerations,  we  obtain  the  equation  of  a  vorticity 
wave  incident  on  the  cascade, 

»t  (*.  y)  -  (3.59) 

Here  vt»2n//i,  U  is  the  wavelength,  of  the  incoming  vorticity.  As  prev¬ 
iously,  we  shall  be  considering  one  harmonic. 


After  passage  of  the  wave  C3-59)  through  the  cascade,  the  vor¬ 
ticity  along  the  flow  lines  should  remain  constant.  Consequently, 
the  period  of  the  wave  along  the  y-axis  should  also  be  retained: 


r i 


Pi 

CC*P,  * 


(3.6o) 


From  (3.59)  and  (3.60)  we  obtain  the  equation  of  the  vorticity 
wave  behind  the  cascade  In  the  form 


»;{*•.  //)-»#, exp [/V,  -^|j- (-  X sin +  y cos P,)] .  C3.6l) 

To  compute  the  velocities,  use  may  be  made  of  the  conclusions 
presented  above. 


The  velocity  at  infinity  in  front  of  the  cascade  will  be  found 
according  to  C.3.43)  by  the  replacement  p-^  =  sin  and  q1  =  -  cos  6-^, 
v  =  according  to  the  formula 
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„  2  Uji 


(3.62) 


The  velocity  at  infinity  behind,  the  cascade  will  be  found  in  a  like 
manner: 


-^7~J--cxp(-  Ip,)cxp[/v,  {£&■(-  xsinfc  +  ifcosp,)]. 


(3.63) 


The  perturbation  velocity  at  the  cascade  axis,  brought  about  by 
vortieity  (3.59),  is  found  by  means  of  the  same  substitutions  and  the 
condition  <  0  from  (3-^1) : 

a*, (0,  y)  =*  (AeftM (3.64) 

For  vortieity  (3.61)  the  velocity  at  the  cascade  axis  is  found 
in  a  like  manner  with  the  aid  of  (3.42): 

w, (0.  y)  =  e'l,’c'v‘ “* P"*  (3-65) 

In  all  formulas,  the  initial  vortieity  may  be  replaced  according 
to  (3-62)  via  the  modulus  of  the  perturbation  velocity  at  infinity  in 
front  of  the  cascade  =  2 .  If  the  stream  does  not  turn  in  the 
cascade  (ft-Pj),  then  (3. 63)  naturally  passes  Into  (3.61),  and  the  sum 
(3-64)  and  (3-65)  is  also  equal  to  (3.62)  when  x  =  0.  When  the  non- 
uniform  stream  passes  through  the  cascade,  a  supplementary  attached 
vortieity  y0  originates.  The  induced  velocity  to  the  right  of  the 
cascade  will  be  found  by  means  f  (3.51): 

c-,(0,  (3.66) 


The  boundary  conditions  at  the  outlet  of  the  cascade  (x  ->•  +0) 
reauire  that  the  perturbation  velocity  be  directed  along  the  Basic 
flow  lines.  Hence  we  obtain,  by  means  of  (3.64)  -  (3.66),  by  means 
of  transformations,  the  formula  for  determination  of  the  attached 
vortieity  (the  result  is  expressed  in  terms  of  the  modulus  of  the 


perturbation  velocity  of  the  main  stream) 
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Yo*"  “  7  Woi 


(Sfr  **-<*)• 


.(3.67) 


The  formula  may  also  be  obtained  by  the  limit  transition  oi  —  ($,.  a2-*fc 

from  (3.57). 

The  supplementary  distributed  force  is  found  according  to 
Zhukovskiy’s  theorem 

l  (y)  =*  -  y  P°Yo  e>  <VJ"°* >,K>*  (3.68) 


It  was  assumed  above  that  the  vorticity  propagates  along  the  flow 
lines  of  the  main. stream.  Actually,  however,  the  flow  lines  will  be¬ 
come  distorted.  This  distortion  may  be  obtained  only  in  a  second 
approximation,  which  will  not  be  considered  here. 

Let  us  consider  the  oscillation  of  a  cascade  in  a  uniform  main 
stream.  Instead  of  Condition  (3.56)  we  shall  use  the  condition  v+  = 
vQ(y),  where  vQ(y)  is  the  velocity  modulus  of  the  oscillations  along 
the  y-axis.  Then,  with  account  taken  of  (3.51)  and  (3.55),  we  obtain 

Y^[{1  +/tgM+^^e-*>(/+ tgfy]~c».  (3.69) 

If  the  cascade  os'cillates  as  a  single  rigid  system,  the  front 
of  the  trailing  vorticity  waves  must  be  situated  at  an  angle  of  o2=n/2. 
Then  we  shall  find  from  (3.69)  that  the  attached  vorticity  depends 
only  upon  the  oscillation  velocity  of  the  blades  y i-t’o/2.  The  trailing 
vorticity  will  be  found  according  to  (3.53): 


'  2»5«o»p,  " 


(3.70) 


In  spite  of  the  fact  that  behind  the  cascade  there  is  free 
vorticity,  defined  by  Formula  (3*70),  the  problem  f *r  the  limit  case 
of  a  dense  cascade  may  be  regarded  as  a  quasi-static  one.  This  is 
explained  by  the  fact  that  the  velocities  induced  by  free  vorticity 
are  constant  in  the  left-hand  semiplane.  This  property  is  proved  by 
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the  limit  transition  in  precise-solution  formulas  for  a  plate  cascade 
[58,  60]. 


§  3.7.  Singularities  of  Three-dimensional 
Flov;  About  a  Cascade 

Above  we  have  considered  only  two-dimensional  streams  and, 
correspondingly,  flow  about  two-dimensional  cascades,  i.e.,  the 
assumption  was  being  made  that  the  flow  in  any  plane  z  =  const,  is 
the  same.  In  practical  cases  this  condition  is,  of  course,  not 
maintained,  since  the  blades  which  comprise  the  cascade  may  have  a 
variable  profile,  the  oscillation  amplitude  is  not  constant  along  the 
z-axis,  etc.  Let  us  now  consider  a  simple  problem,  in  order  to  make 
clear  the  singularities  of  unsteady  three-dimensional  flow  about 
cascades . 

In  the  case  of  three-dimensional  perturbation  and  with  the  con¬ 
dition  that  the  coordinate  system  is  motionless  v/ith  respect  to  the 
fluid  at  infinity,  the  x’ield  of  perturbed  pressures  must  satisfy  the 
wave  equation 


o’p  d'p  oy  i  o7p  ^  ox  oy  oz 

Ox2  Oy 2  Oz2  Oj  0i2  dx  Oy  Oz  " 


(3.71) 


The  derivation  of  this  equation  is  completely  analogous  to  the 
one  presented  above  for  the  tv;o-dimensional  case. 


Let  us  define  the  pressure  field  brought  about  in  an  incompres¬ 
sible  fluid  by  a  concentrated  force.  It  was.  found  out  that  for  an 
incompressible  fluid  the  field  of  perturbed  pressures  (and  accelera¬ 
tions)  does  not  depend  upon  the  velocity  of  the  main  stream.  It  was 
also  noted  above  that  in  this  -specia_  case  a  solution  may  be  obtained 
in  the  general  form  for  an  arbitrary  lav;  of  change  of  the  force  in 
time. 


Let  us  consider,  for  the  sake  of  specificity,  the  action  of  a 
concentrated  force,  applied  at  the  origin  of  the  coordinates,  which 
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is  parallel  to  the  y-axis  and  communicates  to  the  fluid  the  instantan¬ 
eous  impulse: 

Y-=Yo'Hx)&(y)6W5(z), 

Integrating  Equation  (3.71)  with  the  indicated  right-hand  part, 
we  find  that  the  perturbed  pressure  is  described  by  a  three-dimensional 
dipole  with  the  axis  parallel  to  the  axis  of  action  of  the  force 

(3.72) 

The  velocity  potential  is  determined  according  to  a  formula  which 
is  analogous  to  the  one  derived  for  the  two-dimensional  case 

X 

cp(x,  tj,  z,  t) <=.  -  ~  |  p(|, !/,  z,  (3.73) 

Here  it  is  assumed  that  the  main  stream  moves  in  the  direction  of 
the  abscissa  with  a  velocity  of  U. 

Integrating  (3.73)  by  means  of  (3-72),  we  find 

<P  “  T)* + y* + 2*]'3/*  o  (t).  (3.74) 

This  velocity  potential  corresponds  to  a  three-dimensional  dipole 
with  an  axis  parallel  to  the  direction  of  the  force.  Consequently, 
the  impulse  force  creates  a  vortex  ring  of  Infinitely  small  radius, 
which  is  carried  away  by  the  stream  (Figure  3.11). 

Since  a  force  which  changes  arbitrarily  in  time  can  be  replaced 
by  successive  pulses,  solution  of  (3.72)  and  (3*74)  makes  it  possible 
to  present  a  three-dimensional  pattern  of  unsteady  streamline  flow. 

In  an  xyz  system  of  coordinates,  let  us  represent  a  three-dimen¬ 
sional  cascade  of  blades,  in  a  main  stream  flow  in  the  direction  of 
the  x-axis  (Figure  3.12).  The  oscillating  blades  act  upon  the  fluid 
by  means  of  forces  distributed  along  their  surface.  Vortex  rings. 
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Figure  3.11.  Formation  of 
vortex  ring  in  the  plane 
xz  of  an  impulse  force 
parallel  to  the  y-axis. 


Figure  3.12.  Diagram  of  flow 
about  a  three-dimensional  cas¬ 
cade  with  the  formation  of 
vortex  wakes. 


forming  a  vortex  layer,  originate 
at  the  points  of  application  of 

the  forces  on  the  boundary  of  the  solid  surface  and  the  fluid.  Since 
the  forces  change  in  time,  the  intensity  of  the  vortex  sheet  covering 
each  blade  also  changes.  The  three-dimensional  velocity  dipoles  are 
carried  away  by  the  main  stream  and  form  a  vortex  sheet  behind  each 
blade.  The  value  of  the  forces  distributed  along  a  blade  depends,  in 
the  general  case,  upon  the  z  coordinate,  since  each  blade  cross  section 
has  its  own  oscillation  velocity.  Consequently,  the  intensity  of  the 
trailing  vertex  sheet  changes  along  the  z  coordinate. 


Thus,  the  vortex  sheet  will  consist  of  two  vortex  systems.  The 
vortex  axes  of  the  first  system  are  parallel  to  the  z-axis.  The 
appearance  of  these  vortices  is  explained  by  the  nonsteady  nature  of 
the  flow  about  the  given  blade  cross  section.  It  is  specifically  these 
vortices  which  form  the  wake  in  the  case  of  unsteady  flow  about  a 
two-dimensional  blade.  The  vortex  axes  of  the  second  system  are 
parallel  to  the  x-axis.  The  appearance  of  these  vortices  is  brought 
about  by  a  change  in  circ  ’ation  with  respect  to  the  blade  span 
(along  the  s-axis).  The  latter  vortex  system  can  also  originate  in 
the  case  of  steady  streamline  flow,  if,  for  example,  the  blade  pro¬ 
file  changes  with  respect  to  height. 
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In  the  steady  case,  the  indicated  coordinate  system  does  not 
change  with  respect  to  time,  since  the  law  of  circulation  changes  with 
respect  to  span  is  steady. 

With  oscillations  of  the  blade,  the  intensity  of  the  vortices 
of  the  two  systems  changes  pei'iodlcally  with  a  frequency  equal  to  the 
frequency  of  the  blade.  If  there  is  a  gap  at  the  free  end  of  the 
blade,  which  oscillates  at  the  first  harmonic,  the  vortex  sheet  of 
the  second  system  will  be  particularly  intensive  there.  This  is 
explained  by  the  fact  that  here  (over  a  relatively  short  sector)  the 
modulus  of  velocity  circulation  will  fall  from  the  maximum  value  to 
zero.  In  general,  an  analogous  pattern  will  also  be  observed,  in  a 
cascade  bounded  by  end  walls,  since  in  an  actual  case  the  lift  force 
at  the  end  of  the  blade  should  be  equal  to  zero. 

Thus,  the  three-dimensional  effect  is  manifested  in  the  appearance 
of  a  vortex  system  with  axes  parallel  to  the  x-axis  and,  consequently, 
within  the  mutual  influence  of  the  cross  sections.  For  investigation 
of  the  general  governing  rules,  the  cascade  may  be  replaced  by  the 
discontinuity  plane  of  tangential  velocities,  analogous  to  replacement 
of  the  two-dimensional  cascade  by  a  discontinuity  line. 

The  perturbed  pressure  evoked  by  a  concentrated  force  which 
depends  harmonically  upon -time  is  found  according  to  (3.72): 

p  =  + y7  •!•  zr,n  e,vl.  (3.75) 

Let  us  now  consider  the  influence  of  a  force  distributed  along  a 
straight  line  upon  the  flow.  In  view  of  the  linearity  of  the  problem, 
it  is  sufficient  to  study  only  the  harmonic  law  of  distribution  in 
space,  and  subsequently,  if  necessary,  to  use  Fourier  series  or 
Fourier  integrals. 

The  perturbed-pressure  field,  evoked  by  a  force  parallel  to  the 
y-axis  and  distributed  along  the  z-axis,  is  defined  by  the  expression 

f  '  r  .  a 1 

p  “  ~  ik ,jct" * J  ”  *'  lx* +y7+(z-  S)TwW£. 
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Here  t,  is  the  period  of  the  distributed  forces. 

C. 


After  integration  and  transformation  we  obtain 


Here  is  a  modified  Bessel  function. 


(3.76) 


This  expression  may  be  conveniently  represented  in  terms  of  the 
zero-order  function  Kq  in  the  form 


It  can  be  shown  that  when  /2-‘co  the  solution  tends  toward  the 
known  solution  for  the  two-dimensional  case. 


Desiring  to  apply  the  problems  under  consideration  to  the 
theory  of  a  cascade  with  a  very  small  spacing,  we  obtain  the  field  of 
perturbed  pressures  that  has  been  evoked  by  forces  distributed  along 
a  plane.  Per  the  sake  of  brevity,  we  shall  call  this  plane  a  cascade. 


Let  the  forces  be  distributed  along  the  plane  x  =  0  and  be 
parallel  to  the  y-axis;  let  them  have  a  period  of  t^  along  the  y-axis 
and  a  period  of  t2  along  the  z-axis. 


The  perturbed  pressure  is  determined  by  means  of  (3.76)  by  the 


integral 


h  <  *  Tc1  ¥  Y? + Tv  ”n>* )  rf* 

ay  j  *■  1 


After  calculations  vie  obtain 


21  I  +(!,/<,)» 


The  acceleration  potential  is  determined  in  terms  of  the  perturbed 
pressure  by  the  formula 


A 


* 
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T.(.v.  y.  z,  x) 


p(l.  II.  t,  t) 

p» 

Then  the  velocity  potential  in  the  semispace  x  <  0  is  expressed 
by  the  integral 

<p(*.  y,  z,  cl  ~  J  ip.  (£,  y,  z)e  ~ 

— o* 

After  computation  we  obtain  the  value  of  the  velocity  potential 
in  the  semispace  in  front  of  the  cascade  in  the  form 

!Vt  exp  //■  <vr  +  2*  yll,  +  2 '«//,))  txp  f  2.1*  X±±S!M.  ] 
m  »  JiiU - - -  _ -1 . . h _ I 

top'U  V\  +  {/,//*)*  } 

Differentiating  with  respect  to  y  and  assuming  x  =  0,  we  find  the 
velocity  component  v  when  approaching  the  cascade  from  the  left 
( x  ->  -0) : 


» f _ m  =  exp  [i (vr  -fr  2.ii///,  +2^;//,)) 

v  ’  2p°y  r'l  +  (/,//,)’  [/* + Ki  +  (/,//,)’  J ' 


(3.77) 


Here  the  Strouhal  number  *=v/i/2.-iU  has  been  introduced,  the  period  t.^ 
being  selected  as  the  linear  dimension. 


The  flow  in  front  of  the  cascade  (in  the  left-hand  semispace 
x  <  0)  will  be  potential;  the  flow  behind  the  cascade  (x  >  0)  is  of 
the  vortex  type.  The  plane  x  -  0,  which  replaces  the  cascade,  is  a 
discontinuity  plane  for  velocities  v,  since  forces  parallel  to  the  y- 
axis  are  acting  in  this  plane.  Only  the  velocity  component  wnieh  is 
in  phase  with  the  force  should  undergo  a  discontinuity.  The  value  of 
the  velocity-functior  discontinuity  is  determine  3  by  the  momentum 
equation  according  to  the  formula 

c»(+0)  -  v[-0)  =  -&V  £).  (3.78) 


From  Equation  (3*77)  and  (3.78)  we  determine  the  velocity  com¬ 
ponent  v  (+0),  which  is  in  phase  with  the  force  (to  the  right  of  the 
cascade) 
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w  (-1-0} 


Y,  l+lk'+Ut.tl'Y 
5+** + 


Here  and  henceforth,  in  order  to  atari Jge  the  notation,  the  factor 


exp  [/(vr  -f  2*yltt  +  2.v//j)J 


i-j  omitted. 


The  velocity  component  which  has  a  phase  shift  with  respect  to 
the  force  by  the  angle  r,/ 2,  is  according  to  Formula  (3.77)  equal  to 

itrt _ : _ 

2/y  ’  li  +  *» + (,„'/,)»] . Kf+pT/h? 


and  does  not  undergo  a  discontinuity  when  passing  through  the  plane 
x  *  0.  Consequently,  the  velocity  at  the  right  of  the  cascade  is 
equal  to 


w(+ 0) 


_Y>  1  -f  +  2  (/,//.)•  \rC+ti,H,t  +  lk 
V if  Vl+  V, fat’ll  +  A* + (f JUYl  * 


(3.79) 


Let  us  apply  the  obtained  result  to  an  evaluation  of  the  influence 
of  the  finite  length  of  the  blades.  We  shall  consider  flow  about  a 
three-dimensional  aerodynamic  cascade  (Figure  3.11)  without  offset, 
consisting  of  blades  of  finite  length  I,  bounded  on  the  ends  by  the 
planes  n,.  n..  The  blades  are  considered  to  be  fastened  at  the  point 
of  their  intersection  of  plane  rh .  The  other-  ends  of  the  blades  may 
be  either  fastened  or  free,  depending  upon  the  conditions  of  the  prob¬ 
lem.  We  introduce  a  series  of  restriction;  these  will  simplify  the 
problem.  Let  the  cascade  have  very  great  density,  so  that  the  blade 
spacing  t  is  much  smaller  than  the  chord  of  the  plates  The 

cascade  is  in  a  flow  main  stream  of  incompressible  ideal  fluid  at 
velocity  U  which  is  parallel  to  the  chords.  The  profiles  may  in  the 
general  case  oscillate  with  the  phase  shift  a,  constant  from  profile 
to  profile.  The  flow  pattern  will  be  repeated  along  the  y-axis  at 
intervals  of  a  period  equal  to  h=2nf/a.  We  shall  assume  the  phase 
•shift  to  be  so  small  that  a<-2.i  (or,  uhp.c  is  the  same,  /t»  /  ).  We 
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ur-sume  that  the  profile  oscillati"  <s  are  harmonics,  and  that  the  oscil¬ 
lation  amplitude  is  small.  We  s.iill  consider  the  lav;  of  velocity 
cl: vice  along  the  height  of  the  plates  to  be  given  and  arbitrary.  In 
order  to  make  planes  n(  and  n.  flow  planes,  we  extend  the  blades  to 
i-co  along  tne  z-axis,  and  shall  consider  the  flow  pattern  also  to  be 
periodic  along  the  z-axis  with  a  period  of  t2  =  21. 

With  such  a  formulation  of  the  problem,  the  action  of  the  cascade 
upon  the  flow  may  be  approximately  replaced  by  the  action  of  a  system 
of  forces  situated  in  the  plane  x  =  0  and  parallel  to  the  y-axis . 

Free  vortices  occupy  the  entire  sendspace  x  >  0  and  are  carried  away 
by  the  stream  with  a  velocity  of  If.  Two  causes  which  bring  about  the 
appearance  of  free  vortices  are  acting  in  the  three-dimensional  case. 

In  the  first  place,  free  vortices  appear  in  accordance  with  the  Helm¬ 
holtz  theorem  due  to  the  variability  of  circulation  of  the  velocity 
along  the  blade  span  (along  the  z-axis).  Second,  free  vortices 
originate  in  accordance  with  Thompson's  theorem  when  the  blade  cir¬ 
culation  changes  in  time.  The  first  case  brings  about  the  vorticity 
u.,  (the  vortex  axes  are  parallel  to  the  x  axis);  the  second  cause 
brings  about  veoticity  uz  (the  vortex  axes  are  parallel  to  the  s-axis). 

Let  us  define  the  distribution  law  of  the  oscillation  velocity 
of  the  plates  in  the  cascade  as  the  Fourier  series 

«-•<*)- S  4/“*.  (3.80) 

«-» 

Consequently,  the  coefficients  An  are  henceforth  considered  to 
be  known. 


For  each  harmonic  of  velocity  (3. So),  it  is  possible  by  joeans  of 
(3.79)  to  find  the  force  corresponding  to  it 


i'  rv<7,n  wim  ijJZ±L'jn  , 
1  ►  2ft5  +  2  (<,n;2/V  1'  i  +binfWj*  +  /*  ' 


(3. si) 


The  law  of  distribution  of  f’orces  along  the  span  of  the  plates 
may  be  expressed  by  a  Fourier  series  with  the  obtained  coefficients 
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(3.82) 


In  the  special  case  of  a  two-dimensional  paroblem  AQ  =  =  0 
w hen  «>t.  In  the  two-dimensional  problem  t,«/2i-*o  and  Formula  (3.81) 
charges  Into  the  formula 


K0-2(/V4t'T~~i- 


Then  the  coefficient  of  the  forces  is  eaual  to 


2(1  *-!*) 

Ct  ”  'l  +2i ‘F/A' 


wnich  coincides  with  Formula  (3.3*0 . 


i\ri  obtained  solution  of  the  problem  of  flow  about  a  dense  three- 
dimensional  cascade  is  considered  in  [60]. 

The  problem  in  a  linearized  presentation  for  a  cascade  of  plates 
has  been  studied  by  V.  II.  Gorelov  [17]. 
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FOOTNOTES 


1.  on  page  76.  If  the  points  of  application  of  the  forces  are 

situated  along  cne  straight  line  with  a  definite 
spacing.  Such  a  system  will,  for  the  sake  of 
abbreviation,  be  called  a  force  cascade. 
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PART  II 

UNSTEADY  PLOW  ABOUT  CASCADES 
Chapter  *i 

A  TWO-DIMENSIONAL  CASCADE  OP  THIN  SLIGHTLY 
BENT  PROFILES  IN  AN  UNSTEADY  STREAM  OF  INCOMPRESSIBLE  FLUID 


5  •  1  •  Preliminary  Remarks 

The  problem  of  a  two-dimensional  cascade  with  thin  slightly  bent 
profiles  in  an  unsteady  stream  of  ideal  incompressible  fluid  has  been 
dealt,  with  in  a  large  number  of  studies  £5,  6,  12,  16,  35,  *J8,  58* 

59,  85,  12i,  130,  131,  137,  1**G,  3*15,  150],  etc.  The  problem  under 
consideration  is  reduced  to  a  solution  of  the  Laplace  equation  in 
a  cascade  region  formed  on  the  plane  by  an  infinite  system  of  thin 
rectilinear  sections.  The  methods  employed  by  the  authors  have  made 
jse  of  the  velocity  p'  tential,  the  acceleration  potential,  the  vortex 
pattern,  etc. 

For  a  cascade  without  offset  and  with  oscillation  of  the  profile 
without  a  phase  shift,  the  solution  may  ue  obtained  in  closed  form. 
The  problem  of  the  Incidence  of  vortlcity  waves  uj  jn  a  cascade  with¬ 
out  offset  has  also  been  solved.  It  is  assumed  that  the  vorticity 
is  low,  and  that  the  wave  front  is  parallel  to  the  cascade  axis. 
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Such  solutions  have  the  advantage  that  they  permit  limit  cases 
to  be  studied:  cascades  which  have  very  large  and  very  small  density, 
a  very  large  Strouhal  number  and  a  very  small  one.  Such  solutions 
should  also  be  used  for  estimating  the  accuracy  of  various  numerical 
methods.  It  is  expedient  to  solve  the  general  problem  for  a  cascade 
with  offset  and  small  oscillation  of  the  profiles  with  an  arbitrary 
constant  phase  shift,  as  well  as  the  problem  of  the  Incidence  of 
arbitrarily  oriented  vorticity  waves  upon  the  cascade. 

In  this  case,  with  a  view  to  the  utilization  of  computers,  it 
is  preferable  to  reduce  the  problem  to  an  Integral  equation  in  which 
the  unknown  function  may  be  the  perturbation  velocity  or  distributed 
vorticity . 

Methods  also  exist,  which  are  based  upon  utilization  of  the  known 
solution  for  a  single  wing  and  successive  allowance  for  the  inter¬ 
ference  of  profiles  in  the  cascade. 

S  4.2.  Use  of  the  Acceleration  Potential  Method 

Let  us  consider  a  cascade  of  thin  slightly  bent  profiles  situated 
in  the  complex  variable  plane  t*”t+A|  (Figure  4.1).  The  cascade  axis 
is  inclined  at  an  angle  of  yb  to  the  ordinate,  rfe  shall  designate 
the  profile  spacing  by  t,  and  we  shall  assume  the  profile  chord  equal 
t-o  2b  «  2. 

Let  U3  consider  the  problem  of  flow  about  the  cascade  by  a  stream 
of  ideal  incompressible  fluid,  incident  at  a  small  angle  of  attack, 
with  a  basic  velocity  U  parallel  to  the  abscissa.  In  the  general 
case,  the  incident  stream  can  have  vorticity.  The  cascade  profiles 
can  oscillate  arbitrarily  or  can  be  deformed  with  small  amplitudes. 

In  view  of  the  fact  that  the  perturbations  introduced  by  the  cascade 
are  small,  and  the  profiles  are  thin  and  slightly  bent,  we  shall 
replace  the  profile  cascade  with  a  plate  cascade.  Thus,  the  problem 
is  considered  in  a  linearized  formulation. 
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If  the  velocity  potential  or 
the  acceleration  potential  are  intro¬ 
duced  as  the  desired  function*  they 
must  satisfy  the  Laplace  equation. 
This  makes  it  possible  to  apply 
conformal  transformation  and  to  map 
the  oblique  cascade  onto  the  cas¬ 
cade  without  offset  (yb  *  0), 
located  in  the  plane  z  -  x  +  iy. 


Figure  4.1.  A  cascade  of  thin 
slightly  bent  profiles,  re¬ 
placed  by  sections. 


j  =»  z  ccs  v*  - 


The  indicated  transformation 
i3  yielded  by  the  Formula  C74] 

if  sin  y,  ,  tlite'J) 

H  arC"  ThViJT' 


A  sectional  cascade  in  plane  z  without  offset  will  correspond 
to  the  section  cascade  in  plane  5.  Expressing  the  inverse  hyperbolic 
function  in  terms  of  a  logarithm,  the  preceding  relationship  can  be 
represented  in  the  following  form: 

A  +  f  th’  tk*f 

;-2COSY* - - - IB - SI - • 


here  the  designation  is  introduced.  We  shall  call  the  dimension 

less  parameter  q  =  *&//=«//  the  cascade  density. 

Hence forth,  we  shall  be  considering  only  a  straight  cascade, 
without  dwelling  on  the  computational  difficulties  which  will  arise 
in  the  calculation  of  an  oblique  cascade. 


We  introduce  the  complex  acceleration  potential  in  terms  of 
whicn  the  acceleration  field  can  be  expressed, 

(z)  -  q>  +  fy,  a  *=>  a, -/a, 

The  real  part  of  the  acceleration  potential  is  proportion' 1  to  the 
pressure  perturbation: 
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We  find  the  boundary  condition  on  the  faired  profiles.  The  coordinates 
of  profiles  that  are  vibrating  and  are  being  deformed  may  be  given  by 
the  function 


f  (*•  #. — /(*,  t>,  (—1  <x<  i). 

Since  at  any  moment  of  time  the  point  belongs  to  the  contour,  it 
is  obvious  that 


F(x+dt r,  y+dy. 

Expanding  the  obtained  expression  into  a  series  and  restricting  our¬ 
selves  to  the  first  terms,  we  obtain 

£dx+£dy+£dr-*. 


Dividing  by  dt  and  introducing  the  projections  of  the  velocity  of 
a  particle  of  fluid  dx/dimv n  dyfdx-v9t  we  find  the  boundary  condition 
for  velocity: 


w  _  .  -  »r 


0. 


Noting  that 

2L-..&.  dfm  *L 

is  is  *  ig  *•  it  it  * 

0,  *•£/+«,  Og—O. 

and  discarding  terms  of  the  second  order  of  smallness,  we  write  the 
boundary  condition  for  velocity  in  another  form: 


In  using  the  acceleration  potential.  It  is  necessary  to  obtain 
also  the  boundary  conditions  of  the  acceleration  of  fluid  particles 
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on  the  surface  of  the  fairfd  blades.  Utilizing  the  linearized  Euler 
equation  and  the  precedirg  condition,  we  obtain  the  boundary  condition 
for  acceleration: 


dx*u  Ox 


0i>  OxOx  +  U  0x‘  ‘ 


In  view  of  the  fact  that  the  profiles  are  thin  and  slightly  bent, 
and  that  the  amplitude  of  their  oscillations  and  the  angle  of  attack 
are  snail,  the  boundary  conditions  on  the  contour  may  be  transferred 
to  the  upper  and  lower  boundaries  of  the  sections,  which  coincide 
with  the  chords  of  the  profiles. 

The  solution  of  the  problem  consists  in  determining  the  unsteady 
velocity,  oscillation,  pressure,  ana  vorticity  fields,  and  in  computing 
the  forces  and  moments  acting  upon  the  profiles  in  the  cascade.  In 
view  cf  the  linearity  of  the  problem  the  velocity  field  v,  the  accel¬ 
eration  field  a,  the  pressure  field  p,  and  the  vorticity  field  «  for 
the  general  case  of  fluid  motion  may  be  regarded  as  the  sum  of  the 
corresponding  like  fields  brought  around  by  various  causes. 

We  shall  consider  the  following  fields  Lb8], 

1.  The  main  stream  field.  The  stream  moves  with  a  velocity  of 
U  and  carries  away  thv  given  system  of  free  vortices.  The  velocity 
field  induced  by  the  vortices  may  be  restored  in  the  conventional 
manner;  the  perturbations  are  naturally  assumed  to  be  small.  Pressure 
in  the  fluid  will  be  constant. 

2.  The  velocity,  acceleration,  and  pressure  perturbation  fields 
brought  about  fay  flow  about  a  cascade  of  profiles  with  a  given  thick¬ 
ness  and  curvature  at  a  velocity  U  with  an  average  ang.'e  of  attack. 

3.  The  perturbation  fields  v,  a,  p  and  w  brought  about  by  un¬ 
steady  flow  around  a  cascade  of  plates  with  profiles  of  zero  thickness 
and  curvature.  The  perturbation  fields  are  brought  about:  (a)  by 
velocity  pulsations  of  the  main  stream,  (b)  by  vibration  and 
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deformation  of  the  profiles,  and  (c)  by  the  presence  of  a  vortex  sheet 
which  trails  from  the  profiles  in  the  case  of  unsteady  streamline 
flow. 


Calculation  of  the  fields  noted  in  points  1  and  2  pertains  to 
problems  of  steady  streamline  flow.  These  problems  can  be  solved  by 
any  of  the  known  methods  of  aerodynamic  cascade  theory  and  are  not 
considered  here. 

Let  us  note  the  properties  which  the  desired  function  —  the 
acceleration  potential  which  describes  an  unsteady  flow  —  must  have. 
As  the  distance  upstream  from  the  cascade  increases,  the  real  part  of 
the  acceleration  potential  must  tend  toward  zero,  since  the  flow  must 
be  unperturbed.  Prom  the  condition  that  when  x— — »  the  pressure 
perturbation  must  vanish  p-*0. ,  it  follows  that  <r-*-o. 

The  acceleration  potential  must  be  a  periodic  function  with  a 
period  equal  to  the  cascade  spacing;  it  stands  to  reason  that  this 
pertains  to  the  case  where  all  the  profiles  oscillate  synchronously. 
In  phase,  and  with  the  same  amplitude. 

The  acceleration  potential  must  satisfy  the  Zhukovs kiy-Chaply gin 
postulate,  i.e.,  it  must  satisfy  specific  conditions  at  the  exit  edge 
of  the  profiles.  In  the  case  of  steady  streamline  flew  in  the  use  of 
a  model  of  ideal  fluid,  on  both  sides  of  the  sharp  exit  edge  it  is 
necessary  to  equalize  the  velocities  of  the  trailing  stream  or  the 
pressures,  which  is  the  same  on  the  basis  of  the  Bernoulli  equation. 

In  the  case  of  unsteady  streamline  flow,  the  requirement  concerning 
the  equalization  of  pressures  remains:  however,  the  stream  velocities 
on  the  two  sides  of  the  edge  will,  generally  speaking,  yiot  be  equal. 
This  is  explained  by  the  fact  that  as  the  circulation  changes  in  time, 
a  vortex  wake  which  is  the  discontinuity  line  of  the  velocity  field 
will,  in  accordance  with  Thomson's  theorem,  trail  from  the  profile. 
Since  the  acceleration  potential  is  proportional  to  the  perturbed 
pressure,  it  is  obvious  that  the  Chaplygin-Zhukcvskiy  condition  will 
be  satisfied  at  the  trailing  edge  if  the  velocity  potential  undergoes 
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no  discontinuity  there.  Since  the  constant  term  in  the  acceleration- 
potential  function  is  insignificant,  it  may  be  considered  that  at  the 
trailing  edge  <p*0 .  The  perturbed-pressure  field  (and,  consequently,  *" 
the  acceleration  potential  as  well)  must  be  continuous  everywhere, 
with  the  exception  of  the  infinitely  sharp  leading  edges  of  the  plates. 
Singular  points  are  situated  on  sharp  leading  edges  similarly  to  the 
manner  in  which  this  takes  place  in  the  theory  of  steady  flow  about 
a  chin  profile. 

Thus,  we  consider  the  plate  cascade  and  find  the  integral  repre¬ 
sentation  of  the  velocity  potential  [59].  Since  the  complex  acceler¬ 
ation  potential  is  represented  by  an  analytic  function,  it  can  be 
represented,  up  to  an  insignificant  constant,  by  a  Cauchy  integral, 
written  for  a  cascade  region 

w'(2)  =  5^jJ  x*fi)cth  (4.3) 

Here  w (O  is  the  boundary  value  of  complex  acceleration.  Integration 
is  carried  out  along  an  arbitrary  contour  which  encloses  one  of  the 
profiles  of  the  cascade,  but  which  does  not  intercept  the  other  pro¬ 
files.  Expression  (4.3)  may  also  be  represented  in  the  form  of  a 
function  series  [56]. 

For  this  we  shall  expand  cih(r  —  C)  in  the  vicinity  of  point 
according  to  powers  of  5: 

m 

clh  ly  (z  -  01  -  V  ±  dh  q  (z  -  {)  - 


This  series  converges  absolutely  and  uniformly  in  the  entire 
region  of  determinacy  of  w(z).  Substituting  the  series  into  Integral 
(4.3),  we  obtain 

|  »(;)cthly  (?-{)]«/;- J  w  V)  (*jjr  cthyzj  ;*  </;  - 

I  L  rt-ft 

=  2 :u  ^  „|  c-0tm  ~gr  cth  qz . 
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Here  the  coefficients  of  the  expansion  may  be  expressed  by  means  of 
residues  according  to  the  formula 

“'&)£**'  <£• 

We  shall  finally  obtain  the  expression  of  the  complex  acceleration 
potential  in  the  form 

•• 

u  "  9  jp  cth  gz. 

On  the  profiles,  only  the  normal  acceleration  component  a  is 

J 

known.  Therefore,  in  order  to  obtain  an  effective  solution  it  is 
necessary  to  express  the  acceleration  potential  in  terms  of  ay.  In 
order  to  obtain  the  solution  in  closed  form  we  shall  use  the  method 
of  isolation  of  singularities  [7*1]. 

Let  us  consider  the  function  [68] 


a(z.  t) 


Here  t  is  time,  which  is  a  real  parameter  and  does  net  depend  upon 
the  complex  coordinate  z.  The  introduced  function  will  be  periodic, 
with  a  period  equal  to  the  cascade  spacing.  At  an  infinite  distance 
from  the  cascade  the  function  under  consideration  tends  toward  zero, 
since  on  the  basis  of  (4.3)  we  obtain  for  a  the  following  asymptotic 
r  epres  ent  ati  on : 


a 


From  this  we  have 

V  sh V  -  co  -  Jgu. 

Let  us  note  one  more  property  of  the  function  under  consideration 
that  is  important  for  what  follows.  The  radical  assumes, 

at  the  upper  and  lower  boundaries  of  the  sections,  values  that  are 
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purely  imaginary  and  opposite  in  sign.  At  the  sections,  complex 
acceleration  has  the  symmetry  property 

a Ax .  yf-0)**  —  cx{x,  y~Q).  ay (x,  y  +  0 y~ 0). 

Consequently,  the  real  part  of  the  function  under  consideration 
a¥ Y’sirq-^stfifx  assumes,  at  the  corresponding  points  of  the  two  boundaries, 
values  which  are  equal  in  magnitude  and  opposite  in  sign.  On  the  ocher 
hand,  the  imaginary  part  of  function  as  VsWq-stfqx  has  identical  values 
at  the  corresponding  points  of  the  section.  Then,  using  the  Cauchy 
integral  to  express  the  function  under  consideration  in  a  cascade 
region,  selecting  the  section  contour  as  the  path  of  integration,  and 
utilizating  the  conditions  of  symmetry,  we  obtain  an  integral  repre¬ 
sentation  of  complex  acceleration  in  terms  of  the  known  boundary  values 
of  normal  acceleration: 

41  .  .. 

<i(*.  {  a*(s'  Ti  ]'sh2<1  ~sh?v|clh [q (5 - 2)1  di 

The  obtained  expression  does  not  yet  completely  solve  the  problem, 
since  at  the  profiles  it  is  necessary  to  satisfy  the  boundary  condi¬ 
tions  not  only  for  acceleration,  but  also  for  velocity. 

The  acceleration  field  constructed  on  the  basis  of  the  boundary- 
value  of  acceleration  at  the  profiles  is  not  the  only  possibl  one. 

The  function  of  a  complex  valuable  may  be  added  to  the  solution.  The 
imaginary  part  of  this  function  is  equal  to  zero  at  the  plates.  In 
the  construction  of  this  function  it  is  necessary  to  take  into  account 
the  conditions  imposed  upon  the  acceleration  field  or  upon  the  complex 
acceleration  potential:  (a)  the  function  must  have  a  period  equal  to 
the  cascade  spacing,  (b)  at  an  infinite  distance  in  front  of  the  cas¬ 
cade  tne  real  part  of  the  complex  acceleration  potential  must  tend 
towards  zero,  (c)  at  the  trailing  edges  of  the  plates  the  real  part 
of  the  complex  potential  must  equal  zero,  (d)  the  real  part  of  the 
acceleration  potential  must  be  restricted  everywhere  except  at  the 
singula"  points,  which  may  be  located  at  the  entering  edges  of  the 
blades. 
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The  supplementary  complex  acceleration  potential  and  complex 
acceleration,  which  satisfy  the  imposed  conditions,  are  determined  by 
the  formulas 


_ it]B  shif _ • 

2  sh  |4  {r  + 1  )J  ) '  sh'l  $  U  -  1 )  Jlhjf(7  +  1 jj  * 


Here  B  is  a  real  constant. 

Thus,  finally  the  complex  acceleration  field  about  the  cascade 
is  determined  by  the  following  expression  [58]: 


+i 

>(*,  t)-  •  *  —  -  *)  Ksh^-sh’fljclhfq^— 2)]rft+ 

bir  _•> 

mm-t)  sh»f _  ,4i. 

2*h  if  (z  + !))  t'ih  ti  (*  - 1)1  Sh  If  (2+  1)1  * 


(4.4) 


The  complex  acceleration  potential  is  found  by  integrating  (4f4) 
along  an  arbitrary  curve  from  point  z  *  +1,  where  the  real  part  of 
w(z)  may  be  assumed  equal  to  zero,  and  the  insignificant  imaginary 
constant  may  be  discarded: 


I  +1 

»(*.  t)-£j  J  MS.  t)  X 

X  cth  h(i-z)\di  +  iB  (T) 


(4.5) 


The  second  term  of  this  formula  does  not  change  the  value  of 
normal  acceleration  on  the  plates.  Consequently,  the  constant  with 
respect  to  the  coordinates  B(t)  may  be  determined  from  the  boundary 
value  of  the  velocity  on  the  plates. 

Let  us  consider  a  special  case  of  (4.5)  for  a  single  profile. 
When  q  =  0,  (4.5)  passes  into  the  following  formula: 


■*«-*/?*•  */^EE,5+iiwv^r. 


In  view  of  the  fact  that  only  one  integral  is  singular,  the  order 
of  integration  may  be  chanced: 
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+  1  a 

« (*•  T> "  'jr  / a* <?• x)  )'*  -V d*  J Trdfjrr-, + iB (*)  V^fvr • 

Designating  the  first  integral  by  I  and  substituting  in  it  the 
variables  5  -  2  =  x,  we  reduce  it  to  the  form 

hr' 

;  _ _  I  _ dx _ _ 

t-i  *  *  <i*  “  0  - 

.-*1.1  .  ii-l 

a  I  Rf  l  i-i*  \--k 

Then  the  acceleration  potential  of  a  single  wing  rnay  be  expressed 
in  terms  of  the  known  boundary  condition  of  normal  acceleration  on 
the  profile: 

+1 

» (*.  t)  -  ^7  J  a„  (l,  t)  arcsin  +  iB  (t) 


Here  the  term 


*■« 

—w  Jmi. 


had  been  discarded,  since  it  is  an  imaginary  constant  and,  consequently, 
does  not  affect  the  law  of  distribution  of  the  perturbed  pressure.  In 
the  special  case  of  acceleration  that  is  constant  with  respect  to  the 
profile,  the  computations  are  easily  carried  out  until  an  algebraic 
formula  is  obtained.  Effecting  In  the  last  integral  the  change  of 
variables  (52— !}/(«— z)**x  ,  we  obtain  when  a  =  a  (t)  the  complex  acce.1- 

j 

oration  potential  in  the  form  of 


“<*•  •)  -  i  ( 1  -  ^  +,sw  /ST . 

Integrating,  we  finally  find  that  with  progressive  oscillations 
of  rhe  wing,  the  acceleration  potential  is  expressed  by  the  formula 


W  -  ‘3,  ft)  ( 1/?^T  +  z)  +  iB  (t)  Y 
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Returning  to  the  general  esse  of  (4.5) >  we  derive  the  formula 
for  determining  the  constant  E.  The  connection  between  the  velocity 
and  the  acceleration  of  the  fluid  particles  is  established  by  the 
linearised  Euler  equation 


dt  ■  u  Ox  * 


(4.6) 


We  shall  henceforth  consider  only  harmonic  oscillations  of  the 
blade  and  shall  express  the  velocities  and  accelerations  in  an  explicit 
manner  in  terms  of  time 


rt„  (2.  ”•)  ri,  (2)  v  (2.  *)■“■«''  (2)  «***• 


(4.7) 


Here  v  is  the  circular  frequency  of  the  oscillation  process,  j  is  an 
imaginary  unit  pertaining  only  to  description  of  the  time  processes 
and  which  does  not  interact  with  the  imaginary  unit  i,  which  has  been 
introduced  for  designation  of  the  complex  coordinate,  t  is  time. 

From  (4.6)  and  (4.7)  we  obtain  (the  primes  have  been  discarded) 

a,^jyc  +  U~.  (4.8) 

Integrating  this  linear  equation  all  the  way  through  under  the 
condition  that  far  In  front  of  the  cascade  the  stream  is  not  perturbed 
(v  =  0),  and  chat  the  oscillation  velocity  on  the  profiles  in  the 
cascade  is  known,  we  obtain 

M  | 

v{x,  y)a>-~el*v  J  y)e  u  <f£. 

In  a  case  where  the  point  x,  y  is  situated  on  the  profile,  tne 
normal  velocity  of  a  fluid  particle  must  be  equal  to  the  normal 
velocity  of  the  contour. 

We  introduce  a  dimensionless  criterion  which  characterizes  the 
unsteadiness  of  the  process  —  the  Strouhal  number  k  =  vb/U.  Here 
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the  semichord  b  of  the  profile  is  selected  as  the  linear  dimension. 
Recollect  that  in  the  computations  above,  2b  =  2  was  assumed  and, 
consequently,  k  =  v/U.  Then  we  ootain  the  basic  formula  for  deter¬ 
mining  the  constant  &  in  the  following  form: 

M 

»  (  vy)  ~  -\j  e~'*‘  /  (5.  y)  elkX  dl  (  4 . 9 ) 

The  representation  of  the  complex  acceleration  field  and  the 
acceleration  potential  by  Formulas  (4.4)  and  (4.5)  has  the  advantage 
of  integral  formulas.  However,  in  some  cases  it  is  convenient,  from 
the  computational  point  of  view,  to  represent  the  solution  in  the 
form  of  a  series. 


Let  us  consider  the  function  of  the  complex  variable  z  and  the 
real  parameter  q,  which  is  known  in  cascade  theory  [59]: 


F(z.  q) In 


(4.10) 


After  elementary  transformations,  this  function  may  be  given  the 
following  form: 

H*.  f)  =  -J-arch-£2-.  9-t- 

(4.11) 


Function  F(z,  q)  possesses  the  following  properties : 

(1)  Function  F(z,  q)  is  periodic  with  a  purely  imaginary  period 
equal  to  i-r/q  =  it; 

(2)  When  i*!  >«>  function  F(?.</)->z— y-» inchffv...; 

(3)  In  the  limit  case  when  i-*0[l-*oo)  function  FfaO)  -*•  yjTTf  ; 

(4)  At  the  segment  y= q.  _i<x<I  function  F(z,  q)  assumes  purely 
imaginary  values. 

The  latter  property  is  obvious,  since  from  (4.10)  when  [x|<l  and 
y  =  0  we  obtain 

|('h  <?x  +  /  K ch’u  - ch'^x)  {  , 

1“  «hf  I’**’ 


FTD-IiC-2  3-242-70 


134 


from  which  follows  the  consequence  that  at  the  indicated  segment  the 
function  is  expressed  by  the  formula 


1 


F(x,  ?)-^*rctg 


«M*  * 


(4.12) 


or  also  by  the  formula  which  follows  from  the  kncwn  relationship 
between  inverse  trigonometric  functions 


On  this  segment  the  function  may  be  expanded  into  the  series 

(4.13) 

Next  we  introduce  a  second  function  of  the  complex  variable  z 
and  the  real  parameter  q: 

.,fc*^tec±i3«s=S!a|. 

Making  use  of  the  connection  between  logarithmic  and  inverse 
hyperbolic  functions,  we  obtain 


P{*.  *)-•«*« 


This  function  possesses  the  following  properties: 

(1)  Function  P(z.,  q)  is  periodic  with  a  purely  imaginary  period, 
equal  to  ix/q  *  it; 

(2)  In  the  limit  case  when  (t-*oc)  function 

P(s.  V*F=l)t 

(3)  On  the  segment  y-C,  — I<x<+1  function  P(z,  q)  assumes  purely 
Imaginary  values 


»bf 
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The  properties  of  the  introduced  functions  have  been  selected  in 
such  a  manner  that  the  acceleration  potential  for  the  cascade  could 
be  expressed  in  terms  of  them. 

Let  the  profiles  of  a  straight  cascade  oscillate  synchronously 
and  cophasally  ir.  the  direction  perpendicular  to  the  chords,  i.e.,  in 
the  direction  parallel  to  the  ordinate.  In  this  case,  the  accelera¬ 
tion  component  av  will  be  constant  along  the  chord  of  the  profile  or, 
wnat  is  the  same,  the  imaginary  part  of  the  complex  potential  must 
be  a  linear  function  of  x.  There  it  is  obvious  that  the  acceleration 
potential  for  the  cascade  may  be  expressed  in  terms  of  the  function 
F(z,  q). 


u>(2,  t)“M  WJfU,  q)  —  2). 

Assuming  A.( t )  to  be  a  real  constant  with  respect  to  the  ordinate 
and  taking  into  account  that  at  plates  y^ikil,  —  l<x<l  ,  *,«=<).  ±\,  ±2,  ... 
function  F(z,  q)  assumes  purely  imaginary  values,  we  find  that  the  real 
part  of  F(z,  q)  is  a  linear  function  of  x.  The  remaining  requirements 
for  the  acceleration  potential  are  also  satisfied.  Function  u>{2,  »)=» 
i.e.,  has  a  period  equal  to  the  cascade  spacing.  At  an 
infinite  distance  in  front  of  the  cascade  the  perturbations  vanish 
^Ro*(At)->0.  However,  the  obtained  expression  is  a  partial  solution. 
To  obtain  the  general  solution,  it  is  necessary  to  add  to  it  the  func¬ 
tion  of  a  complex  variable.  The  imaginary  part  of  this  function  has 
a  constant  value  on  the  laired  profiles...  Obviously,  the  addition  of 
such  a  function  will  not  change  the  boundary  values  of  normal  accel¬ 
erations  . 


The  function  which  represents  the  second  partial  solution  may 
be  expressed  in  terms  of  the  derivatives  of  functions  F(s,  q)  and 


P(z,  q) : 


=  q)  +  iB1P'(z,  q)* 


"  /0| 


,  •  «  gdy* 

fill1  qz  —  sh*$  '  1  I'sli* qz  —  sh’f  ' 


(4.15) 


Here  8^, 


i>2  are  real  constants  with  respect  to  the  coordinates. 
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Function  (4.15)  possesses  the  properties  necessary  for  represent¬ 
ing  the  acceleration  potential:  (a)  The  imaginary  part  of  the  function 
is  equal  to  zero  on  the  plates  which  comprise  the  cascades;  (b)  at  an 
infinite  distance  in  front  of  the  cascade  (*-*■—  «>)  the  real  part  of 
(4.15)  tends  toward  zero.  The  relationship  among  the  constants  must 
be  so  selected  as  to  satisfy  the  Chaplygin-Zhukovskiy  condition  at  the 
trailing  edges  *i-0,  ±l, . 


Assuming  or  3,-  — ,  where  B  Is  the  new 

real  constant,  we  provide  for  continuity  of  the  function  at  the  trail¬ 
ing  edges: 


•  it.  t)  -  -  IB 

^  1  y  «k[f {*+!)] 


Then  the  final  expression  for  the  acceleration  potential  will 
be  written  in  the  following  manner: 

This  formula  yields  the  solution  of  the  problem.  The  time  func¬ 
tion  A(t)  is  determined  on  the  basis  of  the  boundary  value  of  the 
acceleration,  while  B(t)  is  determined  cn  the  basis  of  the  boundary 
value  of  the  velocity.  Determination  of  these  functions  w<ll  be 
carried  out  later,  and  at  present  we  shall  indicate  a  possible  gener¬ 
alization  for  the  case  of  a  different  law  of  plate  motion  in  the 
cascade. 


Let  us  consider  the  series 

•0.  (H.17) 

a- 1 

Here  the  real  coefficients  may  be  determined  on  the  basis  of  the 
boundary  value  of  the  normal  accelerations  at  the  plates.  Thus, 
employment  of  the  series  makes  it  possible  to  solve  the  problem  not 
only  for  translational  laws  of  motion  of  plates  in  the  cascade,  but 
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a°d  l7zZ*irU'  uUt  US  COnSWer  the  be»avior  of  functions  Hz,  q) 
Hz,  q)  When  e  changes  to  the  extent  of  half  the  period 

Prom  known  formulas  it  follows  that 

ch  (z  -i-  fa/2q)  -  isb  qz,  sh  lq  (r  + >n/2</)]  -  /  ch  f*. 

Then  by  means  of  (i|.io)  we  obtain 


f  (?  +  m/2^}  ~  In  /« 


v  ^ » 18) 


^  4  arsh  -^L  +  * 

4  chg  T2f* 


rrSl  !"#-",<‘<,tke  real  *“*  «*  *>*  -  -panded 


Re F(x -i  £C2f) -  S  .**-1.  3.  5, ... 

«~i 


serie!”ittlnS  the  CalOUlatloas-  "e  reduce  the  first  terns  of  the 
Analogously  for  function  P{z)  we  obtain 

Ply  a,  „  ifr  +  ?<*•<)*  +  *h»«  in 

»hf  *  x  * 


P(z+  iaftq)  -  arsh-—^.  + 

5  ^*3*  Attached  Cascade  Hasses 


In  noca  r.T>.A«*A  .  /«.  .  , 

_  — ~  f**w8  i/jic  profiles  in 


an  aei'odynamic  cascade  vibrate 
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(here  we  shall  be  considering  only  cophasal  oscillations),  but  a 
main  stream  is  absent,  the  profiles  are  acted  upon  by  forces  of  fluid 
pressure  that  are  proportional  to  the  acceleration  of  the  profiles 
themselves.  Actually,  in  the  absence  of  a  main  stream  (U  =  0),  the 
convective  acceleration  is  also  equal  to  zero  and  the  local  acceler¬ 
ations  of  all  the  particles  of  the  fluid  are  proportional  to  the  same 
value.  Since  in  this  case  a^dvldt  ,  satisfaction  of  the  boundary 
conditions  with  respect  to  acceleration  simultaneously  means  the 
boundary  conditions  with  respect  to  velocity  are  satisfied. 

Let  us  consider  synchronous  cophasal  movements  of  the  plates  in 
a  cascade  without  offset  in  a  direction  which  is  normal  to  the  chords, 
i.e.,  a  direction  parallel  to  the  ordinate.  In  the  general  Solution 
(4.16)  only  the  first  term  has  been  retained.  Differentiating  it  all 
the  way  through  with  respect  to  z,  we  determine  the  complex  acceler¬ 
ation: 

a—s-la,-lA(y^!Z^- 1). 

Since  the  first  term  in  the  parentheses  in  the  sections  — !<*<! , 
y-i)M  is  purely  imaginary,  the  coefficient  in  front  of  the  parentheses 
is  equal  tc  the  boundary  value  of  normal  acceleration:  A  *  a  . 

Jr 

Utilizing  the  condition  that  the  perturbed  pressure  is  proportional 
to  the  real  part  of  the  complex  potential  A— and  to  the  boundary 
values  of  function  F(z)  in  accordance  with  (4.13),  we  find  the  pressure 
distribution  on  the  plates: 


p-2=-ttcco.-57-.  (4.19) 

On  both  boundaries  of  the  section  the  obtained  pressure  has  the 
same  magnitude,  but  opposite  signs.  Integrating  the  pressure  distri¬ 
bution  all  the  way  through  along  the  plate,  we  find  the  acting  force. 
This  force  is  proportional  to  the  acceleration  of  the  plate.  It  is 
customary  to  call  the  proportionality  coefficient  the  attached  mass, 
since  it  may  be  assumed  that  this  mass  of  fluid  is,  as  it  were,  added 
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to  the  mass  of  the-  moving  plate.  In  the  case  under  consideration 
(motion  of  the  cascade  in  the  fluid  as  a  single  whole),  by  means  of 
integration  of  the  pressure  distribution  it  is  possible  to  obtain  the 
known  precise  solution  [743: 


m  =  p°“1nch-y-.  (4.20) 

In  the  final  formula  it  is  convenient  to  drop  the  condition 
2b  =  2  and  to  assume  an  arbitrary  chord  of  2b,  as  has  been  done  here 
and  henceforth  in  the  corresponding  places. 

Kite  an  unlimited  increase  in  the  cascade  spacing  (2b/t  ->  °°)  we 
obtain  the  known  value  of  the  attached  mass  for  an  isolated  plate: 


w=«p0.i6*. 


In  the  other  limit  case,  for  a  cascade  with  very  small  spacing 
(2b/t  -»  “)  we  obtain 


m=2p°6/. 


This  limit  value  is  explained  by  the  fact  that  in  cascades  with 
very  small  spacing,  only  the  fluid  situated  between  the  plates  is 
entrained.  In  the  rest  of  the  fluid  mass,  as  the  distance  from  the 
cascade  increases  the  perturbations  attenuate  very  rapidly  (according 
to  an  exponential  law) .  The  value  2p °bl  represents  precisely  the  mass 
of  the  liquid  contained  between  the  plates,  i.e.,  the  mass  added  to 
each  oscillating  profile. 

We  shall  also  obtain  an  approximate  formula  in  order  to  estimate 
the  accuracy  of  the  calculation  and  the  possibility  of  applying  the 
calculation  nente forth. 

figure  4.2  shows  a  graph  of  the  value  of  function  F(x)  on  a 
plats  according  to  the  exact  Formula  (4.12)  (curve  1)  and  the  approxi¬ 
mate  Formula  (4.13),  where  only  the  first  term  of  the  series 
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■0.21) 


has  been  considered  (curve  2). 

When  q  ■  0  this  expression  coin¬ 
cides  with  the  exact  value  f(x)-iYi  -**. 
The  greater  the  density,  the  greater 
the  error. 


Figure  4.2.  Exact  (1)  and 
approximate  (2)  value  of 
function  F(x)  at  a  section 
in  a  cascade  without  off¬ 
set  (Yb  *  0)  when  q  ■  2. 


The  calculations  were  made  for  a 
comparatively  dense  cascade  of  q  =  2, 
i.e.,  2b/t  »  4/ir.  It  can  be  seen  that 
the  curves  practically  coincide,  and 
this  indicates  the  fact  that  the  law 
of  change  of  pressure  over  the  Profile  (4.19)  depends  very  weakly  upon 
the  cascade  density.  More  precisely,  with  a  change  in  the  cascade 
spacing,  the  pressure  at  all  points  of  the  plate  changes  proportionally 
to  the  same  coefficient  ((arcfg.'h9)/f)*  Such  a  singularity  is  explained 
in  the  following  manner.  The  attached  macs  of  a  single  plate  differs 
from  the  attached  mass  of  the  same  plate  in  a  cascade,  since  the 
remaining  plates  Induce  a  supplemental  acceleration  field  in  the 
fluid.  Obviously,  in  this  case  the  Induced  acceleration  field  is 
almost  constant  along  the  plate,  and  this  brings  about  a  change  only 
of  the  proportionality  coefficient. 


On  the  basis  of  a  known  acceleration  potential,  the  attached  mass 
is  found  by  Integration: 

m-—V  J? dx.  (4.22) 

In  the  example  under  consideration,  we  obtain  the  approximate 
formula 


m -^W«retg*h-y-, 
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Figure  4.3.  Exact  (1)  and  approximate  (2)  > 

relationship  of  the  attached  mass  to  the 
cascade  density. 

which  coincides  sufficiently  well  with  the  exact  Solution  (4.20)  even 
for  dense  cascades  (Figure  4.3).  Curve  (1)  was  computed  according  to 
the  exact  formula;  curve  (2)  was  computed  according  to  the  approxi¬ 
mate  one,  m^  =  ap0*1 . 

In  the  case  of  torsional  oscillation  of  a  plate,  the  concept  of 
the  attached  moment  of  inertia  is  introduced  in  a  manner  analogous 
to  the  concept  of  attached  mass.  In  the  case  of  torsional  oscillation 
of  the  plates  around  their  centers,  the  moment  acting  from  the  direc¬ 
tion  of  the  fluid  may  be  computed  according  to  the  formula 

+► 

6=.— 2p*  J ffxdx.  (4.23) 

-» 

If  the  plates  oscillate  torsionally  other  than  about  their 
centers,  the  superposition  principle  of  (4.22)  and  (4.23)  should  be 
used. 


Let  us  consider  the  determination  of  attached  moments  of  inertia 
in  the  case  of  synchronous  cophasal  torsional  oscillation  of  plates 
about  their  centers.  In  the  case  of  torsional  oscillation  about  the 
center,  the  distribution  of  normal  accelerations  along  the  plate  is 
represented  by  the  formula 


«»(*•  T)“-f  3*(T)- 


(4.24) 
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To  represent  the  acceleration  potential,  we  shall  make  use  of 
Series  (4. 17).  We  shall  show  that  in  order  to  obtain  a  solution  with 
greater  accuracy,  it  is  necessary  to  restrict  oneself  to  the  first 
term  with  an  even  index 

o  «  iAt{F  —  tf. 

Differentiating  this  expression  with  respect  to  z,  we  obtain 
the  complex  acceleration: 

For  instance  we  determine  the  normal  acceleration,  taking  advan¬ 
tage  of  the  fact  that  on  a  plate  the  functions  F  and  dF/dz  assume 
purely  Imaginary  values: 

«.—**('■£ +*)• 

From  the  approximate  Formula  (4.21),  it  follows  that  F-dF/dz- 
xq'*( arctgsh?)*.  Then  A2  is  determined  in  terms  of  the  boundary  value 
of  the  acceleration  according  to  (4.24): 


Then,  in  the  conventional  manner  the  real  part  of  the  accelera¬ 
tion  potential  is  found  and,  according  to  (4.23),  the  attached  moment 
of  inertia  is: 

u  *****  «*rrtg*hf 

When  the  cascade  spacing  Increases  without  limit  this 

expression  passes  into  the  known  exact  solution  for  an  isolated  plate 
which  carries  out  rotational  motion  around  thje  center: 
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Let  us  now  consider  the  determination  of  the  attached  masses  for 
the  case  where  adjacent  plates  in  the  cascade  oscillate  with  a  phase 
shift  equal  to  is  (henceforth  this  case  will  be  called  oscillation  in 
counterphase).  Let  us  find  an  approximate  solution  of  the  problem 
and  estimate  the  error.  In  the  case  of  oscillation  in  counterphase, 
the  acceleration  potential  must  have  a  period  equal  to  twice  the  cas¬ 
cade  spacing.  The  values  of  the  normal  oscillations  on  adjacent  blades 
must  have  equal  moduli  and  opposite  sign. 

We  c  fine  the  acceleration  potential  by  the  following  expression: 
c  « 1 A  [/•  (z,  q/2)  -F(z+  i*lq.  <?/ 2)).  9  -  *&/<• 

Obviously  the  requirement  of  w(z)  =  w( ’  +  2  it)  is  satisfied. 

The  condition  at  an  infinite  distance  from  the  cascade  is  also  satis¬ 
fied,  since  w  ->  0  when  |.v|-*oo  (the  condition  of  perturbation  damping). 

To  obtain  the  complex  acceleration  we  differentiate  this  expres¬ 
sion  with  respect  to  z  and  replace  P(z)  by  (4.10): 

„  „  ;  ,1  f _ fa*  »)  _ eh  (qz/2)  1 

'  I  »'sh’V,2)  -sh5  W/2)  I'ch1  2)  -  sh» (5/2) J ' 

It  can  be  easily  seen  that  on  even  plates  —lord ,//=/*,/, 

*,--=■0.  .'2.  it,  ...  the  normal  acceleration  is  equal  to 

_ A  ch  to* ’’2) _ 

° "  J’ch5  (<jjr/2)  +  slf*  (v'if "  (4.25) 

On  odd  plates  —lord,  y=*ik,t,  k,  =  ±],  +3,  the  normal  acceleration 
has  the  same  absolute  magnitude,  but  the  opposite  sign.  If  a  did 

#  J 

not  depend  upon  x(— l  ■< !) ,  the  solution  would  be  exact.  In  actuality, 
depends  on  x  according  to  (4.25).  However,  in  the  indicated  range 
of  the  change  of  x  the  acceleration  changes  only  little.  The  ratio 
of  the  maximum  acceleration  a  (1)  (along  the  edges  of  the  plate  when 
x  =  +1)  to  the  minimum  acceleration  xy(0)  (in  the  center  of  the  plate 
when  x  =  0)  is  equal  to  V 1  +  thI(?/2) . 
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Then  the  maximum  deviation  from  the  average  value*  expressed  in 
ternuj  of  this  average,  is  the  error 

j^T+TgTfgTfj: 

.ri'+uHtJw+r- 

With  a  relative  cascade  spacing  of  t/2b  »  1  the  relative  error 
will  be  about  9%,  and  when  t/2b  ■  1.5  it  would  be  about  3*. 

Omitting  the  intermediate  calculations,  we  cite  the  approximate 
formula  for  the  attached  mass  with  oscillation  of  the  plates  in  counter¬ 
phase  : 


*  -  2pM  (cb ~  )  (arctf  *h • 

When  2 b/t—o  we  approach  the  known  expression  for  the  attached 
mass  of  an  isolated  plate.  It  is  obvious  that  with  oscillation  in 
counterphase,  the  attached  mass  is  greater  than  with  oscillation  in 
phase.  This  is  explained  by  the  appearance  of  large  accelerations 
with  the  shift  of  fluid  among  adjacent  channels.  Thus,  for  example, 
with  a  relative  cascade  spacing  of  t/2b  •  1,  the  Indicated  ratio  of 
attached  masses  comprises  3.1. 


A  conception  of  the  acceleration  potential  in  a  more  general 
case  can  be  obtained  by  using  a  series  similar  to  Series  (.4.17): 


(4.26) 

Without  dwelling  on  the  coraputat5.ons,  we  shall  cite  the  formula 
for  determining  the  attached  moment  of  inertia  in  the  case  of  torsional 
oscillation  of  plates  in  counterphase  about  their  centers: 


.9-2^ 


Computation  of  the  attached  masses  for  a  cascade  is  necessary  in 
some  fields  of  technology,  for  example  in  the  determination  of  eigen- 
frequencies  of  thin  blades  rotating  in  a  heavy  fluid.  For  steam  and 
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gas  turbines,  as  well  as  for  axial  compressors,  the  attached  masses 
are  very  small  in  comparison  with  the  mass  of  the  blade. 

The  currents  which  are  considered  in  this  section  have  zero 
circulation.  We  emphasize  that  the  force  brought  about  by  attached 
masses  acts  in  phase  with  the  acceleration  (and  not  with  the  velocity), 
and  therefore  cannot  produce  work. 

The  question  considered  here  has  been  studied  in  Reference  [59]- 

Some  precise  solutions  for  the  attached  mass  of  cascades  have  been 
obtained  by  M.  I.  Gurevich  [74]. 

5  4.4.  A  Cascade  in  an  Unsteady  Vortex  Stream 

The  problem  of  flov;  about  a  cascade  by  an  unsteady  vortex  stream 
is  of  special  interest  for  turbomachine  theory.  Here  we  shall  con¬ 
sider  some  basic  problems,  while  questions  of  an  applied  nature  will 
be  carried  over  into  Chapter  9. 

Let  a  cascade  of  plates  (chord  b  -  2)  with  zero  offset  (yb  =  0) 
be  situated  in  the  plane  of  the  complex  valuable  z  -  x  +  iy.  The 
main  stream  with  a  constant  velocity  of  U  flows  about  the  cascade 
with  a  zero  angle  of  attack  and  transports  free  vortices  of  low  in¬ 
tensity.  The  vorticity  is  homogeneous  along  the  cascade  axis,  which 
is  parallel  to  the  ordinate. 

Let  us  consider  the  flow  field  in  the  absence  of  a  cascade. 

From  the  Helmholtz  equation  it  follows  that  the  vorticity  follows  a 
traveling  wave 


+  =  o,  u~»(t -.*/!/)• 

Ox  Ox 

The  wave  front  is  perpendicular  to  the  direction  of  the  main  stream. 

The  vertical  velocity  v[u<$:U)  is  related  to  the  vorticity  by  the 
condition: 
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I  #» 
—TV 


A  jump  of  vertical  velocity  also  constitutes  a  traveling  wave 


»«■»(*  —  x/U). 


Then  according  to  the  Euler  equation  the  vertical  acceleration 
is  everywhere  equal  to  zero? 


We  assume  the  pressure  in  the  main  stream  to  be  everywhere  con¬ 
stant.  If  a  cascade  is  placed  in  such  a  stream,  it  will  bring  about 
perturbations,  since  its  profiles  are  impermeable,  and  at  them  the 
normal  velocity  component  must  be  equal  to  zero.  With  the  incidence 
of  vertical  velocity  Jumps,  the  local  angle  of  attack  will  be  a 
variable;  this  will  bring  about  a  change  of  the  circulation  about  the 
profiles  in  time.  Consequently,  behind  the  profiles  vortex  wakes  will 
appear,  the  intensity  of  which  will  also  vary  in  time. 

The  problem  consists  in  determining  the  variable  forces  which 
act  upon  the  cascade  profiles,  as  well  as  in  determining  the  pertur¬ 
bations  Introduced  by  the  cascade. 

We  shall  solve  the  problem  by  the  acceleration-potential  method, 
which  in  this  particular  case  has  a  special  advantage,  since  the 
boundary  value  of  normal  accelerations  at  the  profileo  is  equal  to 
zero  (ay  *  0).  Consequently  £58],  in  accordance  with  (4.5)  the 
acceleration  potential  assumes  a  particularly  simple  form: 

(4.27) 

Coefficient  B  is  determined  from  the  condition  that  the  perturbed 
vertical  velocity  at  the  profile  is  equal  to  —  sfo— x/U) .  Then  the 
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total  vortical  velocity  of  the  fluid  particles  at  the  profile  will  be 
equal  to  aero,  i.e.,  the  profile  may  be  considered  motionless  and 
impermeable.  In  view  of  the  linearity  of  the  problem,  we  shall  con¬ 
sider  only  the  case  where  the  velocity  of  a  vertical  jump  changes 
according  to  the  harmonic  law 


t/^u4cxp/v(T  —  xfU).  (4.28) 

A  general  case  may  be  obtained  by  expanding  the  jump  into  a 
series  or  into  a  Fourier  integral.  Explicity  separating  in  B(i)  the 
time  function,  we  assume  fl#c.\p(/vr) ,  where  is  a  complex  (with 

respect  to  j)  constant.  Constant  BQ  is  determined  from  the  boundary 
condition  for  velocity  (4.28)  according  to  the  formula 

—I 

V'fil'-i-e*  lay(Qe'*dl  (4.29) 

Here  cot>/*  is  the  vertical  velocity  at  the  leading  edge  (the  time  factor 
is  ulscarded) . 


Vertical  acceleration  must  be  expressed  in  terms  of  the  complex 
acceleration  potential: 


i*  <?♦ 
<)jr  “  dx  ' 


(4.30) 


In  this  case  let  us  use  the  expression  of  a  in  terms  of  the 
imaginary  part  of  the  complex  acceleration  potential.  We  substitute 
this  expression  into  (4.29)  and  integrate  by  parts  from  x  =  -«  to  a 
point  on  the  leading  edge  of  the  profile  x  =  -1.  Integration  by 
parts  permits  the  integral  to  be  taken  directly  from  the  function  if/, 
and  not  from  its  derivative: 

-  xr  [*  (5)  -*(~  <*>w:L + 

"9 

+  •$■  Jc,nN>(s)~'K— «>)Jrfs.  (^*31 

Here  to  the  function  <>,  to  which  an  arbitrary  constant  may  be  added, 
has  been  added  the  value  «f(— «>)  =  B„expg  ,  equal  to  the  value  of  this 
function  far  In  front  of  the  cascade  (x  =  -®).  As  follows  from 
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Formula  (4,27) *  everywhere  on  the  profile  the  smallest  part  of  .the 
complex  acceleration  potential, is  equal  to  zero;  consequently  $(—  ))~d. 

On  the  integration  path  the  function  ^>(x)  is  defined  by  means  of 
(4.27)  by  the  relationship 

Taking  these  remarks  into  account  and  after  simple  transforma¬ 
tions  of  Formula  (4.31),  we  find  the  desired  expression  for  B(r): 


The  function  R(k,  q)  is  introduced  which  is  basic  to  this  problem, 
and  which  depends  upon  two  dimensionless  parameters:  the  Strouhal 
number  k»xb/U ,  which  characterizes  the  unsteadiness,  and  9-nfr//,  which 
determines  the  cascade  density.  Function  R(k,  q)  is  defined  by  the 
Formula  [58] 


ft(*.  9) 


(4.32) 


I1(k,  q)  designates  tha  inqiroper  integral: 

<«.33> 

The  pressure  field  is  found  by  isolating  the  real  part  (with 
respect  to  i)  from  (4.27).  In  particular,  the  pressure  distribution 
on  a  profile  in  the  cascade  is  described  by  the  expression 

The  signs  in  front  of  the  radical  at  the  upper  and  lower  boundaries 
of  the  section  are  taken  respectively  as  +  and  -.  Worthy  of  note  is 
the  fact  that  the  law  of  pressure  distribution  does  not  depend,  in 
the  linear  formulation,  upon  the  shape  of  the  jump  ar.d  the  incidence 
frequency  of  the  vorticity  waves. 


FTD-HC-23-242-70 


149 


FTD-HC-23-242-70 


150 


function  if  Re(/*/2?)>0.  In  the  case  under  consideration,  the  real 
part  of  this  expression  is  strictly  equal  to  zero.  However,  if  it 
is  assumed  from  the  very  start  that  the  process  in  the  physical  plane 
during  flow  about  the  cascade  was  a  weakly  attenuating  process,  and 
not  a  periodic  one,  the  succeeding  calculations  are  possible.  After 
they  have  been  carried  out,  it  is  necessary  to  pass  to  the  limit, 
making  the  damping  coefficient  go  to  zero. 


The  second  integral  constitutes  a  Fourier  transform  of  a  unit 
function  and  is  computed  by  the  same  kind  of  passage  to  the  limit: 

«• 

e*  J  j «—/*'« fx-  lldx- 

After  simple  transformation  we  obtain  the  final  formula: 


The  hypergeometrlc  function  is  exp-*essed  by  the  series 

^(<*.0.  V.  ... 


( ^ -  39) 


In  the  case  under  consideration  Re(o+p-Y)— 1<0  and,  consequently, 
the  series  mu3t  converge  (absolutely)  within  the  entire  unit  circle, 
including  point  z  *  1.  The  beta-function,  in  the  special  case  where 
b  *  1/2,  i.e.,  precisely  in  the  case  under  consideration,  may  be 
represented  by  the  series 


(Mo) 

H-9 

Thus,  for  computing  the  lift  force  acting  upon  a  profile  in  a 
cascade  for  a  sinusoidal  velocity  Jump,  it  is  necessary  to  compute 
function  R(k,  q)  according  to  Formula  (*1.32).  This  in  its  turn 
requires  computation  of  the  hypergeometric  Function  (4.38). 

Let  us  first  consider  some  interesting  limit  cases: 
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.  (a)  A  very  dense  cascade,  Let  us  assume  that  the  cascade  spacing 
/  —  o»  i.e.,  </  — oo,  the  relative  frequency  of  the  process  being  such 
that  k/2q  -*■  0.  Let  us  first  estimate  the  behavior  of  the  integral 
expressed  by  ’formula  (4.38). 

For  the  limit  case  under  consideration  ct“— 1/2,  p-»o,  y->  1/2  >  *  — 0  . 

Then  hypergeometric  Series  (4.39)  has  as  its  limit  the  unit  F(a.{5.y.i)  —  1  . 
The  bet  a- function  when  a  =  jk/2q  -*•  0  may,  according  to  (4.40)  be 
represented  thus : 


"(£*  T)-*f*+const’ 

Consequently, 

i  with 


From  this  it  follows  that  the  expression  in  the  brackets  of 
(4.38)  tends  toward  zero.  In  this  manner  it  may  be  asserted  that 
when  4“* 03  a  the  condition 


M*.  <?)«'*'*•  1~ 


will  be  satisfied 

Then  from  Formula  (4.32)  we  obtain  the  limit  value  of  function 
R(k,  q)  when  : 


R(k,  q)-*e'"}*. 

Finally,  by  means  of  this  relationship  and  Formula  (4,35>,  we 
establish  a  formula  for  the  lift  force  in  the  case  of  a  very  dense 
cascade  [59] 


Upqvjcl'vukh 


(4.41) 


This  formula  establishes  an  important  fact:  For  a  dense  lattice 
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the  lift  force  does  not  depend  upon  the  frequency  of  the  process . 

The  value  t*«e.xp/(vT+A)  represents  the  velocity  of  a  vertical  jump  at 
point  x  =  -b  (since  k**\b/U) ,  i.e.,  on  the  leading  edge.  Consequently, 
Formula  (4.41)  follows  from  the  equation  of  momentum  applied  to 
steady  fluid  flow  through  one  channel  between  plates.  From  the  deri¬ 
vation,  it  follows 'that  the  turn  of  the  stream  cakes  place  instantan¬ 
eously  at  the  leading  edges,  since  the  lift,  force  is  proportional  to 
the  current  value  of  the  jump  velocity  at  point  x  =  -b.  The  value 
p °Ut  represents  the  mass  flowing  into  a  sing].e  channel  per  unit  of  time. 
Function  1’o«p/(vt+A)  represents  the  current  value  of  the  vertical 
velocity  of  the  fluid  immediately  before  the  entrance  into  the  cascade. 
Consequently,  the  stream  introduces  the  momentum  (in  direction  of  the 
y-axis)  equal  y|)*/cxp/(vt+*)  into  the  channel  between  the  plates.  The 
vertical  velocity  of  the  liquid  within  the  channel  must  equal  zero  in 
a  danse  lattice  with  stationary  plates.  Consequently,  the  obtained 
value  is  equal  to  the  change  of  the  momentum  of  the  fluid  in  a  unit 
of  time,  i.e.,  is  equal  to  the  force  acting  upon  the  plate  in  the 
direction  of  the  ordinate.  We  shall  also  emphasize  that  this  result 
is  valid,  as  was  stipulated  above,  when  h/i)-* 0,  i.e.,  when  the  Strouhal 
number,  computed  on  the  basis  of  the  cascade  spacing  \UU-+ 0,  tends 
toward  zero. 

In  view  of  the  importance  of  this  result  for  practical  applica¬ 
tions,  we  shall  explain  its  physical  aspect  from  the  point  of  view 
of  vortex  theory. 

A  vertical  velocity  jump  that  reaches  the  leading  edges  brings 
about  the  appearance  of  vorticity  which,  as  usual,  consists  of  attached 
and  free  vortices.  The  attached  vortices  obtain  the  same  sign  as  do 
the  Incident  ones,  and  the  newly  formed  free  vortices  naturally  get 
the  opposite  sign.  In  a  very  dense  lattice  the  vortices  at  the  leading 
edges  of  the  plate  comprise  almost  a  solid  sheet.  Then  the  vertical 
velocity  induced  by  them  does  not  depend  upon  the  distance  from  the 
leading  edges.  Obviously,  in  order  to  satisfy  the  boundary  conditions 
at  the  blades  it  is  necessary  that  the  free  vorticity  completely  cancel 
the  Incident  vorticity.  Consequently,  the  flow  behind  a  dense  cascade 
will  be  nonversical,  the  procc-.s  of  streamline  flow  will  be  quasi- 
steady,  and  there  will  be  no  effect  characteristic  of  unsteady  regimes. 
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(b)  Steady  flow  about  a  cascade  of  arbitrary  density.  When 
k  =  G,  it  follows  from  (4.38)  that  the  cascade  will- be  in  a  steady 
stream  at  a  constant  angle  of  attack  arctg  (v0/U).  When  k  =  0,  from 
(4.32)  we  obtain  11(0,  q)  =  exp(-q).  Then  the  lift  force  acting  upon 


the  profile  in  the  steady  flow  about  a  cascade  of  plates  without  off¬ 


set  will,  according  to  Formula  (4.35),  be  equal  to 


J?-2xPX(/l,£±,  (4.42) 

whence  when  q  *  0  we  obtain  the  formula  for  steady  flow  about  an 
isolated  profi  le  2.ip%6"* ,  and  when  q  ■*  »  we  obtain  the  formula  for 

the  lift  force  of  the  very  dense  cascade  S’>=(,«vaU/  ,  which  agrees  with 
(4.41)  when  v  *  0  and  k  *  0. 


(c)  A  single  profile.  When  the  cascade  spacing  tends  toward 
zero,  all  formulas  must  pass  into  formulas  for  a  single  profile.  In 
the  special  case  when  q  =  0,  Integral  (4.33)  is  expressed  in  terms  of 
Hankel  functions.  We  represent  (4.33)  in  the  form  of  a  sum 

It  <*.  ,)W*Vw«//|±r  e-»dx-L-»‘dx. 

I  I  I 

Making  use  of  the  definition  of  the  Hankel  functions,  we  write: 


Vie  obtain  the  value  of  the  first  integral: 

J  *~‘"dx  -  7  W?  m + /«?  w} . 

» 

The  second  integral  constitutes  a  Fourier  transform  of  a  single 
function,  and  is  computed  by  the  limit  method: 

jr*-'* 

1 

Finally  we  obtain 
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/.  ( k .  0)~£  [H?  (k)  +  jiif  (*)] 


Then  the  function  R(k,  q)  passes  into  the  function 

—  2/ 

R 0) " a* [w;3 w + inf  (*)j  *  (^.^3) 

The  formula  for  the  lift  force  (^.35)  when  q  *  0  passes  into  the 
known  formula  for  a  thin  wing: 

&~2nfPbvtUel"R(k,0),  ^ 

The  first  six  cofactors  yield  the  steady  value  of  the  lift  force,  which 
may  be  obtained  according  to  the  Zhukovskiy  theorem.  The  last  cofactor 
takes  into  account  the  unsteadiness  of  the  process  and,  for  ,a  single 
wing  and  a  burst  of  sinusoidal  shape,  was  defined  by  Kuessner  and  then 
in  a  somewhat  different  form  by  Sears.  The  function  introduced  by 
Sears  and  transformed  by  Kemp  coincides  with  the  special  ease  (4.^3) 
under  consideration. 


We  shall  make  use  of  expressions  for  the  Hankel  functions  at 
small  values  of  the  argument  in  the  following  form: 


«?' (*)  -  £  In  A - £  In  |  + 1+  . . 
H?Wm~“Zik +^,nft+  ••••  Jn~*»0,1159  ... 


We  write  the  approximate  value  of  function  (^.4 3 )  for  a  small  Strouhal 
number: 


0)-  2-*>ln*-2;*ln*  * 

As  was  to  have  been  expected,  under  steady  conditions  of  streamline 
flow  we  obtain  R(0,  0)  *  1. 

We  write  the  Hankel  functions  for  large  values  of  the  argument: 
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//?-]/ 

H?~iY 

Then  Function  (4.  *13)  for  very  large  values  of  k  will  have  the  form 

*(*.  0)^-7!.^-  ««*-*» 


The  modulus  of  function  R  determines  the  reduction  of  the  modulus 
of  the  lift  force  due  to  the  effect  of  unsteadiness,  and  the  argument 
of  R  determines  the  phase  shift  between  the  traveling  wave  of  the 
jump  of  vertical  velocity  and  the  lift  force  vector.  In  many  appli¬ 
cations  it  is  sufficient  to  know  only  the  modulus  of  function  R(k,  0). 
The  approximate  formula  applicable  within  the  entire  range  of  the 
variation  of  k,  has  the  form  [81] 


1*(*.  0)| 


_ a  +  h _ 

a  +  (.td  +  I) •  a 


0,58!!. 


( d )  The  cascade  in  vortlclty  waves  with  a  very  large _S trouh al 
number.  We  obtain  an  asymptotic  formula  for  a  very  large  frequency 
of  the  process  k  ■>  ®. 

We  return  to  Integral  (4.33),  vihlch  has  the  form  of  a  Fourier 
integral;  the  integrand  function  has  a  singularity  at  the  left  end  of 
the  Interval.  We  isolate  this  singularity,  expressing  sh[?(x-l)]  by 
the  infinite  product: 

shfa(x-l)]«?(x-!)JJ[l  +i~[%r)--]. 

We  reduce  Integral  (^.33)  to  the  expression 

/i  (fr.  <?)=*/  e-,u  (x  -  1)-’A  <j>  (x,  q)  dx. 


Here  the  function  <r(x,<?)  on  the  integration  segment  has  no  singularity 
and  is  represented  by  the  formula 
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When  k~*co»  the  method  of  asymptotic  expansion  [953  may  be  used 
for -evaluation  of  the  integral: 

/,  <*.  ?)  -  S  ^  (»)  + O  (*-")  . 

•  -# 


Here  it  is  assumed  that  the  function  r(x,?)  has  continuous  derivatives 
th 

up  to  the  N  order  inclusively. 

Restricting  ourselves  to  the  first  term  of  the  series,  we  find 

We  find  the  final  value  of  function  R(k,  q)  in  the  limit  case  of 
k-+3o  by  means  of  (4.32).  After  the  replacement  r (1/2)  —  yii  and  trans¬ 
formations,  we  obtain 

m  *-*°°'  (4.46) 

If,  in  addition,  the  cascade  spacing  increases  without  limit 
(/-*<»,  ^-*.0),  we  obtain  the  formula 

#(*.  *-*oo,  q-+Q, 


which  coincides  with  the  formula  found  above  for  a  single  wing. 


If,  under  the  condition  of  k  ■*  •  it  is  assumed  that  q  ■*  «  (l.e., 
a  cascade  with  an  infinitely  small  spacing  t  +  0  is  considered)  and 
it  is  required  that  k/q  •*  0,  we  obtain 

>?(*.  fll  ««'**'*.  *-* oo,  q-+°o,  k/q -* 0. 

This  formula  also  agrees  with  the  one  found  above.  Thus,  the  streamline 
may  be  regarded  as  being  quasi-steady,  if  only  k/q-vifnU-* 0,  i.e..  If 
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the  STouhal  number,  computed  on  the  basis  of  the  cascade  spacing,  is 
suffi* -ently  small. 


We  shall  obtain  one  more  asymptotic  formula  by  taking  advantage 
of  the  fact  that  even  for  a  cascade  of  relatively  low  density  it  may 
be  assumed  that  sh (2#/) « e->l2  ;  for  example,  when  2b/t  =  1  the  error  with 
such  a  substitution  comprises  less  than  1%.  Then  for  large  Strouhal 
numbers  and  large  cascade  density,  the  following  formula  is  valid: 


RV>.  q) 


exp  (-?  +  /*-  w/-Q  . 
l  +  Vnk&q 


«>.  q>n. 


If  when  k  -►  «  it  is  also  true  that  k/q  -*■  then  from  ( ^ .  U6 )  it 
follows  that 


This  formula  differs  from  the  asymptotic  formula  for  a  single  wing 
only  by  virtue  of  the  multiplier  which  depends  upon  the  cascade  den¬ 
sity.  Taking  (4.35)  into  account,  we  find  the  formula  for  the  lift 
force  when  k  -*•  ®  and  k/q  -*•  »: 

.?~2 afaUb  |/ 

When  q  •>  0,  the  asymptotic  formula  for  a  single  wing  is  found  as  a 
consequence. 

Let  us  return  to  the  general  case.  Function  Ij(k,  q)  is  encoun¬ 
tered  in  many  problems  of  unsteady  flow  about  a  plate  cascade,  and 
therefore  it  is  desirable  to  have  tables  for  it.  Integral  (4.33) 
was  computed  on  a  digital  electronic  computer  and  the  results  of 

computation  of  the  real  part  and  the  imaginary  part  of  the  function 
are  presented  in  Table  4.1  (a,  b).  The  integral  may  also  be  computed 
by  means  of  hypergeometric  Series  (4.38),  and  furthermore  such  a  series 


Footnote  (1)  appears  on  page  195. 
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of  approximate  formulas  can  be  obtained  for  special  cases.  By  means 
of  the  obtained  table,  function  R(k,  q)  can  be  computed  on  the  basis 
of  (4.32),  and  the  lift  force  can  be  computed  on  the  basis  of  (4.35). 


FT 


It  is  convenient,  by  means  of  simple  transformations,  to  put 
Formula  (4.35)  into  the  following  form 

The  first  five  cofactors  determine  the  lift  force  of  an  isolated 
plate  in  a  stabilized  stream.  The  last  cofactors  yield  a  correction 
for  the  fact  that  the  plate  is  situated  in  a  cascade,  and  also  take 
into  account  the  unsteadiness  of  the  streamline  flow. 

The  value  of  the  real  part  and  the  imaginary  part  of  function 
R(k,  q)  are  presented  in  Table  4.2  (a,  b).  Graphs  of  the  real  part 
and  the  imaginary  part  of  function  sh(y)  ♦/?(*. are  presented  in 
Figure  4„4  and  Figure  4.5,  and  in  the  polar  coordinate  system  in 
Figure  4.6.  The  values  of  the  real  part  and  the  imaginary  part  of 
♦‘unction  R(k,  0)  according  to  the  data  of  Reference  [152]  are  pre¬ 
sented  In  Table  4.2  (c). 

The  problem  considered  In  this  section  ha3  been  solved  in 
Reference  [58]. 

5  4.5.  Flow  about  a  Cascade  of 
Thin  Vibrating  Profiles 

The  theory  of  flow  about  a  cascade  of  vibrating  plates  has  been 
considered  in  a  large  number  of  works  (Section  4.1).  We  shall  now 
dwell  on  the  application  of  the  acceleration  potential  method  on  the 
basis  of  Reference  [59].  The  principal  advantage  of  the  acceleration 
potential  method  in  this  case  is  the  possibility  of  obtaining  formulas 
which  can  be  analyzed. 
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TABLE  2a 


r 

I? 


TABLE  2c 


* 

Re  R  <*.  0) 

1m  If  (ft,  Cft 

ft 

Re  R  (ft,  Ot 

tin  £  (ft.  (ft 

i 

0 

1,00000 

0 

26 

+0,07793 

+0,00673 

1 

+0,36865 

+0,12534 

27 

+0,03573 

+0,06795 

2 

+0,03157 

+0,26797 

28 

— 0.C3719 

+0,06559 

3 

—0,14479 

+0,17727 

29 

-0,07403 

+0,00944 

4 

-0,10802 

+0,02067 

30 

-0,01266 

-0,05901 

5 

-0,03116 

-0,15863 

31 

+0,02620 

-0,06671 

6 

+0,08127 

-0.14098 

32 

+0,06955 

-0,01330 

7 

+0,15050 

-0,00765 

35 

+0.04883 

+0.05004 

a 

+0.CS235 

+0,11443 

34 

-0,01575 

+0,06657 

9 

-0,01863 

+0,12373 

35 

-0,06360 

+0,02241 

10 

-0,12365 

+0,02477 

36 

—005246 

-0,04081 

U 

-0,03357 

-0,08635 

37 

+0.00387 

-0,06534 

12 

+0,02618 

—0.11212 

38 

+0,05735 

-0,03000 

13 

+0,10121 

-0,03712 

39 

+0.05550 

+0,03162 

14 

+0,08139 

+0,06512 

40 

+0,00335 

+0.96301 

15 

— 0.CO882 

+0,1026! 

4! 

-0,05061 

+0,03639 

16 

-0,08320 

+0,01654 

42 

—0.056-17 

-0.02345 

17 

-0,08420 

-0,04760 

43 

—0.0 11 75 

-0,05970 

18 

-0,00539 

-0,09390 

44 

+0,01355 

-0,04170 

19 

+0,07401 

-0,03350 

45 

+0,05785 

+0,01384 

20 

+0,08312 

0,03240 

46 

+0.01937 

+0,05554 

21 

+0,01728 

+0,08530 

47 

—0,03589 

+0,04582 

22 

— 0.06IG1 

+0,05930 

48 

-0,05715 

-0,00536 

23 

— '/.0SI01 

-0,01887 

49  ' 

-0,02627 

-0.05056 

24 

23 

-2,02730 

+0,01875 

-0,07670 

—0,06314 

50 

+0,02815 

-0,01588 
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Figure  *<.4.  Relationship  of  the  real  part 
of  function  to  the  Strouhal 

number  and  the  cascade  density. 


Figure  Jj.p.  Relationship  of  the  imaginary 
part  of  function  v* 'h «)  to  the  Strouhal 
number  and  the  cascade  density. 
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Figure  4.6.  Graph  of  function  i~' <iR (*. <?) 
in  a  polar  system  of  coordinates. 


We  shall  consider  flow  about  a  straight  cascade  of  plates  which 
oscillate  synchronously  in  phase  in  a  direction  perpendicular  to  the 
chord.  We  consider  the  normal  velocities  and  accelerations  of  the 
plates  to  be  given: 


1*o(t)  =*  fly  =-■*  /VtfO*,Vt 


Since  the  normal  velocity  and  acceleration  are  constant  along  a 
plate,  the  acceleration  potential  may  be  given  in  the  following  form: 

Here  it  is  assumed  that  the  chord  of  the  plates  is  2b  =  2,  and  that 
the  origin  of  the  coordinates  is  located  in  the  center  of  one  of  the 
plates.  The  abscissa  coincides  with  the  plate.  In  all  transforma¬ 
tions  v/e  shall  be  discarding  the  multiplier  c.\p(/vx)  ;  and  therefore 
we  shall  henceforth  be  considering  A  and  B  as  complex  (with  respect 
to  j )  constants.  Coefficient  A  is,  as  before,  determined  on  the 
basis  of  the  normal  acceleration  on  the  plate.  Coefficient  B,  which 
is  now  not  equal  to  zero,  does  not  enter  in  these  calculations,  since 
the  expression  by  which  it  is  multiplied  will  yield  only  the  acceler¬ 
ation  component  a  on  the  plates.  This  is  obvious,  since  the  deriva- 
tive  of  the  last  term,  which  is  the  complex  acceleration 


_ IqBi in  2$ _ 

TiiTfv  (i  +  DM  si*  Iv  U  +  |)J 
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on  the  sections  y=inl,  —  !<.v<!  assumes  real  (with  respect  to  i)  values, 
where  n  =  0;  +  1;  ... 

The  derivative  of  the  first  term  of  (4.47)  equal  to: 

iA(  - A 

On  the  sections,  the  imaginary  part  (with  respect  to  i)  of  this 
derivative  is  equal  to  -iA. 

Since  the  derivative  of  the  acceleration  potential  Function  (4.47) 
is  equal  to  the  complex  acceleration,  it  is  obvious  that  on  the 
sections  the  equality 


A=at=j\-ct=*jkU 


is  valid. 

Coefficient  B  must  be  selected  in  such  a  manner  as  to  satisfy 
the  boundary  value  for  velocity.  From  Formula  (4.9),  on  the  basis 
of  the  obtained  normal  accelerations,  we  determine  the  normal  velocity 
on  the  plates: 

-I 

I  /*fl»  rl»  .f _ g  sin  2</«^*x  Jt _ 

U  2  sh  If  (*  +  1)J  Vih  [f  (x—  I )j  * sh £<t  (x+  1)] 

Here  vQ  is  the  boundary  value  of  the  oscillation  velocity  modulus; 
the  time  multiplier  is  everywhere  discarded. 

In  this  case  it  is  assumed  that  perturbations  far  in  front  of 
the  cascade  are  absent.  Since  all  the  plates  are  under  the  same 
conditions,  the  integral  is  written  for  the  basic  plate,  l.e.,  inte¬ 
gration  is  conducted  along  the  abscissa.  The  second  integral  is  taken 
by  parts,  as  has  been  shown  above.  After  transformation  we  obtain 
the  expression  for  B: 
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B  »  eyv,,9a  «  -  viUei',lT(kt  g). 


(11.48) 


Here  T(k,  q)  is  a  function  that  is  complex  with  respect  to  j,  equal 
[59 J  to 


T{k,  g)=* 


(4.49) 


In  the  formula  the  designations  are:  I^(k,  q)  is  the  improper 
integral  introduced  above  (4.33);  I2(k,  9)  is  an  imPr°Per  integral 
defined  by  the  expression 


("-50) 

The  pressure  distribution  along  the  profile  is  found  by  isolating, 
from  the  complex  acceleration  Potential  (4.47),  the  real  (with  respect 
t  z>  i)  part: 


P 


/1p°arccos 


ch  q  1 


i,h[gtl-x)l 
sii  l?(l+x)I  ■ 


(4.51) 


The  pressures  at  the  upper  side  and  the  lower  side  of  the  profile 
are  equal  in  magnitude,  but  are  opposite  in  sign.  The  force  acting 
upon  the  blade  is  found  by  integrating  (4.51)  along  the  blade  contour. 
The  force  obtained  with  integration  of  the.  first  term  is  not  connected 
with  circulation,  but  is  equal  to  the  attached  mass  multiplied  by 
the  acceleration.  Computation  of  the  attached  mass  for  this  type 
of  oscillation  has  already  been  carried  out  (4.20).  Integration  of 
the  second  term  in  (4.51)  yields  the  component  of  the  lift  force  which 
depends  upon  the  circulation: 

* — 2Pv//e/vish  (if)  r  (*,?).  (4.52) 

The  improper  integral  entering  into  the  basic  function  T(k,  q) 
may  be  expressed  in  terms  of  hypergeometric  functions.  For  the 
integral  I1(k,  q)  this  was  done  in  Formulas  (4.33)  and  (4.38).  We 
break  integral  I2(k,  9.)  into  a  sum  of  two  integrals  and,  replacing 
in  the  first  integral  the  integration  variable  ?“cxp[2v(i-r)j .  we  obtain 
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(4.53) 


f  f  (1  —  5)-,/,(l  _e-«5rw(!  -e-wg)  V'~l  </|. 

J  ^sb'vr-sli’v  Iq  £ 


The  last  integral  is  also  broken  down  into  tv/<~>  integrals ,  each 
of  which  is  expressed  in  terms  of  the  hypergeometric  function 
and  the  beta-function  B(a,  b) 

j‘(1_  (1  -  w  dl**B  (a.  b)F  (a,  p.  Y-  *)• 


jk  .  .  I  I  -  jk 

a*=2f  U“T’  P=27* 


Y=*T  +  f*  2-"e'" 


/(l-5r,/S0-c-«|)s?*d§«i5(a'.  6')F«  P',  Y.z). 


Here 


af=*i*  P,s“1+ 1?* 


y  =,.1 4.  i*.  »af-« 

Y  2  +  2f  ’  Z  *  ' 


With  account  taken  of  these  expressions,  as  well  as  of  the 
expression  for  the  Fourier  integral  of  a  unit  function,  we  obtain 
the  formula  for  determining  I2(k,  q) : 

/,(*.  =  b)F(a,  P.  Y.  *)- 

MFM  ?'•  Y'.  *>  ~j£].  {  '* 

We  shall  consider  the  interesting  limit  cases. 


(4.511) 


(a)  A  dense  cascade.  For  a  dense  cascade  when  e*P(— ?)<|  f  in  the 
integrand  of  (4.53)  the  second  and  the  third  parenthesis  may  be  dis¬ 
carded.  Under  the  same  condition,  the  third  parenthesis  may  be 
discarded  in  the  integrand  of  (4.36).  It  is  easy  to  show  [59]  that 
discarding  the  parentheses  is  equivalent  to  assuming  ch<7.v.-shi?r=*  1/2 exp qx  , 
which  in  the  limit  is  exact,  and  in  practice  is  fulfilled  already 
under  the  condition  q  >  1  when  x>\  .  Here  the  integrals  I1(k,  q)  and 
^(.k,  q)  are  reduced  to  the  following  form: 
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«>-c*  J  (pT^53"" 


With  this  taken  into  consideration,  it  follows  from  Formula  (4.49) 
that  when  exp  {—q)< I  the  function  T(k,q)^e-i  does  not  depend  upon  the 
oscillation  frequency.  Consequently ,  the  lift  force  acting  upon  a 
plate  which  oscillates  without  phase  shift  in  a  dense  lattice  is 
equal  to  the  steady  lift  force: 


V’^p^Utel".  (4-55) 

This  formula  differs  from  Formula  (4.41)  only  by  the  multiplier 
exp(jk),  which  is  not  a  basic  difference,  and  is  explained  by  the 

fact  that  now  the  argument  of  the  boundary  value  of  the  velocity  does 

not  change.  Consequently,  for  calculation  of  the  forces  acting  upon 
the  prefixes  in  a  dense  cascade  which  are  oscillating  in  phase,  it  is 
possible  to  employ  the  equation  of  momentum  directly: 

~"-.l (4.56) 

Here  U  is  the  velocity  of  the  stabilized  main  stream,  v  is  the  oscilla¬ 
tion  velocity  of  the  blade  in  a  direction  perpendicular  to  the  velocity 

of  the  main  stream,  t  is  time,  p°  is  the  density  of  the  fluid;  the 
force acts  upon  the  mass  of  the  fluid  contained  within  the  closed 
curve  a  which  encompasses  the  area  f. 


For  synchronous  and  cophasal  |?»?5«xp /vr)  oscillation  of  plates  in 
a  dense  cascade  'without  offset  we  consider  the  velocity  vQ  to  be  con¬ 
stant  in  the  channel.  We  integrate  along  the  contour  of  o,  which  is 
composed  of  adjacent  plates  and  straight  lines  connecting  their  ends, 
and  the  area  f  contained  within  the  contour: 


JZ  »  Voile1"  +  2/p‘>Ww0e'vt. 


Here  t  is  the  cascade  spacing,  2  b  is  the  chord  of  the  plate. 
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The  first  term  of  the  obtained  expression  coincides  with  the 
limit  case  (4.55).  The  second  term  yields  the  force  caused  by  the 
attached  mass,  and  can  also  be  obtained  from  the  exact  solution  (4.20) 
by  a  limit  transition  t/2b  ■*  0. 

(b)  Stabilized  Flow  about  a  Cascade  of  Arbitrary  Density.  With 
stabilized  streamline  flow,  acceleration  is  absent  (a  =  0)  and, 

J 

consequently,  A  *  0. 

From  Formula  (4.49)  it  follows  that  T(0,  q)  =  exp  (-q),  and  then 
from  (4.52)  we  obtain 


^  =  -2ap \Ub 


sh  g 

?  ex P  »  ' 


« 


ft 


This  expression  differs  from  (4.42)  only  by  the  sign.  The  appear 
ance  of  the  minus  sign  is  explained  by  the  fact  that  when  the  cascade 
moves  upward,  the  lift  force  is  directed  downwards. 

(c)  A  Single  Profile.  With  an  increase  without  limit  of  the 
cascade  spacing  (<  —  oo,  ?—0)  we  obtain  the  limit  values  of  the  integrals 

/.  (*.  0)  -  J  1)  e-^dx. 

I 

m 

which  are  expressed  in  terms  of  the  Hankel  function  in  the  form 

/.  (*.  0)--f  [H?  (*)  +  /// o* (*)]  ~  j- e->\ 

M*,0) — f //'.-’’{*) —jj-*-'*.  .  (4.57) 

Substituting  (4.57)  into  (4.49),  it  becomes  clear  that  function 
T(k,  q)  passes  into  the  Thecdorsen  function  C(k) ,  which  plays  a  basic 
part  in  the  study  of  oscillations  of  an  isolated  profile: 


T{k,  0)«C(*)- 


(4.58) 
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The  formula  for  lift  force  (*1.52)  when  q 
well-known  formula  for  a  thin  wing  [81]: 

J?™2zpnbvuUel"C(k). 


=  0  passes  into  the 


(*1.59) 


The  first  cofactors  yield  the  quasi-steady  value  of  the  lift  force 
obtained  under  the  assumption  that  there  is  no  vortex  wake.  The  last 
cofactor  takes  into  account  the  unsteadiness  of  the  process  and  was 
first  defined  by  birnbaum  in  a  somewhat  different  form.  Utilising 
the  expansion  of  Hankel  function  with  a  small  value  of  the  argument 
(*l.*15),  we  obtain  the  limit  value  of  C(k)  when  k  -*•  0: 


C  (It)  -  (l  -  d£)  -K  /*  (in  +  Y)..  Y  -  0,5772 . . . 


Analogously,  by  means  of  asymptotic  formulas  we  obtain  the 
values  of  C(k)  when  k  -*■  *: 


c<*>— t  [(•  •••  «W)  -  -£rj- 


The  values  of  the  real  part  and  the  imaginary  part  of  function 
0(k)  =  F(k)  +  JG(k)  are  presented  in  Table  *1.3. 


( d )  The  Oscillations  of  a  Lattice. with  a  Very  Large  Strouhal 
Number.  We  obtain  the  asymptotic  formula  for  a  very  high  frequency 
of  the  process  k  <*>.  We  return  to  the  basic  Formula  (*l.2i9)  .  The 
asymptotic  formula  for  the  integral  I.,(k,  q)  was  obtained  above.  We 
shall  make  an  asymptotic  estimate  of  integral  IgCk,  q)*  For  this  we 
shall  isolate  the  singularity  at  the  end  of  the  integration  interval. 
Using  trigonometric  formulas,  we  reduce  Integral  (*1.5b)  to  the  form 


i(*>  J(-jr 


_ sh_<?£ _ 

*h[<j  (x+l)J-shf<7(x 


e'J  dx. 


Representing  sh[q(x-l)]  in  terms  of  an  infinite  product,  we  obtain 


M*.  </)=/*-'*>(*.  q){x-\Tindx. 
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TABLE  4,3 


k 

r 

~a 

k 

■r 

-a 

»  . 

r 

-0 

0/XM 

1,00000 

030000 

0,(8 

030259 

0,15347 

0.98 

034062 

0>I0S7I 

0,002 

0,90671 

0,01258 

030 

039795 

0,15071 

130 

033943 

0,10027 

0,02 

036373 

037521 

032 

039359 

0,14600 

l.l 

033421 

0,09361 

0,04 

0,92670 

0,11600 

034 

0,59953 

0,14535 

13 

0,52996 

038771 

0,06 

039204 

0,14259 

036 

036572 

<5,14277 

13 

032644 

038247 

0.06 

036043 

0,16040 

038 

038215 

0.14024 

1.4 

032349 

037777 

0,10 

033192 

0,17230 

0,60 

037860 

0,13779 

13 

032101 

0,07356 

0,12 

030333 

0,16007 

032 

037565 

0,13539 

13 

031890 

036877 

0.14 

036337 

0,16489 

034 

037269 

0,13306 

1.7 

031709 

036632 

0,16 

0,76277" 

0,16757 

036 

036969 

0,13078 

!3 

031552 

0,06313 

0,18 

C, 74426 

0,18867 

0,66 

036725 

0,12857 

13 

03MI5 

036012 

0,20 

0,72758 

0.I88G2 

0.70 

036476 

0,12642 

23 

031295 

036769 

0.22 

0,71232 

0,16772 

0,71 

036240 

0,12433 

23 

030874 

034730 

0,24 

0,69069 

0,18619 

0.74 

036017 

0,12229 

33 

030628 

034000 

0.26 

0,66651 

0,18120 

0,76 

036906 

0,12001 

3 3 

030472 

0,03462 

03* 

037525 

0,18188 

0,76 

035606 

0,11838 

4  fi 

030367 

0,03060 

030 

036497 

9,17932 

030 

035415 

0,1  IKK 

43 

030291 

032724 

032 

03M57 

0,17659 

032 

036234 

0,11468 

53 

030240 

032460 

0,34 

0,64605 

0,17376 

034 

035062 

0,11290 

10 

030062 

031245 

036 

0,63902 

0,17086 

036 

034898 

0,11117 

20 

.030016 

030625 

036 

033172 

0,16792 

038 

034741 

0,10949 

30 

030007 

030417 

0,40 

0,02496 

0,16496 

030 

034591 

0,10785 

40 

030004 

030312 

0.42 

03*874 

0,16206 

0,92 

034451 

0,10-26 

30 

030003 

030250 

0,14 

031296 

0,15915 

0.94 

034315 

0,10470 

100 

030001 

030125 

o.:s 

0,(10759 

0,15629 

036 

031186 

0,10:19 

«0 

030000 

0.00000 
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Here  trie  function  has  been  introduced  which  has  no  singularities 

in  the  integration  interval.  It  is  defined  by  the  formula 


q) 


sh jx 


alif-b’] . . 

n’rf  j 


Omitting  further  operations,  which  are  analogous  to  those  carried  out 
in  estimating  integral  I^(k,  q),  we  reduce  the  final  expression  to 
the  form 


I2  (*.  0)  -  f  0/2)  y===— •  +  0  k ->  oo. 


We  shall  obtain  the  resultant  formula  for  T(k,  q)  when  k  ->-  «>  from 
(4.49),  using  the  asymptotic  estimates  of  integrals  I^(k,  q)  and 
I2(k,  q): 


T(k,  q) 


*  y  1**?* 

/ - ■  ■  »  K"“>  0O+ 

t*+y  !*">/< 


Let  us  consider  special  cases  of  this  formula.  For  a  single 
profile  (q  =  0)  with  a  very  high  relative  oscillation  frequency 
(k  ->  «)  we  obtain  the  known  value  T(k,0)-*i/2 .  For  a  very  dense  cascade 
exp(— v)«Cl  ,  with  a  supplementary  condition  concerning  the  smallness  of 
the  Strouhal  number  computed  on  the  basis  of  cascade  spacing  k/q  •*■  0, 
we  find  T(k,q)  -»exp(— q) .  This  agrees  with  the  derivation  obtained  above 
in  another  way. 


We  return  to  the  general  case.  The  value  of  function  I2(k,  q) 
enters  into  many  problems  dealing  with  unsteady  flow  about  cascades. 
The  real  and  imaginary  parts  of  I2(k,  q) >  computed  on  an  electronic 
digital  computer  directly  on  the  basis  of  (4.50),  are  presented  in 
Table  4.4  (a,  b).  The  calculations  may  also  be  made  by  taking  advan¬ 
tage  of  the  expression  of  the  Integral  in  terms  of  the  hypergeometric 
function  on  the  basis  of  (4.54). 


The  lift  force  acting  upon  a  vibrating  plate 
be  defined  by  (4.52).  It  is  convenient  to  reduce 


in  the  cascade  may 
(4.52)  to  the  form 


^  =  q). 
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The  real  and  Imaginary  values  of  function  T(k,  q)  are  presented 
in  Table  4.5.  The  graph  of  the  real  part  of  function  T(k,  q)  is 
presented  in  Figure  4.7.  With  a  cascade  density  of  ?«■«&//> 2  ,  the 
curves  corresponding  to  different  values  of  Strouhal  numbers  k  =  yb/U 
coincide.  The  reason  for  this  was  explained  above. 


Figure  4.7.  Relationship  of  the  real 
part  of  function  *,»)  to  the 

Strouhal  number  and  the  cascade  density. 

A  graph  of  the  imaginary  part  of  T(k,  q)  is  given  in  Figure  4.8. 
Here  it  can  be  seen  that  when  q  >  2,  the  imaginary  parts  are  small. 

In  Figure  4.9  the  latter  relationship  is  reconstructed;  the  Strouhal 
number  Is  plotted  as  the  argument  along  the  abscissa.  This  makes  the 
graph  easier  to  visualize.  The  relationship  corresponding  to  the 
limit  case  q  «  0  (an  isolated  wing)  is  also  plotted  on  the  basis  of 
the  data  of  Table  4.3. 

We  3hall  finish  our  study  of  the  problem  of  the  oscillations  of 
a  cascade  without  phase  shift  with  a  comparison  of  the  numerical 
results  obtained  by  various  authors.  In  Figures  4.10  and  4.11  the 
solution  under  consideration  is  compared  with  data  obtained  from 
four  known  studies. 
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TABLE  l|.5a 


0.1 


<U 


0.4 


».* 


0,90181 

0,88082 

0,82822 

0,72827 

0,62399 

0,577-15 

0,55202 

0,53792 

0,51095 

0.50112 


0,81873 
0.8J9J7 
0,78106 
0,71720 
0,61905 
0,571 19 
0,51593 
0,53115 
0,50375 
0.49373 


0,7 '082 
0,73521 
0,72338 
0,63351 
0.00.‘22 
0.55935 
0,33183 
0,51970 
0,49193 
0,48185 


0,67032 

0,66739 

0,06095 

0,63752 

0,58257 

0,51307 

0,51885 

0,50388 

0,47613 

0.45G0G 


IA 


0.548Q1 

0,51804 

0.54575 

0,53745 

0,51322 

0.48992 

0,47239 

0,46014 

0,43180 

0,42806 


0.41933 

0,41995 

0,41824 

0,41515 

0,43505 

9,42817 

0.41323 

0.40511 

0,38533 

0,37678 


0.35788 

0,30777 

0,36716 

0.36627 

0,35209 

0.35576 

0.C5146 

0.31G89 

0.33323 

0,32650 


0,22313 

0,22312 

0,22325 

0,22297 

0.22250 

0,22183 

0.22103 

0,22019 

0,21617 

0,21385 


0,13533 

0,13533 

0,13533 

0,13532 

0,13528 

0,13522 

0,13512 

0,13501 

0,13115 

0.13318 


0,08208 

0.08208 

0.08208 

0.08209 

0.08269 

0,08210 

0,08210 

0,08209 

0,08187 

0,08i79 


J.O 

«,• 

i-V.-  ^ 

ifi 

0,01979 

0,01832 

0.00674 

0.00218 

0.01979 

0,01832 

0,00674 

0.09248 

0.04979 

0,01832 

0,00674. 

0,00218 

0.01979 

0,01832 

0,00074 

0.09218 

0.01973 

0,01832 

0,00674 

0.00218 

0.01980 

0,01832 

0,00674 

0,00248 

0,01981 

0,01833 

0,00674 

0.00248 

0.01382 

0.01833 

0,00074 

0,00248 

0.01974 

0.01830 

0.00674 

0,00248 

0.01977 

0,01833 

0,00574 

0,00218 

TABLE  4.5b 


\.  4 

1 

U 

M 

M- 

0,1 

0 

0,05 

0.10 

040 

0,40 

0,80 

ojn 

1.00 

2.09 

s.oo 

0 

-0/4737 

-0,11383 
-0,17891 
—0,18105 
—0,11551 
— 0,11490 
—0,03839 
-O.OMIS 
—0,02223 

0 

—0,05298 
— 0.09J63 
— 0,14393 
-0,14821 
-0,12797 
-0,10913 
-0,09144 
-0,05354 
-0,02137 

0 

-0,03372 
—0,0.'  387 
-0,10553 
-0,12817 
-0.11520 
— 0,10052 
—0,08782 
—0,05321 
-0,02010 

0 

-0,02208 
-0,01257 
-0,07199 
-0,10057 
—0.09653 
— 0,048  '7 
-0,07857 
-0,01910 
-9.01815 

0 

-0.00987 
— 0,0193> 
-0,03313 
-0,05:78 
^0,00281 
‘  —0,05125 
-0,05591 
— 0,03553 
— 0,01453 

M 

».« 

~n 

M 

0 
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0,10 

O/JO 

0,40 

0,00 

»A0 

1.00 

0.00 

5.00 

0 

-0,00457 
-0,00901 
-0,01731 
-0.0293 
-0,03579 
-0.03715 
-0.03  ril 
-0,01513 
-0,01055 

0 

-0.09216 
—6,00123 
-0,00831 
-0/31497 
-0.01915 
-0,02118 
— 0,021.32 
-0,01872 
-0,00714 

0 

-0432.10"* 

-0.701 . 10“ 

-0,00138 

—6,00232 

-6.00353 

-0,00428. 

-0,00168 

-0,00147 

-0,00198 

0 

-0,008. 10" 
-0.121  •  io r* 
-0.2/0. 10*’ 
-0.158- 10'* 
-0,033.  io" 
-0.785.10*’ 
-0411- 10'* 
-0416. 10"* 
-O/Ml-IO'* 

•  0 

-o.i  to  -  io" 

— P.2I5 . 10’* 
-0,423  -  IO~*j 
-0,793  *  10  j 
-0.t04  •  10' j 
-0.115-  ?0  j 
-0,111  -  iO~*j 
-0,433-  10*  j 
1-0,149  •  10~*j 

1 

M 

n 

>.» 

’  *J» 

0 

0.05 

0.10 

0,20 

0.40 

0.80 

0,80 

IjOO 

2,00 

5,00 

r 

0 

-0401.  JO'* 
-0.401.10'* 
-01768. 10"* 
-0.123.10'* 
-0,115. 10'* 
—0,45! .  10'* 
+0,908. 10’* 
+0,7lfi .  10"* 
+0.172  •  10*‘ 

0 

-<*743.10" 
-0,132.10'* 
-0,138.10'* 
+0405- IQ"* 
+0/324.10'* 
+0,782.10** 
+0,142.10'* 
+0.192. 10'* 
+0406- 10*' 

0 

-0418.10'* 
+0,111.10'* 
+0.455,.  10'* 

+  0,122.10'* 
+0,138.10** 
+0493. 10'5 
+0430.19’* 
+0.142.10'* 
+0&O.  10"' 

0 

+9,178.10'* 
+0421.10"* 
+0,191.10"' 
+0,153- 10** 
+0,487.10"* 
+0,106. 10"* 
+0,181- 10"5 
+0,486- 10'* 
+0,110.10" 
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Figure  ^.3.  Relationship  of  the  imag¬ 
inary  part  of  function  <>-' vj  to  the 
Strouhal  number  and  the  cascade  density. 


Figure  ij.9.  Relationship  of  the  imaginary 
part  of  function  9)  to  the  Strouhal 

number  and  the  cascade  density. 
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Figure  4.10.  Comparison  of  re¬ 
sults  of  the  calculation  of 
function  jrl»h?r(*.  9)  by  various 
authors.  The  solid  curve  is 
plotted  according  to  Formula 
(4.49),  (l)-according  to  [6], 
(2)~according  to  [145],  (3)- 
according  to  [132],  (4)-accord- 
ing  to  D.  N.  Gorelov. 


Figure  4.11.  Comparison  of  re¬ 
sults  of  the  calculation  of 
function  4)  by  various 

authors.  The  solid  curve  is 
plotted  according  to  Formula 
(4.49),  (l)-according  to  [6], 
(2)-according  to  [145],  (3)- 
according  to  [132],  (4)-accord- 
ing  to  D.  N.  Gorelov. 


Problems  dealing  with  torsional  oscillations  of  plates  may  be 
considered  with  application  of  the  expansion  of  the  complex  acceler¬ 
ation  potential  into  Series  (4.17). 


Let  us  consider  cophasal  torsional  oscillations  of  the  blades  in 
a  cascade  in  the  same  formulation  as  in  the  case  of  translational 
vibration.  Let  the  blades  oscillate  according  to  the  law 


(4.60) 


Here  yO  is  the  oscillation  amplitude  of  the  ends  of  the  plate. 

The  normal  component  of  the  stream  velocity  at  the  profile  depends 
upon  the  instantaneous  velocity  and  the  instantaneous  position  of  the 
plate  in  accordance  with  the  formula 

v~yaU(\+jkx)e>'\  ,  \ 
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The  normal  acceleration  component  will  be  equal  to 


a*  »  jvu  +  U  =»  jyJtV*  (2  +  jkx)  e'” . 


(>1.62) 


We  shall  show  that  even  for  dense  cascades,  it  is  possible  to  be 
restricted  in  the  complex  acceleration  potential  to  the  first  two 
terms  of  Series  (*1.17)  in  the  solution: 


» 

w  =  q)-z\"+iB 

We  find  tne  complex  acceleration  by  differentiation  with  respect 

to  z : 


,/  Slltg(f-l)) 


(**.63) 


’Where  w.,  w0  and  w,  represent  the  corresponding  parts  of  complex 

1  '  u  ,1 

acceleration  potential  (*1.30) 


The  normal  acceleration  component  at  the  profile  is  found  by 
isolating  the  imaginary  part  of  Expression  ( *1.6*1).  The  third  term  in 
(*i.6*i)  was  found  above  and  it  was  shown  that  it  assumes  real  values 
on  plates.  The  imaginary  parts  of  the  first  term  and  the  second  term 
can  be  found  with  the  aid  of  the  formulas  of  Section  *1.3: 


fly  S=*  A  I  -  2/1 


f  _  <!* 

\  q  J'sh*<7- 


n  gx _ 

q  —  iWqx 


1'  ;h*  g  —  sh1  qx 


In  the  limit  case  of  a  cascade  w: th  an  infinitely  large  spacing 
(q  =  0),  the  expression  in  parenthesis  passes  into  2x,  i.e.,  on  the 
basis  of  (*1.62)  it  can  give  an  exact  solution  of  the  problem  for  an 
isolateu  wing.  However,  it  is  easy  to  notice  that  the  function  in 
parenthesis  is  close  to  a  linear  one,  i.e.,  it  yields  a  practically 
exact  solution  even  in  the  case  of  a  dense  cascade. 


This  is  confirmed  by  the  graph  presented  in  Figure  *1.12,  where 
the  value  of  av2  is  plotted  in  terms  of  fractions  of  the  value  of 
this  function  at  the  edges  of  the  plate: 
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«*<D- 2(l  +  7«w) 


(4.65) 


Figure  4.12.  Comparison  of  the 
precise  relationship  of  normal 
accelerations  at  a  plate  in 
the  case  of  torsional  oscil¬ 
lation  (1)  with  approximate 
curves  computed  for  cases  of 
2b/t  =  1  and  2b/t  *  2. 

utilizing  (4.63),  (4.64),  (4.10), 


Then  the  coefficients  An  in  the 
expression  for  the  complex  potential 
are  determined  on  the  basis  of  the 
known  boundary  acceleration  (4.62): 


-2 jyJtU’el'*, 


The  coefficient  E  in  (4.63) 
must  be  defined  in  such  a  manner  as 
to  satisfy  the  normal  velocities  at 
the  plates.  Employing  (4.9)  and 
and  (4.65),  we  obtain 


I  -  jk+2jkelkI, + i-  jk'q  (?  +  th  ?)•'  /, 

?  -  - -fe- - . 

Here  functions  I-^k,  q)  and  I2(k,  q)  were  introduced  above,  and 
function  I^k,  q)  is  expressed  by  the  integral: 

m 

M*.  «)- J  [~ln(chvAf+  qx -  sh* q)  ~ xje-tizdx. 

The  pressure  distribution  on  the  vibrating  profiles  is  found  by 
isolating  the  imaginary  part  (with  respect  to  1)  from  (4.63): 

».  .  .  1  .  J^sh*  9  -  sh*  qx  .  |«  (I—  jt)|  ,  , 

p«p,Ml-2/V)~aresin - ~h~ - +P By  •  (4.66) 

Integration  of  the  first  term  of  (4.66)  along  the  plate  contour 
yields  the  force  in  phase  with  the  acceleration,  the  action  of  which 
is  reduced  to  the  effect  of  the  attached  moment  of  inertia.  Integra¬ 
tion  of  the  second  term  yields  the  component  of  the  force  which 
depends  upon  the  circulation: 


FTD-HC-2 3-2 42-70 


183 


-S"  =»2p°Sysh~. 

In  Het’erence  [59]  approximate  methods  for  solving  the  problem  of 
oscillation  of  the  plates  in  a  cascade  in  counterphase  ai’e  also  con¬ 
sidered. 


§  . 6 .  Solution  of  the  Problem  of 

Unsteady  Flow  about  a  Cascade 
by  the  Vortex  Method. 

The  vortex  method  considered  in  this  section  permits  the  problem 
to  be  reduced  to  an  integral  equation  which  is  solved  on  an  electronic 
digital  computer.  The  advantage  of  the  method  consists  in  the  fact 
that  the  equations  for  the  case  of  a  cascade  with  offset  are  easily 
derived,  and  in  the  case  of  oscillation  of  the  plates  with  an  arbi¬ 
trary  phase  shift  only  the  computation  work  increases.  The  drawback 
cone ! 'ts  in  the  impossibility  of  carrying  out  analysis  in  a  general 
form,  as  also  in  all  eases  solved  by  the  numerical  method.  The  vortex 
method  has  been  used  in  the  studies  of  Sisto  [1373,  Whitehead  [1*15], 

S.  M.  Belotserkovskiy,  A.  S.  Ginevskiy,  and  Ya.  Ye.  Polonskiy  [6], 
and  others.  The  moot  detailed  results  are  available  in  the  work  by 
Whitehead. 


Studies  based  upon  the  utilization  of  vortex  schemes  are  distin¬ 
guished  by  the  method  of  compiling  the  integral  equations  and  by  the 
calculation  programs.  It  is  possible  to  utilize  schemes  consisting 
cf  discrete  vortices  or  of  a  continuous  vortex  sheet.  The  kernel  of 
the  integral  equation  may  be  constructed  by  various  methods:  (1)  as 
a  singularity  cascade  which  has  the  same  spacing  and  offset  angle  as 
the  cascade  being  calculated,  (2)  as  the  above  singularity  cascade 
with  the  addition  cf  an  infinite  vortex  sheet  behind  each  vortex,  etc. 


Let  us  consider  an  aerodynamic  cascade  with  the  offset  Yfc>,  con¬ 
sisting  of  plates  with  a  chord  of  2b,  situated  with  a  spacing  of  t. 
In  some  cases  it  will  be  more  convenient  to  speak  of  the  complex 


« 


f 
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spacing  /oxp(fy6).  We  shall  place  the 
origin  of  the  coordinates  at  the 
leading  edge  of  one  of  the  profiles 
(Figure  4.13) ,  to  which  we  shall 
assign  the  number  m  =  0  and  which 
we  shall  call  the  basic  profile. 

We  shall  formulate  the  problem  of 
unsteady  flow  about  the  cascade 
under  the  assumption  that  the  pro¬ 
files  oscillate  (and  in  the  general 
case  are  deformed)  according  -to  a 
harmonic  law  with  respect  to  time  in 
such  a  manner  that  between  adjacent 
profiles  there  is  a  phase  shift  a,  constant  from  profile  to  profile. 

We  shall  solve  the  problem  in  a  linear  formulation  with  the  same 
assumptions  that  had  been  made  above. 

th 

The  vertical  velocity  at  the  m  profile  v„(x,y, t)  may  be  expressed 
in  terms  of  the  velocity  of  the  basic  profile; 


Figure  4.13.  A  plate  cascade 
and  a  vortex  cascade  having 
the  same  spacing  and  the 
same  offset. 


vm(x,  y,  ?)  =  «%,(*.  yU<"  -  v0 (x)ei'-"-”*>.  (4.67) 

Here  va(x)  is  the  given  distribution  function  of  the  oscillation- 
velocity  modulus  or  the  deformation  of  the  basic  profile,  v  is  the 
circular  frequency  of  the  oscillations,,  i  is  time. 

It  is  obvious  that  the  flow  field  will  be  described  by  a  per¬ 
iodic  function  with  a  period  equal  co  ,\7cxp(/y4) ,  where  A'=^2n/a  is  the 
number  of  blades  in  a  period  (in  x*eal  cases  N  is  an  integer,  since 
the  two-dimensional  cascade  under  consideration  is  a  cross  section  of 
an  annular  cascade  which  has  a  finite  number  of  blades). 

In  view  of  the  fact  that  in  the  general  case  the  circulation 
about  the  blades  changes  within  tire,  vortex  wakes  will  originate 
behind  the  blades,  formed  by  free  vortices,  which  are  carried  away 
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by  the  stream  with  the  basic  velocity  U  which  is  parallel  to  the 
abscissa.  It  is  obvious  from  what  has  been  said  that  if  there  is  an 
elementary  vortex  with  a  circulation  of  y(.v)e.\p(/vi)</*,  on  the  basic 
profile  cr  in  its  wake,  it  follows  that  at  all  similar  points 
*,»--»*+«!/ sin Y'..  ihx -//+«!/ cosy*  vortices  with  a  circulation  of  >'(*)«■'*? /{vT+fl»u)rfjr 
must  be  present.  In  other  words,  the  elementary-vortex  cascade  must 
have  the  same  complex  spacing  as  the  profile  cascade,  and  the  inten¬ 
sity  of  the  vortices  must  change  with  the  same  phase  shift. 

From  the  cascades  of  elementary  vortices,  we  shall  furthermore 
construct  a  complete  vortex  system  which  originates  during  unsteady 
flow  about  a  plate  cascade.  Then  it  is  obvious  that  when  the  boundary 
conditions  on  the  basic  profile  are  satisfied,  the  boundary  conditions 
on  the  remaining  profiles  are  satisfied  automatically,  since  the  flow 
field  is  periodic.  A  cascade  of  elementary  vortices  may  be  recorded 
by  a  single  coordinate  Q  —  the  distance  of  the  basic  elementary  vortex 
from  the  origin  of  the  coordinates.  Since  we  are  interested  in  verti¬ 
cal  velocity,  induced  only  on  the  basic  profile,  the  point  at  which 
the  velocity  is  determined  is  also  measured  by  only  a  single  coordi¬ 
nate  x. 

We  introduce  the  function  K(x,  |)  ,  which  determines  the  vertical 
velocity  at  point  x  from  the  unit-intensity  vortex  at  poi.it  5 .  We 
shall  employ  such  terminology  for  the  sake  of  contraction,  since  it 
would  be  more  correct  to  speak  of  the  determination  of  vertical 
velocity  at  point  x,  y  =  0  and  all  similar  points  •«'.„=.*+ hi/ sin yt, 

cos y».  from  the  vortex  cascade  measured  by  the  coordinate  5.  The 
function  K(x,  O  determines  the  reaction  at  point  x  from  a  unit  per¬ 
turbation  at  point 

To  proceed,  we  shall  take  up  the  physical  considerations  and  the 
construction  of  a  vortex  system  for  this  problem.  Two  approaches 
are  possible,  which  are  based  upon  different  descriptions  of  the 
aerodynamic  phenomena  [48].  These  two  methods  were  proposed  even 
before  the  theory  of  unsteady  flow  about  a  single  wing  was  developed: 
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the  first  method  was  used  by  Birnbaum,  and  then  by  Kuessner,  while 
the  second  method  was  developed  by  Karman  and  Sears. 

In  briaf,  the  idea  of  the  methods  is  contained  in  the  following. 
In  the  first  method  the  vortieity  is  broken  down  into  attached 
vorticity  yQj  free  vortieity  situated  at  the  profile  Gq,  and  free 
vortieity  situated  in  the  wake  e^.  The  attached  vorticity  consists 
of  attached  Zhukovskiy  vortices  and  determines  the  force  acting  upon 
the  profile.  The  free  vorticity  Gq  consists  of  the  free  vortices 
carried  away  by  the  stream  and,  at  a  given  moment,  situated  at  the 
blade  contour.  The  free  vorticity  in  the  wake  is  formed  by  all  the 
free  vortices  trailing  from  the  profile. 

In  the  method  of  Karman  and  Sears  the  vorticity  is  also  broken 
down  into  three  components:  quasi-steady  vorticity  at  the  profile 
Yq ,  vorticity  induced  at  the  profile  by  the  vortex  wake  and  free 
vorticity  in  the  wake  e,.  Quasi-steady  vorticity  is  called  the 
vorticity  v/hich  originates  at  the  profile  if  its  movement  according 
to  a  given  law  is  considered,  but  in  the  absence  of  a  vortex  wake. 
Vorticity  y-^  is  induced  at  the  profile  by  the  vortex  wake  and  is 
selected  in  such  a  manner  as  to  satisfy  the  zero  boundary  values  with 
respect  to  normal  velocity  at  the  profile.  In  other  words,  y,  is  the 
vorticity  which  must  be  inevitably  present  on  a  motionless  profile 
about  which  flows  a  perturbed  stream  brought  about  by  the  vortex 
wake  in  addition  to  the  main  stream. 

The  two  methods  naturally  yield  identical  final  results  ard, 
consequently,  the  total  vorticity  at  the  profile  must  be  equal  to 
Yo+f#*vi+vi.  The  Karman-Sears  method  is  advantageous  when  it  is 
possible,  in  the  general  case,  to  express  yn  in  terms  of  e^. 

We  shall  compile  the  equation  of  unsteady  flow  about  a  cascade 
on  the  basis  of  the  first  method  and  Reference  [1*553.  In  the  case 
of  steady  streamline  flow,  the  profile  may  be  replaced  by  attached 
vorticity  y(x)  which  does  not  depend  upon  time,  and  the  problem  con¬ 
sists  in  determining  function  y(x),  v/hich  satisfies  the  boundary 
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conditions  with  respect  to  normal  velocity.  In  the  c  tse  of  unsteady 
flow  the  pattern  becomes  more  complex,  since  the  attached  vorticity 
y(*. •)  changes  within  time  and,  consequently,  free  vorticity  is  formed 
at  the  profile.  This  free  vorticity  is  continuously  carried  away 
along  the  profile  by  the  main  stream  and,  having  come  off  the  trailing 
edge ,  forms  a  vortex  wake.  The  change,  of  he  attached  vorticity  at 
an  arbitrary  point  x  of  the  profile  during  the  small  amount  of  time 
it  is  equal  to  (dy/d‘r)Ax  .  As  a  re^it  of  this  free  vorticity  is  formed, 
which  is  distributed  over  the  sector  from  c  to  x  i  Ax.  The  total 
change  of  the  vorticity  must  be  equal. to  ssro;  consequently, 

— .(«.  «)4». 

Jince  Ax  is  the  path  traveled  by  the  fluid  during  the  time 
with  a  velocity  of  *J,  it  follows  that 

I  2?(z.  X) 

t(x,  -f)- •  (4.68) 

Since  vorticity  c  is  free,  it  is  carried  away  by  the  stream  with 
a  velocity  U  without  changing  its  intensity.  This  means  that  the 
free  vorticity  formed  at  the  moment  of  time  x  at  the  point  x.^  reaches 
the  point  x  >  x-^  at  the  moment  of  time  x+(x-x>)IUt  or,  on  the  contrary, 
free  vorticity  formed  at  points  <  x  at  the  moment  of  time  x-{x-xi)IU 
arrives  at  point  x  simultaneously.  Consequently,,  the  free  vorticity 
at  point  x  in  the  moment  of  time  t  will  be  expressed  by  the  integral, 
taken  from  the  leading  edge  to  the  observation  point: 

•(*»  x)"“  7/ f  7i  *(x"  x-£irL)d* «• 

We  consider  the*  harmonic  dependence  upon  time, 

Y  (*.  t)  -  y  W  exp  /vt,  t  {x,  x) « i  (x)  exp  jvx, 

’We  introduce  the  Strouhal  number  k  =  vb/U,  and  assume  a  semichord  as 
the  unit  of  length.  Then  after  simple  transformations,  we  obtain  the 
expression  for  free  vorticity  at  any  point  of  the  plate: 
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* 

e  (*)  —  —  jke  '  |  y  (*i)  «,‘'1  dx i. 


(4,69) 


The  vorticity  running  off  the  trailing  edge  (x  =  2)  is  equal  to 

t 

e  (2)  -  -  jke-ik‘  J  y  (*i)  d*j.  (4.70) 

If  the  point  at  which  the  free  vorticity  is  determined  lies  in 
the  vertex  wake,  i.e.,  x  >  2,  It  follows  that  the  value  of  the  pre¬ 
ceding  integral  will  not  change,  since  when  x1  >  2  we  have  yixi)«o 
(attached  vorticity  exists  only  at  the  profile).  From  this  it  follows 
that  the  free  vorticity  in  the  wake  constitutes  a  traveling  wake,  since 
when  x  >  2  we  obtain 


e(*)  =  e  (2) 


(4.71) 


Utilizlng’the  function  K(x,l) ,  we  determine  the  normal  velocity 
induced  at  the  main  profile: 


o(x)«  f  Y©  K{X,  J  e($) K (x,  i)dl+  [  e(5)Jf  (x,  i)di. 


(4.72) 


Here  the  integrals  express  the  normal  velocity  induced,  respectively, 
by  the  attached  vorticity,  free  vortices  moving  along  the  profile, 
and  free  vortices  situated  In  the  vortex  wake. 


Then,  utilizing  Formulas  (4.69)  -  (4.71),  from  Formula  (4.72) 
we  find  the  integral  equation  of  the  problem: 


»(*)  -  J  Y(9X(*'  l)dl~jk  J  e~MK(x,  l)di  j  y 

•  t  0 

t  ~ 

J  Y(X|)c'*r>£fx,  J  e-l^KCx,  5)t/J. 


(4.73) 


Here  function  v(x)  is  regarded  as  beirg  the  known  one,  and  function 
y(x)  as  the  desired  one.  During  the  solution,  it  must  be  required 
that  the  value  of  the  vorticity  at  the  trailing  edge  of  the  profiles 
be  finite.  If  a  function  corresponding  to  a  single  vortex  K(x,  O  = 
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}  id  selected  as  the  function  K(x*  f.)  integral  equation 
(4.73)  will  pass  Into  Birnbaum's  equation  for  unsteady  flow  about  a 
.-.ingle  profile.  For  solution  of  the  oroblen  of  unsteady  flow  about  a 
profile  cascade >  K(x  f)  should  be  selected  as  follows  for  vortex 


rascal-.-  (3.3): 


K(x)~Ri 


(4,7*) 


Here,  for  the  sake  of  brevity,  we  do  not  isolate  the  real  part  and 
the  imaginary  part. 

If  in  integral  Equation  (4.73)  the  last  two  integrals,  which 
take  into  account  the  influence  of  the  free  vortices,  are  defined, 
we  shall  obtain  the  equation  for  the  steady-state  problem  of  flo«* 
about  a  cascade.  The  equation  for  unsteady  streamline  flow  may  be 
reduced  to  an  analogous  form  by  substituting  the  kernel . 


Let  us  assume  that  a  unit  singularity  cascade  is  given,  which  is 
determined  by  the  coordinate  5.  This  may  be  expressed  in  terms  of 
the  Dir^c  delta  function  y-=6(x-|).  This  cascade  of  attached  vortices 
will  bring  about  the  formation  of  infinite  vortex  wakes,  with  the 
wake  at  the  basic  profiles  starting  at  point  x  =  £.  Then  the  inten¬ 
sity  of  the  wake  is  defined  by  means  of  a  formula  analogous  to  Formula 
(4.70) : 


e  l>x. 

We  define  the  normal  velocity  induced  at  the  basic  profile  by  a 
unit  singularity,  located  at  point  5,  arid  by  its  vortex  wake: 

«• 

u (r.  5 )”K (*.  1) - /*«*'*■  {  emK {x,c)dl.  (4.75) 

Here  the  kernel  is  obtained  from  (4.74)  by  the  replacement  of  x  by 
x  -  S.  We  assume  this  function  to  be  the  kernel  of  the  integral 
equation  v(.v, |)  >.  //(*,!) .  Then  it  is  obvious  that  the  distribution  of 
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normal  velocities  on  the  basic  profile,  induced  by  the  attached 
vorticity  and  by  the  wake  engendered  by  it,  will  be  expressed  by  the 
integral 

t 

f  YftW*. 

•  (4.76 

The  obtain  c  integral  equation  must  be  solved  for  y(x)  with  a 
given  distribution  law  of  normal  velocities  v(x).  Kernel  K(x,  O 
undergoes  a  discontinuity  at  point  x  *  therefore,  it  is  necessary 
to  speak  of  the  principal  value  of  the  integral. 

We  obtain  the  formulas  for  calculating  the  force  and  the  moment 
acting  upon  the  profile  in  the  cascade.  The  pressure  distribution 
along  the  plate  is  determined  on  the  basis  of  the  linearized  Euler 
equation: 


(4.77) 

The  limit  values  of  the  perturbed  tangential  velocities  when  the 
profile  is  approached  from  above  (y  *  +  0)  and  from  below  (y  *  -  0) 
may  be  expressed  in  terms  of  linear  vorticity. 

The  stream  function  in  the  vorticity  region  is  expressed  in 
terms  of  the  area  Integral  [49]: 

*(*.  y)“ij J «(£.  ij) In  dn. 

If  the  vorticity  is  distributed  over  a  thin  strip  along  the 
abscissa,  the  stream  function  may  be  computed  in  terms  of  the  linear 
vorticity  (2b  *  2  is  the  length  of  the  strip); 

s 

♦(*,  »> -  ■&  J  *  © ,n 

The  horizontal  velocity  on  the  basis  of  the  known  formula  is 
expressed  in  terms  of  the  derivative  of  the  stream  function  by  the 
relationship 
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t  .  ; 

-  '■■srj j  YU)  y-Tx-rni1 


.'ubst It uting  the  variable  and  then  directing  y  toward  the 

strip  from  above  (y  >  +  0),  we  obtain  the  value  of  the  tangential 
velocity  directly  at  the  boundary  of  the  strip: 

J  yWt~t--4-yW. 


When  y  tends  toward  -0,  we  shall  correspondingly  find  «*» l/2y(jr)  . 
In  the  ease  under  consideration  the  attached  vorticity  and  the  free 
vorticity  are  situated  on  the  profile  and  consequently 


/-_l(y  +  t),  iT-yfr  +  e),  + 


( ^ - 78) 


The  tangential  velocities  depend  upon  the  total  vorticity,  which 
consists  of  attached  vorticity  and  free  vorticicy. 


When  the  last  of  Expressions  (4.78)  is  substituted  into  Equation 
(4.77),  we  obtain  the  relationship  for  the  pressure  difference  on 
the  two  sides  of  the  plate: 


f  <*V  ,  rr  \ _i(  _ 1  d »V 

V* + u w) + Itt + 0  -oi ) -  7* 


(4.79) 


We  simplify  this  expression,  taking  advantage  of  the  fact  that 
at  a  fixed  point  of  the  profile  the  total  change  of  the  vort  .city 
r.ust  be  equal  to  zero  <*(y +e)/rft»0  ,  As  time  passes,  both  the  attached 
vorticity  and  the  free  vorticity  change  at  the  point.  Since  the 
attached  vorticity  depends  upon  time,  arid  free  vorticity  is  carried 
out  by  the  stream,  we  obtain 

Vy  5y  dt_  0t_  ,  ,,  d* 

~dx  “  ~Sx  *  it  “  Jr  ■'  u  6x  * 


Consequently , 


4y-  +  -r  +  £/uL“°- 

Ox  Os  Ox 
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Then  we  obtain  the  result  that  the  pressure  gradient  at  the 
plate  depends  only  upon  the  attached  vorticity  (this  is,  essentially 
the  Zhukovskiy  theorem  concerning  the  lift  force,  written  for  an 
elementary  vortex) 


y. 


(4.80 


We  emphasize  once  again  that  the  lift  force  is  created  only  by 
the  attached  vorticity,  while  the  discontinuity  of  the  tangential 
velocities  depends  both  upon  the  attached  vorticity  and  upon  the 
free  vorticity. 


Integrating  along  plate  (4.80),  we  find  the  acting  force: 

m 

«8'(*i  t)«  “fW  j  t(x, 


(4.81 


Since  the  force  applied  at  the  element  of  length  Is  equal  to  4J3T- 
,  it  follows  that  the  moment  acting  upon  the  profile  with 
respect  to  the  leading  edge,  which  is  situated  at  the  origin  of  the 
coordinates,  is  equal  to 


y(jr,  i)x4*> 


(4.82 
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•'ut  by  B.  E.  Kapeiovicb. 
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CHAPTER  5 

TOTAL  CHARACTERISTICS  OF  CASCADES  IN 
THE  CASE  OF  UNSTEADY  STREAMLINE  FLOW 


S  5.1*  Basic  Problems  and 
Total  Characteristics 


Three  basic  problems  of  unsteady  flow  about  cascades  are  of 
special  Interest  In  practical  applications:  (a)  the  profiles  carry 
out  translational  oscillations  In  a  direction  perpendicular  to  the 
chords,  (b)  the  profiles  oscillate  torslonally  about  an  assigned 
center,  and  (c)  the  cascade  is  In  a;  streamline  flow  which  carries 
vortex  wakes.  These  problems  have  applications  in  the  theory  of 
flexural-torsional  flutter,  in  the  determination  of  aerodynamic  damp¬ 
ing  forces,  and  in  determination  of  the  unsteady  forces  which  Induce 
blade  oscillations  in  a  nonuniform  stream.  In  all  cases  it  is  neces¬ 
sary  to  add  up  the  total  characteristics  of  the  force  3  and  the  moment 
M  in  the  case  of  various  phase  shifts  among  adjacent  profiles.  In 
view  of  the  linearity  of  the  problem,  it  is  sufficient  to  perform 
calculations  only  for  the  harmonic  relationship  to  time. 

We  shall  consider  the  assignment  of  boundary  conditions  at  the 
profile  for  the  enumerated  problems, 

(a)  Translational  oscillations.  The  normal  velocity  at  the 
basic  profile  is  given  by  the  following  law: 
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r..(r,  <) »  V*** 


(5.1) 


(b)  Torsional  oscillations  about  the  leading  edge.  The.  normal 
velocity  at  the  basic  profile  is  given  by  the  law: 


(5.2) 


Here  o,  is  the  amplitude  of  the  angular  shift. 


(c)  A  cascade  in  an  unsteady  vortex  stream.  The  vertical  velocity 
of  a  jump  Vq  will  be  a  traveling  wave,  moving  with  a  velocity  U. 

Since  the  blade  is  motionless  and  impermeable,  it  must  induce  in  the 
field  a  velocity  that  is  the  same  in  magnitude,  but  opposite  in  sign: 

V{X.  T)«- 1*1  .*-*<*#.  (5.3) 


It  is  convenient  to  express  the  total  characteristics  in  terms 
of  the  dimensionless  functions: 


jar.  -tefv.UbT,,.  -  2.np'f WbTyt. 

J?  “  —  2xp*CyUb/lr. 

m.  -  <wXUb*rMt. 

M~-4xpXUb*RM. 


(5.4) 

(5.5) 


Here  the  functions  /?(*.?.  y»,«)  and  T(l:,q,yt,a)  depend  on  four  dimensionless 
criteria:  the  Strouhal  number  k  *  vb/U,  the  cascade  density  q  *  irb/t, 
the  cascade  offset  rb  and  the  phase  shift  c.  These  functions  are 
multiplied  by  the  value  of  the  lift  force  and  the  moment  of  an  iso¬ 
lated  plate  in  the  case  of  steady  streamline  flow. 


Some  solutions  where  R  and  T  were  expressed  in  closed  form  have 
been  considered  above,  let  us  note  some  general  properties  and  limit 
values  of  functions  R  and  T. 

These  properties  can  be  ascertained  by  considering  the  function 
K(x)  for  the  cascade  Region  (3*3),  since  this  very  function  is  the 
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kernel  of  an  integral  equation  which  solves  the  problem  of  deter¬ 
mining  the  functions  under  study: 


K U  yw«Q-R« 


(5.6) 


Here  /|-/exp/y*  is  the  conq>lex  spacing  of  the  singularity  cascade 
x1  »  c  -  x. 


1.  When  the  spacing  increases  without  limit  t  •*>  •  we  obtain 
y,.  .  Consequently,  functions  R  and  T  pass  into  the  corres 

ponding  solution  for  an  Isolated  profile.  In  particular,  function 
R*  passes  into  the  Sears  function  S(k)  and  function  Tr  passes  into 
the  Theodorsen  function  C(k). 


2.  Functions  R  and  T  do  not  change  in  case  of  the  simultaneous 
substitution  of  a  by  1*— «  and  yb  by  -yb: 

*(*.  f.  ft.  «)-*(*.  ♦,  -ftr**-«Jl 

?(*.#.  ft.  f.  **-•>. 

This  is  a  consequence  of  the  fact  that  the  sane  property  is 
possessed  by  the  function  KJto,  V?<»  •)»  since  with  the  indicated  sub¬ 
stitution  the  expression  in  the  braces  of  (5.6)  changes  to  a  conju¬ 
gate  one  with  respect  to  i.  This  property  of  functions  R  and  T  Is 
obvious  also  from  the  consideration  of  symmetry  in  the  replacement 
of  the  direction  of  motion  of  the  main  stream  by  the  contrary  one. 


3.  For  a  cascade  with  zero  offset  (y»«0)  »  the  characteristics 
with  a  phase  shift  of  «  ■  »  coincide  with  the  characteristics  of  a 
cascade  with  twice  as  small  a  relative  spacing  with  a  phase  shift 
of  a-x/2: 


R  (*.  0,  si)  -  R  (*,  2 q,  0.  a/2),  T(k,  q,  0;  a)  -  T{k,  2 q,  0,  a/J). 

This  follows  from  the  fact  that  when  «  “  *#  the  function  K(x,  t, 
0,  it)  is  determined  according  to  (5.6)  only  by  the  first  term  and  may 
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be  reolaced  by  K(x,  21.  0,  «/2).  Such  a  behavior  of  function  R  and  T  is 
explained  by  considerations  of  streamline-flow  symmetry. 

It  was  assumed  above  that  the  point  about  which  the  torsional 
oscillations  of  the  profile  take  place  is  located  on  the  leading  edge. 
The  selection  cf  a  specific  center  of  torsion  is  necessary  in  order 
to  be  able  to  tabulate  functions  R  and  T.  In  practical  applications, 
the  profiles  carry  out  torsional  oscillations  about  a  center  of  torsion, 
the  position  of  which  depends  upon  the  geometrical  shape  of  the  blade. 
Reuuction  of  the  formulas  for  calculating  the  unsteady  forces  and 
moments  with  a  new  position  of  the  center  of  rotation  is  based  upon 
the  linearity  of  the  problem  and,  naturally,  does  not  require  the 
computation  of  new  characteristics. 

Let  the  position  of  the  center  of  torsion  be  fixed  by  the 
coordinate  x’,  measured  from  the  leading  edge^.  Then  the  normal 
velocity  at  the  basic  blade  in  the  case  of  torsional  oscillation  is 
expressed  by  the  formula 

va{x.  t)«0(/  +  O(r-jO“lt'04(l  +frx/b)-ikditfx'/b}tt «*. 

Here  the  dot  signifies  differentiation  with  respect  to  time.  Thus, 
the  motion  may  be  represented  as  torsional  oscillation  about  the 
leading  edge  and  translational  oscillation  with  a  velocity  of  -jkUx'jb. 

The  force -J?,  acting  upon  the  profile,  does  not  depend  upon  the 
center  of  rotation,  and  the  moment  must  be  recalculated  according 
to  the  formula 


M-AP-x'L 

Here  and  henceforth,  the  index  zero  denotes  the  value  assumed  when 
the  axis  of  rotation  is  situated  on  the  leading  edge.  Taking  these 
remarks  into  consideration,  by  means  of  Formulas  (5.*0  and  (5.5) 
we  obtain  the  value  of  functions  R  and  T  with  a  new  position  of  the 

Footnote  (1)  appears  on  page  238. 
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axis  cf  rotation  in  terms  of  the  values  of  functions  R°  and  T°: 


V7*.-  T*rr*r' 

r*.  -  *i,  - 

r*,;-  7^  -  (2jkx,/b)  T*Hm  -  m  + wax'*/*1)  7^.  (5.7) 

Individual  total  characteristics  for  a  cascade  of  plates  were 
computed  by  Sisto  [137],  Belotserkovskiy  S.  M. ,  Ginevskiy  A.  S.,  and 
Polonskiy  Ya.  Ye.  [6],  and  Gorelov  D.  N.  [16].  Detailed  tables  of 
the  function  for  solution  for  the  three  basic  problems  were  computed 
by  Whitehead  [145].  Table  5.1  shows  the  values  of  the  total  charac¬ 
teristics  in  relation  to  the  relative  cascade  spacing  t  *  t/2b,  the 
offset  angle  yb,  the  Strouhal  number  and  the  phase  shift 

anglfc  a(2). 


J  5.2.  Influence  Coefficients 

Up  to  now  we  h&ve  been  considering  a  problem  of  the  synchronous 

oscillation  of  profiles  with  the  same  oscillation  amplitude.  In  real 

problems,  however,  the  blades  in  the  cascade  oscillate  at  different 

amplitudes,  for  example,  due  to  differing  rigidity.  Therefore,  It  Is 

of  practical  Interest  to  formulate  the  problem  of  unsteady  flow  about 

a  cascade,  the  profiles  of  which  oscillate  with  an  arbitrarily  small 
(1) 

amplitude' J  .  The  solution  of  this  problem  is  also  of  Interest 
because  it  permits  the  characteristics  of  unsteady  streamline  flow 
to  be  expressed  In  a  different  manner. 

As  was  noted  In  [573,  solution  of  the  problem  of  flow  about  a 
cascade  cf  profiles  that  oscillate  witn  an  arbitrary  phase  shift  makes 
it  possible  to  solve  the  problem  of  flow  about  a  cascade  with  profiles 
that  oscillate  aceorcing  to  an  arbitrary  law.  Let  us  assume  that  the 
oscillation  velocity  moduli  of  all  the  profiles  are  given.  We  desig¬ 
nate  the  oscillation  velocity  of  an  arbitrary  mth  profile  by  vQ(m). 
Here  the  velocity  v„(m)  is  also  the  deformation  rate  of  the  profile 

V 

or  the  negative  vertical  velocity  jump.  Let  us  also  assume  that  the 


Footnotes  (2)  and  (3)  appear  on  page  238. 
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or  streamline  flow  with  an  arbitrary,  but  constant  phase 
shirt  u  among  the  oscillating  profiles  is  solved  for  the  given  profiles. 

designate  by  v^(m,  u)  the  velocity  of  the  mth  profile  with  a  phase 
sx.ift  :>  and  with  the  condition  that  the  profiles  oscillate  with  a 
constant  phase  shift.  In  this  case  the  oscillation  velocity  of  the 

f 

r/‘  profile  may  be  expressed  in  terms  of  the  velocity  of  tne  basic 
prof  I  le : 

va(m,  a)  po(0,  a). 

regarding  v,U>,  a)  as  the  spectral  density,  the  oscillation 
velocity  of  the  r.  profile  may  be  expressed  as  the  result  of  addition 
of  the  oscillation  velocities  for  all  phase  shifts: 

7.1 

v«(m) "  j"  elrava (0,  c) da.  (  5 .  B ) 

Considering  vQ(m)  as  the  coefficients  of  a  Fourier  series,  this 
expression  may  be  converted  to- 

m 

f«(°.  »)--£-  £  (5.9) 

The  combination  of  Formulas  (5.8)  and  (5*9)  essentially  repre¬ 
sents  a  Fourier  transform  with  finite  limits.  Thus,  the  spectrum 
vqO,  s)  is  determined  on  the  basis  of  the  given  profile-oscillation 
velocity,  i.e.,  to  every  infinitely  small  interval  of  change  of  the 
phase-shift  angle  da  is  juxtaposed  an  infinitely  small  oscillation 
velocity  of  the  basic  profile  MO,  a)d*. 

How  the  problem  of  determining  the  aerodynamic  characteristics 
of  a  cascade  with  given  profile-oscillation  velocities  vQ(m)  will  be 
presented.  By  aerodynamic  characteristics  we  mean:  the  force  and 
moment  acting  upon  the  profiles,  the  velocity  circulation  about  the 
profiles,  the  law  of  pressure  distribution,  etc.  It  is  assumed  that 
these  characteristics  are  known  for  the  case  of  flow  about  a  cascade 
with  an  arbitrary,  but  constant  phase  shift  among  the  profiles.  Let 
us  assume  that  for  a  fixed  angles  the  value  of  the  characteristic  for 
the  basic  profile  2(0,  a)  is  known.  We  shall  stipulate  that  this 
value  corresponds  to  a  unit  oscillation  velocity.  Here  by  Z  is 
understood  any  o'*  the  enumerated  characteristics. 
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Then  the  value  of  this  characteristic  for  profile  m  with  a 
constant  phase  shift  will  be  equal  to 

Z[m,  0,  a). 


The  value  of  this  characteristic  for  profile  m  with  an  arbitrary 
given  profile-oscillation  law  is  determined  by  an  integral  in  which 
the  obtained  special  density  is  included: 


(5.10) 


The  obtained  expression  and  (5.9)  solve  the  problem. 

If,  for  example,  the  profiles  in  the  cascade  oscillate  as  a 
single  rigid  system,  i.e.,  if  vQ(m)  =  v^( 0)  *  1,  then  from  (5.9)  we 
obtain 

39(0.  <0= 

M— » 

Utilizing  the  Poisson  summation  method,  i.e.,  replacing  the 
infinite  series  of  functions  by  a  series  of  Fourier  transforms,  we 
obtain 

»•(<>.  ^ 


Here  use  has  been  made  of  the  well-known  condition  that  from  exp(-jmo) 
a  Fourier  transform  yields  the  delta  function  a/2n). 

Since  m  assumes  integer  values  and  0<a<2*, ,  when  this  expression 
is  substituted  Into  Integral  (5.10)  It  may  be  considered  that  a  -  0. 
Then  we  obtain 

ax 

2(m)«_L  J  ef”"d(m)Z( 0,  0)Ja -Z(0,  0)/ 

From  the  last  formula  the  obvious  condition  follows  that  the  . 
characteristics  of  ail  the  profiles  are  identical. 

If  the  profiles  in  the  .cade  oscillate  with  the  constant  phase 


•f 

O' 
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shift  c<qj  the  spectral  density  on  the  basis  of  (5.9)  turns  out  equal 
to 

t'a(0,  ^  c-Imfa-U' 

and  the  characteristics  are  obtained  one  from  the  other  with  the 
phase  shift 

Z  (m) «=»  Z  (0) 

Let  us  now  consider  a  case  which  is  of  special  interest.  Let 
all  the  profiles  of  the  cascade  be  motionless  (v(m)  =  0  when  m  /  1), 
with  the  exception  of  the  basic  profile,  which  oscillates  with  the 
unit  velocity  vQ(0)  =  1.  In  such  a  case  it  follows  from  Formula  (5.9) 
that  the  spectral  function  must  be  constant:  t»(0,  a)«l/2n  . 

Then  the  characteristic  for  any  profile  is  obtained  by  means 
of  (5.10): 

u 

*<W-srJ  •'"W a)d*  (5.1D 

Function  Z(m)  determines  the  influence  of  the  basic  profile 
upon  the  m  ‘  profile.  Since  any  profile  can  be  selected  as  the  basic 
one,  it  is  obvious  that  function  Z(m)  also  takes  into  account  the 
influence  of  the  fi  .ed  profile  n  upon  profile  m  +  n.  In  particular, 
when  m  =  0  we  determine  the  influence  of  the  profile  upon  itself  Z(0) 
or,  more  precisely,  the  influence  of  all  the  other  motionless  profiles 
upon  the  selected  one. 

Inverting  Formula  (5.11),  we  obtain  the  relationship  of  charac¬ 
teristic  Z(0,  a)  in  terms  of  Z(m): 

2(0.  a)  -  2  *-'m82(m).  (5.12) 

m— » 

Above  hate  been  considered  the  conditions  of  recalculation  when 
a  single  profile  oscillates  in  a  cascade  with  an  infinite  number  of 
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blades.  Real  cascades  employed  in  turbomachines  are  annular  and  con¬ 
tain  a  finite  number  of  blades.  If,  out  of  z  blades  in  an  annular 
cascade,  let  us  say,  the  zero1'  blade  oscillates,  then  when  the  inter¬ 
secting  cylindrical  surface  is  unfolded  into  a  plane,  it  must  be 
considered  that  blades  with  the  number  nz,  where  nz  *  0,  +  1,  +  2,  ... 
oscillate  in  the  same  manner.  In  such  a  case  the  aerodynamic  pattern 
of  flow  about  a  cascade  with  an  infinite  number  of  blades  will  be 
periodically  repeated  every  z  blades. 

Assuming  the  oscillation  velocity  to  be  vQ(nz)  =  1  and  Vg(m)  =  0 
when  m&m  and  substituting  in  (5.9)  m  *  nz,  we  obtain  the  spectral 
density: 

c,(0. «)-  -k  2  *-*“-£  2  »(—£)• 

Here  the  series  of  exponential  functions  has  been  replaced  by  an 
equivalent  series  of  ^-functions,  analogous  to  the  manner  in  which 
this  was  done  above.  Substituting  this  expression  into  (5.10)  and 
integrating,  we  find  the  value  of  the  characteristics: 

**  M 

f  «'~Z(0.  c)  J 

,  ■  jsa,  ,7*  (5.13) 

-7  S  •  '  i.  (*-•)- 

In  the  case  under  consideration  the  phase  shift  Is  expressed  by 
the  formula  a«2 an/*.  Thus  there  can  be  only  discrete  values  of  the 
shift;  this  follows  from  considerations  of  symmetry.  In  the  special 
case  of  z  =  1,  Formula  (5.13)  passes  Into  the  formula  for  the  case 
where  all  the  profiles  oscillate.  Formulas  (5.11)  -  (5.13) »  just  as 
the  entire  preceding  derivation,  pertain  not  only  to  a  cascade  of 
thin  plates.  They  can  be  applied  also  for  recalculation  of  the  dis¬ 
tribution  of  pressure  or  circulation  In  a  cascade  of  profiles  of 
arbitrary  form.  In  the  general  case  the  characteristics  are  complex 
(with  respect  to  j)  values. 

In  some  problems  connected  with  the  determination  of  forces, 
it  is  more  convenient  to  conrlder  not  the  influence  of  the  basic 
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f*  V\ 

profile  upon  the  m  profile  but,  on  the  contrary,  to  consider  the 

influence  of  the  mtn  profile  upon  the  basic  one.  Out  of  simple 

fch 

considerations  it  is  clear  that  the  m  profile  affects  the  basic 
profile  (in  =  0)  in  the  same  manner  as  the  basic  profile  affects  the 
(-m)fch  one.  Thus,  in  this  case  it  is  necessary  to  change  the  sign  in 
front  of  m  in  the  presented  formulas. 

Applying  Formula  (5.11)  to  force  and  moment  characteristics  and 
considering  a  special  case  of  the  problem  solved  above,  we  obtain 
the  so-called  influence  coefficients,  introduced  by  V.  B.  Kurzin  [33]: 

lx  in 

r (m)  =  -JT  J  e-l^R (a) da.  t (at) -  -gj-  J  e't**T (a) da.  ( 5. 1*0 

Here  r(m)  =  r(k,  q,  yb,  m) ,  t(m)  =  t(k,  q,  yb,  m)  are  the  influence 
coefficients  determining  the  forces  and  moments  originating  at  the 
profile  n,  if  all  the  profiles  are  motionless,  and  only  the  profile 
m  =  0  is  oscillating. 


The  total  characteristics  are  determined  according  to  the  formulas 


ST,  («»>  -  2 a?'*Ubtr9.  At,  (m)  -  4^%Ub%t, 

(«)  -  2«p v9<,Ubtyt,  AW(m)  -  4np%Ub'tMt, 

S’(m) **  —  iaifoaUbry,  M  (m)  -  - 


(5.15) 


The  formula  determining  the  relationship  of  R  and  T  in  terms  of 
the  influ ince  coefficients  is  obtained  from  (5.12): 


R  («}  »*  2  («)• 


T'a)-  2  c,nnt(m). 


(5.16) 


5, '(tending  the  influence  coefficients  fo  the  case  of  a  cascade 
with  a  finite  number  of  blades,  Formula  (5.13)  should  be  used: 


(1**\ 

\  *  J 

t  2.-UI 

* 

l  * 

I- 

(5.17) 


In  Table  5.2  are  presented  the  influence  coefficients  determined 
by  D.  H,  Gorelov  for  a  cascade  with  an  infinite  number  of  blades. 
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TABLE  5.2b 


t»“0* 


k 

»> 

i  * 

lj» 

.  J.0 

3' 

-0.032 

-0,073 

-0,467 

-0.093 

2 

0,020 

* 

-0,177 

-0540 

'  -0591 

r 

—0,325 

.  -0,053 

-1,575 

-2,122 

0 

0 

6,310 

6554 

7,057 

7,704 

■  -1 

-0325 

-0,033 

-1575 

—2,122 

-i‘ 

-0,020 

-0.177 

-0540 

-0591 

’  ~3, 

-0332 

-0573 

-0,467 

-0,098 

■ 

. 

•  3 

8 

-0,112 

+0574 

-0,180 

+0,040 

-0,167  ■ 

+0,013 

-0.158 

•  +0,007 

2 

-0333 

+0,077 

-0530 

+0,027 

-0537 

+0,009 

-0333 

+0,005 

"i‘ 

-o.cso 

-1552 

-0,039 

-1,794 

-0,017 

-2338 

+0,009 

0,1 

0 

5531 

-0526 

6,042 

-0,445 

6,750 

-0384 

7557 

-0354 

-1, 

—O.CSO 

-1552 

-0,039 

-1,794 

-0,017 

-2338 

+0,009 

-2 

-0333 

+0/177 

•-0539 

+0,027 

-0537. 

+0,009 
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+0,003 

■ 

.  -3 

-0.112 

+0574 
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+0,007 

3 
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+0.038 

. 

2 

_ 

-0,100 

+0,102 

-0522 

1 

+'-.  • 

—0569 

+0,076 

-0591 

+0,059 

mm 

-0530 
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'  —1,140 

+0.156 

-1.663 

4-0,136 

-2,157 
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0,25 

4584 

+0503 

5,106 

+0,073 

6,803 

-0,132 
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-0,175 

- 1 

-0530 
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-2 
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-0522 
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-3 

-0,030 

+3/M9 

-0.085 

+0,060 

-0,109 

+0348 
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+0.038 

3 

-5,021 

+0,018 

-0,057 

+0/117 

-0,072 

+0,012 

-0,085 

+0,006 

2 

—0.034 

+0,042 

-0,143 
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+0,024 

-0,209 

+0,009 

1 

-0528 

+0,158 

-0531 

+0,119 

-1369 

+0,050 

-1,815 

-0,011 

03 

0 

4,002 

+1,439 

4534 
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+0.041 

-0,183 

+0,024 

-0,209 

+0,009 

-3 

-0,021 

+0/118 

-0/U7- 

+0,017 

-0,072 

+0,012 

— C,0£G 

+0.006 

• 

3 

-0,021 

1 

-0,003 

-0.051 

-0020 

-0,065 

-0,035 

-0,071 

-0,030 

2 

-0.030 

—0506 

-0,120 

-0,044 

-0,156 

-0,034 

-0,173 

-0,116 

1 

-0538 

-0,003 

-0,705 

-0,191 

-1.125 

-0,433 

-1,503 

+0,666 

1.0 

Q_ 

3,711 

+4  184 

3,016 

+4,121 

4335 

+4,139 

4,861 

+4,246 

-f 

-0538 

-0,033 

—0,705 

-0,191 

-1,125 

—0/33 

-1505 

+0,666 

-2 

-0,050 

-0,006 

-0,120 

-0,044 

-0,156 

-0,084 

-0,173 

-0,116 

-3 

-0,021 

—0.003 

-0,051 

—0,920 

-0,065 

-0,035 

-0,071 

-0,950 

TABLE  5.2c 


*Mt  V»-0* 


*  f 

S^SVv\s^ 

ifi 

Ifi 

Ifi 

ifi 

3 

m 

a 

■ 

■ 

-0,020 

3 

Ml 

-0,050 

1 

mm 

-0,141 

B 

-0050 

0 

0 

mm 

1,509 

1,659 

1,745 

-1 

■S3 

-0,141 

-0048 

-0050 

-3 

EH 

-0,029 

-0,043 

-0056 

-3 

-0004 

-0012 

-0017 

-0020 

• 

-0.028 

+0,018 

-0,047 

+oon 

-0043 

+0004 

-0,041 

+0001 

-0,056 

+0,0(8 

-0030 

+0005 

-0,078 

-0078 

-0001 

1 

-0.136 

-0OC3 

-0023 

-0,013 

-0302 

-0004 

'-0092 

+0,009 

<w 

0 

1074 

-0082 

1,450 

-0068 

1063 

-0053 

1078 

-0045 

-1 

-0,138 

-0003 

-0023 

-0013 

-0002 

-0004 

-0092 

+0009 

-2 

-0055 

+0018 

-0,080 

+0,005 

—9,078 

-0,078 

-9001 

-3 

-0028 

+0018 

-0047 

+0,011 

-0043 

+0004 

-0,041 

+0.001 

• 

3 

-0004 

+0014 

-0020 

+0019 

-0,027 

+0.017 

-0.031 

+0.015 

3 

-0010 

+0028 

-0060 

+0030 

-0,063 

+0026 

-0068 

+00123 

l 

-W.IUJ 

+OOG4 

-0.2UG 

+OOGO 

-ow 

+0.009 

~  -0070’ 

+0.07* 

0 

1,153 

+0077 

1041 

+0,404 

1050 

-a4ie 

1,467 

-0.433 

-1 

-aw 

+0054 

-0005 

+0050 

-0089 

+0059 

-0070 

+0074 

-3 

-0019 

+0,028 

-0050 

+0030 

-0063 

■+0O26 

-0068 

+0023 

-3 

-0004 

+0014 

—0020 

+0019 

-0027 

+0017 

-0031 

+0015 

3 

-0,002 

+0006 

-(/.Oil 

+OOU 

-0016 

+0012 

-00 20 

+0.009 

’ 

3 

-0008 

+0015 

-0,029 

+0,023 

-0.041 

+0,025 

-0,048 

+0.018 

1 

-0055 

+0052 

-0,154 

+0072 

-0035 

+0,091 

-0011 

+0,005 

as 

10« 

-0,403 

1,090 

-0,454 

1,162 

-0,491 

1081 

-0035 

-0055 

+0,052 

-0,154 

+0072 

-0035 

+0,091 

-0011 

+0065 

■  ~ 

-0003 

4  0015 

-0,023 

--0023 

-0041 

+0025 

-0,048 

+0018 

Bfl 

-0002 

+0,000 

-0,011 

+0,011 

— 0,0i6 

+0012 

-0,020 

+0,009 

-0,004 

* 

+0,004 

-0,006 

+0006 

-0,014 

+0,007 

-0.016 

+0.007 

* 

3 

-0,007 

+0,007 

-0.022 

+0,013 

-0032 

+0,016 

-0039 

+0,018 

l 

-0,035 

+0,030 

-0,1  IS 

+0058 

-0.191 

+0,035 

-0063 

+P.II5 

io 

0 

1.122 

-0024 

1,146 

-0,553 

lOM 

-0,565 

| 

—002! 

—1* 

-0,035 

+0,030 

-0.U5 

+0.058 

-0,191 

+0,065 

-0063 

+0,115 

-3 

-0007 

+0007 

-0,022 

+0013 

-0,032 

+0,016 

-0039 

+0,018 

-3 

-0,004 

+0,004 

-0,009 

+0006 

-0,014 

+0007 

-0016 

+0007 

I 

i 


FTD-HC-23-242-70 


213 


TABLE  5. 2d 


lM,  (m'>  Y*"0* 


k 

w 

a.» 

3 

0,001 

+0.0CS 

O.OM 

+0,009 

0.001 

+0,009 

0.003 

2  ' 

o.ooi 

+0.011 

02702 

+0.01  G 

0,001 

+0,016 

0.01G 

1 

0,02.3 

-0,032 

+0.015 

0.0(71 

0.002 

+0.079 

o.t 

0 

-0,03(5 

—0,272 

-0,523 

-0.2.38 

-0,019 

-0,310 

-0.018 

-0.333 

-1 

0,038 

-0,032 

+0,015 

O.Giii 

0.002 

+ 0,979 

-2 

0.01! 

+0,011 

0,*J02 

+0,316 

0.001 

+0.0(6 

C.91G 

-3 

0.01! 

0.033 

+0.003 

0.001 

+0.009 

0.008 

3 

0.007 

+0.031 

0,010 

+0.008 

0.010 

+0.012 

0,009 

+0,011 

o 

0.015 

+0.008 

0.017 

+0,023 

0,015 

+0.030 

0,011 

+0,033 

! 

0.031 

+0.013 

0.031 

+0,100  • 

0.031 

+0,112 

0.010 

+0.182 

03s 

0 

-0.130 

-0,330 

-0.178 

-0.593 

-0.186 

-0,017 

-0,193 

-0,705 

-l 

0.03 1 

+0.013 

0.031 

+0,100 

0,031 

+0,112 

0,010 

+0,183 

-2 

0.013 

+0.003 

0.017 

+0.023 

0.015 

+0,030 

0,011 

+0,033 

-3 

0,007 

+0.001 

0.010 

+0.038 

0.019 

+0.012 

0.009 

■r  0.011 

3 

0,005 

0,011 

+ 0.03a 

0.013 

+0.012 

0,013 

+0.016 

2 

O.OM 

+0.00} 

0.025 

+0.022 

0.027 

+0.031 

0,027 

+0.011 

1 

0.035 

+0.013 

0.031 

+0,137 

0.038 

+0,216 

0.115 

+0358 

05 

0 

-0.2  SO 

-0.936 

-0,293 

-0,975 

-03« 

-1.051 

-0383 

—  1,146 

-I 

0.Q5G 

+0,013 

0.081 

+0,137 

0.033 

+0,216 

0.1 15 

+0,258 

-9 

O.OM 

+0.00 1 

0.925 

+0.022 

0,027 

+0.031 

0.027 

+0.0-51 

—3 

0.035 

0.011 

+030S 

0.013 

+0.012 

0.013 

+0.016 

3 

0.003 

+0,002 

0.011 

+0.012 

0,013 

+02)19 

0.011 

+0.021 

2 

0.012 

+0,037 

0.025 

+0,030 

0,030 

+0.018 

0,031 

+0.059 

I 

0.037 

+0,015 

0.1  W 

+0.1110 

0,116 

+0,312 

0,178 

+0.135 

Ifi 

0 

-0332 

—  1,091 

-0376 

-1,720 

-0.118 

-1.803 

-0.517 

—  1.9.77 

-  -1 

0.037 

+0.015 

0.1M 

+0,180 

0,118 

+0312 

0,178 

+0.435 

-2 

0.012 

+0,007 

0.025 

+0.030 

0,030 

+0,018 

0,031 

+0,050 

-3 

0.033 

+0.002 

0.011 

+0.012 

0.UI3 

+0.019 

0314 

+0.020 

FT D-KC-2 3-2^2-70 


21k 


TABLE  5.2e 


(m)  '  y»  -  30* 


* 

•  04 

1 X 

IJ 

a* 

• 

3 

-0,003 

+0,013 

-0,012 

+0,014 

-.0,010 

+0,014 

-0,003 

+0,015 

2 

—0/)15 

+0,018 

-0,021 

+0,022 

*•0,015 

+0,030 

-0,G09 

+0,037 

.  •» 

1 

-0,044 

+0,034 

-0,010 

+0,121 

-0,019 

+0,203 

-0,002 

+0,108 

0,1 

-0,138 

-1,077 

-0,115 

-1,162 

-0,113 

-1X19 

-0,119 

-1X14 

0,01.3 

+0,212 

■o,c-.r> 

+0.349 

■  0.C30 

+  0.438 

0.018 

+0/)trt 

0.032 

+0,059 

0,039 

+0,080 

0,027 

+0X73 

0,021 

+0,0ji 

0.034 

+0.020 

•  0.029 

+0,038 

'  0.020 

+0.041 

0X15 

+0.040 

0,6f.S‘ 

+0,010 

*0,004 

+0,031 

*0,002 

+0,037 

0,002 

•4-0,041 

O.Cui 

+0,032 

-0,001 

.+0.071 

o.cot 

+0,089  . 

0,005 

+0,100 

■ 

,  -0,017 

+0,125 

—0,025 

+0X59 

0,021 

+0,602 

0.072 

+0,930 

-0,221' 

-2X14 

no 

-0X39 

-2.824 

-0,110 

-3X.19 

H  ■ 

-i 

0X05 

+0X8G 

;  C.303 

+0.085 

0,278 

*•0,972 

0X70 

+1.231 

H  H 

0,003 

+0,006 

0,110= 

+0,005 

'0,103 

+0.133 

0,087 

+0,148 

RH 

0.030 

— fl,OI2 

•  .  0,037. 

+0,022 

0,055 

+0,043 

0,049 

+0.054 

3 

0,007 

+0,007 

0,009, 

+0,035 

0.006 

+0,0-18 

0,003 

+0,056 

:  2 

Faj^RTjlTrS 

Ejmvv™ 

0.016' 

+0,093 

0,012 

+0,129 

0,009 

+0,149 

|. 

0,034, 

+0,6?l 

0,031 

+  1,133 

0,137 

+  1,644 

OX 

.  0 

liJKSJB 

-3,751 

'  0X70 

-0.03G 

0,154 

-4,620 

-0,027 

-6X42 

-1- 

•0,424 

+0,143 

0,352 

+0,870 

0X49 

+  1.427 

0X10 

+  1,908 

*  —2 

0,031 

BH 

0,121 

+0X68 

0,122 

+0,130 

0,111 

+0,165 

— 3: 

0,013' 

B<Wm 

0.041- 

+0.015 

0.048 

+0X37 

0.018 

+0,053 

3 

-0X01 

-0,012 

+0X52 

-0.029 

+0,078 

-0.044 

+0,003 

2  . 

• 

0,011 

-0,032' 

+0,140 

-0,075 

+0X05 

-0,019 

+0X45 

1 

■BMfa 

DBa 

-0,161 

+0,986 

-0X61 

+  1X16 

—0,563 

+2.609 

1A 

0 

-6,768 

4.772 

-7X21 

i^RlTiTI 

BXZW 

-1 

0X'-J 

+0,095 

0X34 

+2X20 

.sttaHiWiM 

+2X48 

-2 

0,015 

+0X20 

KELl 

+0,191 

IffiHijMijB 

+0X41 

•*3 

0X04 

+0X05 

0.008 

+0,040 

0X01 

-0,096 

TABLE  5.2f 


<*>,(«)  T*-30* 


* 

— ; — 
l 

IX 

tjt 

I 

3 

-0.176 

-oxi  i 

na 

-0,136 

3 

-0X08 

-0,404 

-0,416 

1 

-0XGI 

-1X49 

-2X44 

o 

0 

6,139 

GX79 

7,759 

-1 

0X85 

-0X81 

-uii 

-1,913 

—2 

0X16 

0,128 

-0,907 

-0,094 

-3 

0,161 

0,130 

6,057 

0.060 

-0,054 

-0X55 

-0,064 

-0,064 

-0X05 

-0,053 

-0,071 

-0,039 

-0,030 

u-0,070 

-0,105 

-0,109 

-0,145 

-0X76 

-0,179 

-0,049 

0.1 

1 

-0,|49 

-0X17 

-0X90 

-0,199 

-1X03 

-0,103 

-2,033 

-0X32 

0 

5,441 

-0,119 

5X51 

-0X95 

6,638 

-0X67 

7X09 

-0X72 

-1 

-1.073 

+0X90 

-1,758 

+0,196 

-2X04 

+0,137 

-2X42 

+0,106 

ti 

-0X98 

+0X47 

-0,438 

+0,172 

-0,445 

+0,113 

-0,430 

+0,080 

I 

-0,099 

+0,170 

-0X00 

+0,135 

-0X11 

+0.091 

-0X05 

+0,063 

3 

-0X23 

+0,013 

-0,062 

+  0,003 

-0,074 

-0,003 

-0.080 

-0,004 

2 

-0,065 

+0,011 

-0,139 

-0,014 

-0,175 

+0,077 

-0,108 

-0,007 
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TABLE  5. 2f 


t 

6t 

... 

M 

• 

U 

1 

-0.215 

-0,051 

• 

-G,7u4 

—  0,'»7u 

-1.316 

+0,001 

055 

0 

•1.576 

+0.110 

5,013 

+0.015 

5,812 

-0.039 

6.716 

-0.113 

-1 

-0.6  IS 

+0512 

-1,152 

+0,440 

-2,025 

+0,321 

-2.543 

+0,218 

—2 

—0,033 

+0,186 

-0.223 

+0,215 

—0590 

+0,062 

-0504 

+0,135 

-3 

-0,010 

+0,061 

-0,059 

+0.109 

-0,101 

+0,039 

-0,121 

+0,033 

3 

-0.009 

tG,0o7 

-0,039 

+0.CO5 

-0.0)3 

-Q.062 

-0,075 

-0.007 

2 

-0,031 

+6.013 

-0,109 

+0.M3 

-0,137 

-0,017 

—0,160 

-0,017 

1 

-0.1SS 

+0,012 

—0.631 

-0,'XO 

-1.170 

+0.003 

-1,702 

+0.'K)8 

05 

■ 

3,009 

+  1.516 

4518 

+  1546 

4.914 

+  1,208 

5,710 

+  1.129 

-0556 

+0501 

-1,034 

+0.377 

-1.001 

+0510 

-2592 

+0,069 

O.Ool 

+0,057 

-0,101 

+0,107 

-0,171 

+0,090 

-0,205 

+0,068 

■■ 

0,003 

+0,016 

-0.028 

+0.O1? 

-0.031 

+0,033 

-0.084 

+0,01)1 

3 

-0,008 

-0.032 

-0.01 1 

-0.017 

-0.021 

-0.05G 

-0,031 

2 

-0,020 

-0.003 

-0,083 

-0,291 

-0,122 

-0,061 

-0.147 

-0.087 

1 

—0,1-15 

-0,021 

-0,683 

—0.120 

-1,037 

-0583 

—  1507 

-0,474 

1.0 

0- 

3.703 

+■1,192 

3580 

+4,100 

4549 

+4,086 

4565 

+4,196 

~> 

-0.125 

+0.I0G 

-0,590 

-0,008 

-1514 

-0558 

-1535 

-0.097 

-2 

-0,019 

+0,006 

-0.082 

-9,003 

-0.128 

-0,037 

-0,153 

-0.C69 

-3 

-0.006 

+0,003 

-0,030 

-0,003 

-0.047 

-  0,015 

-0.057 

-0526 

Influence  coefficients  are  given  for  the  basic  profile  and  for  three 
adjacent  profiles  on  each  side  of  the  Initial  profile.  The  values 
of  the  Strouhal  number  k,  the  relative  spaclngs  t,  and  the  incidences 
are  given  in  the  table.  In  the  case  at  hand,  influence  coefficients 
are  given  only  for  translational  and  torsional  oscillation  of  plates 
(about  the  center  of  the  plate) ^  \ 


The  lift  force  and  the  moment  applied  to  the  center  of  the  basic 
profile,  when  all  the  profiles  oscillate  with  a  constant  phase  shift, 
are  equal  to 


•S'  M  «  2p°£/I6*c-. 

Here  the  coefficients  of  the  forces  and  of  the  moment 

Cl  “  Re  (0c,,9  +  2 »  em  “  Rc  • 


are  Introduced 


Footnote  (it)  appears  on  page  238. 
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TABLE  5.2g 


(»')  Y*"30* 


k 

0J 

1.0 

... 

2,« 

.3  . 

-o.r*2 

+0,003 

-0,001 

+0.002 

-0.004 

+0,031 

-0,001 

+0.001 

2 

-07,31 

+0.001 

-0.C07 

+  0.002 

—0,005 

+0.002 

—0,033 

+0.003 

: 

-0,012 

+0,001 

-0,013 

+0.001 

-0,009 

+0.00’, 

— 0.0<5 

+02/21 

0,1 

0 

-0.050 

—0,258 

-0.012 

-0278 

-0.010 

—0/5)3 

—3.04! 

—0/125 

-t 

0.017 

+0,052 

0.010 

+0,085 

0.015 

+0,112 

02115 

+0.1.35 

-2 

0.013 

+0,015 

0,011 

+0,022 

0.008 

+0,021 

0.007 

+0.1/2:) 

*  -3 

0.009 

+0.005 

0,003 

+0.010 

02)01 

+0.011 

0.005 

+11.01*2 

3 

0,002 

+O.OB 

0,005 

-0,001 

+0,00.3 

-0.001 

+0.1XH 

2 

0,002 

+0.005 

0.003 

+0,012 

-02)03 

-0.075 

—02)02 

+0.0IC 

7 

-0.006 

+0.015 

-0,015 

+0,023 

—0,008 

+0.041 

0.004 

+0.072 

055 

0 

-0.151 

—0,551 

-0,155 

-0.565 

-0,105 

-0.539 

-0.178 

-0.702 

-i 

0.077 

+0.008 

0.0S2 

+0.11.5 

0.081 

+0235 

0.083 

+0.292 

-2 

0.021 

0.033 

+0.023 

02i«) 

+0,124 

0.027 

+0,0.39 

-3 

o.orw 

-0.001 

0.010 

+0.003 

0.017 

+0.011 

0.015 

+O.0I5 

1  !  3 

o.u>; 

O.Oil  t 

+0,005 

0.00-5 

+U2XW 

0.013 

+0,010 

2 

0.005 

+0.003 

02X17 

+02)13 

02)08 

+02/20 

02»0 

+0.025 

7 

O.tXW 

+07)19 

0,013 

+0,012 

0,032 

+0.077 

0.557 

+0.129 

0 

-0515 

-0.937 

-0281 

—0.970 

-0,321 

—  1.054 

-0/H2S 

-1,155 

-i 

o.uo 

+0.030 

0,1  Bl 

+0205 

0.174 

+0.339 

0.181 

+0,447 

-2 

02)14 

-o.m 

0,03  i 

+0.015 

0.040 

+02)32 

C.010 

+0.042 

-3 

O.OfJI 

-0.003 

0.013 

+0.002 

0.017 

+9AI9 

0.032 

+0.014 

3 

0.002 

•  02Jtx; 

+0.005 

U.00K 

+02X0 

02)10 

+0.013 

2 

0.005 

+0,003 

0.013 

+0,013 

0,013 

+0.023 

0.321 

+0.032 

•  1 

0//20 
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The  expression  of  these  coefficients  in  terms  of  the  influence 
coefficients  is  constructed  by  the  method  described  above: 

2  c„»  S  V'~. 

«•  «• 

21  c«r-  21 

n—m 

S  5 « 3 .  Unsteady  Motion  for  an  Arbitrary 
Relationship  to  Time 

Solutions  obtained  under  the  assumption  of  a  harmonic  relation¬ 
ship  of  the  form  of  the  jump  or  of  the  oscillation  velocity  to  time 
can,  in  view  of  the  linearity  of  the  problem,  be  extended  to  a 
random  relationship.  In.  such  a  case,  if  the  action  of  the  velocity 
jump  of  the  profile  oscillation  is  described  by  a  periodic  law,  a 
Fourier  series  is  used.  If  the  action  Is  aperiodic,  the  solution  Is 
expressed  in  terms  of  a  Fourier  Integral.  In  turbomachines,  in  view 
of  the  periodicity  of  the  processes,  the  use  of  Fourier  series  is  of 
the  greatest  significance.  However,  in  some  cases  it  becomes  necessary 
to  study  aperiodic  processes  as  well. 

Let  us  assume  that  there  is  a  solution  for  the  harmonic  law  of 
oscillation  p/vr,  expressed  In  terms  of  the  function  £>(*.?. y*,a)  =  ZQ. 
It  Is  required  to  find  a  solution  where  the  boundary  conditions  change 
with  time  according  to  the  given  law  f(-r).  We  assume  that  f(x) 
satisfies  the  conditions  necessary  for  the  application  of  Fourier 
transforms. 

The  spectrum  of  the  given  time  function  is  found  from  the  formula 

«• 

*(*)“  j  vte)e-i«df.  (5.18) 

Then  the  desired  solution  is  determined  by  the  Fourier  integral: 

(5.19) 

-w 

Here  k*--\b/U  is  the  Strouhal  number,  <f**UxJb  is  dimensionless  time.  We 
shall  consider  the  two  most  important  cases. 
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1.  Up  to  ‘<0  the  profiles  in  the  cascade  were  motionless >  and 
when  OO  they  suddenly  acquired  a  velocity  of  Vg  exp  jma.  In  this 
case  the  time  function  is  a  unit  step  function  <j(t)  and  its  spectrum 
is 

s(k)**  J  _L. 

Consequently ,  the  solution  is  determined  by  the  formula 

Jt (5.20) 

The  problem  of  a  sudden  change  of  the  angle  of  attack  for  an 
Isolated  wing  was  first  considered  (by  the  vortex  method)  by  Wagner. 
Obviously,  according  to  (5.20)  the  Wagner  function  can  be  expressed 
in  terms  of  the  Theodorsen  function: 

m 

i|7(*)~-5~  (5.21) 

The  value  of  the  Wagner  function  is  presented  in  Table  5.3. 


TABLE  5.3 


♦ 

*<« 

* 

* 

( 

0.0 

0.5000 

5.5 

05010 

12 

05911 

0.5 

0.5557 

6/) 

05125 

15 

0.91 1$ 

1,0 

0.SC06 

6 JS 

0523 0 

20 

0,9366 

1.5 

0.637a 

7fi 

3.8325 

25 

0,0501 

2.0 

0.6003 

7.5 

05-112 

30 

05591 

2.5 

0.0032 

3.0 

0,8191 

« 

0,9702 

3.0 

0.7105 

85 

9.8561 

50 

0.9767 

35 

0.7399 

9.0 

05-31 

103 

0.9S9I 

to 

0.7379 

95 

0.K93 

500 

0.9950 

4fi 

0.7739 

10 

0.8750 

1000 

05390 

5.0 

0,7332 

II 

0,8853 

CO 

1,0000 

The  lift  force  acting  upon  a  plate  is  equal  to 


J?  -  2a5p,d/p0  [  V  (<? )  +  b  4  (f )J. 


Function  E'fy)  determines  the  increment  of  the  lift  force  as  the 
flow  becomes  stabilized.  The  value  v  may  be  treated  as  the  path 


FTD-H 0-23-242-70 


220 


traveled  by  the  wing  (or  by  the  stream)  after  the  change  of  the 
stream.  This  path  is  measured  in  terms  of  wing  semichords.  Thus, 
for  example,  it  follows  from  Table  5.3  that  when  the  lift  force 

reaches  60S  of  the  stabilized  value.  The  rate  of  stabilization  of 
the  circulation  is  linked  with  the  influence  of  the.  acceleration 
vortex.  The  delta  function  in  the  formula  for  the  lift  force  is  due 
to  the  origination  of  inifinite  accelerations  in  the  fluid  at  the 
moment  of  reconstruction  of  the  current  »»0. 


2.  The  cascade  passes  through  a  vertical  velocity  jump,  which 
moves  at  the  velocity  of  the  main  stream  (Figure  5d).  The  vertical 
velocity  (at  the  basic  profile  is  given  by  the  condition: 


when  x>Ux  —  b  »,-0.  1 
when  x<Ux-b  9a-I.  ] 


Figure  5.1.  The  incidence  of 
a  vertical  velocity  jump  onto 
a  cascade. 


Then  the  time  function  is  described  by  the  unit  function 
x/b)  and  its  spectrum  is 


*(*>-  f  o(*~l  -  /('♦*)« 


Consequently,  we  obtain 


=  —  J  -Z'We'^'ddk. 


<5.22) 


For  an  isolated  wing  the  analogous  problem  was  first  considered 
by  Kuessner,  and  his  function  is  also  expressed  in  terms  of  the 
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function  C(k); 


*(f)«2 /  ■jC(k)A'>''  ’)dk. 


(5.23) 


The  value  of  Kuessner's  function  is  presented  in  Table  5.4. 


TABLE  5.4 
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30 
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-0,0 
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10 
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-0,2 

0/17S2 

u 
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2.0 

0,6915 
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0,9390 

0,0 

0,1167 
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•1.0 
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0,9979 

0,2 

0,-5500 

15 

0,9117 

f.,0 

0,7731 

1000 

0,9950 

0,4 

0,1731 

20 

0,9319 

6,0 

0,8001 

oo 

1,0000 

In  turn,  fcft?  V/agner  function  or  the  Kuessner  function  (or,  in 
the  general  case,  Z)  can  serve  as  fundamental  functions  for  the 
expression  of  new  solutions  in  terms  of  m.  For  this  it  is  necessary 
to  apply  the  superposition  principle,  written  in  the  form  of  the 
Du'nanel  integral: 

f  ('f)*=  po(0)2(<f)+ J  2fiZ(<t—o)d0..  {52H 


If  the  Duhamel  Integral  is  written  in  terms  of  the  Kuessner 
function,  we  obtain  the  solution  for  an  arbitrary  velocity  jump 
i'(if),  defined  for  ,>0.  This  solution  will  be  obtained  as  a  result  of 
the  addition  of  a  series  of  step  jumps.  An  analogous  result  may  be 
written  for  a  cascade,  where  each  profile  has  a  jump  with  a  phase 
shift. 

The  increment  of  the  lift  force  when  a  single  profile  encounters 
a  jump  (the  limit  case  of  a  very  sparse  cascade  2b/t  =  0)  Is  shown 
in  Figure  5.2.  In  the  other  limit  case  for  a  very  dense  cascade 
(e.\p .-!&//:»!)  the  problem,  as  has  been  shown  above,  may  be  treated  as 
a  quasi-steady  one.  Y/hen  the  jump  occurs  the  lift  force  attains  the 
stabilised  value  in  a  stepwise  fashion.  The  graphs  of  the  lix’t  force 
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Figure  5.2.  Reaction  of  a  very  thin 
cascade  and  a  very  dense  cascade  to 
a-  velocity  jump. 


are  plotted  in  fractions  of  its  steady-state  value  in  the  two 

above  mentioned  special  cases. 


The  change  of  the  lift  force  with  the  incidence  of  a  rectangular 
wake,  which  may  be  presented  as  two  consecutive  Jumps,  is  shown  in 
Figure  5-3.  The  maximum  value  of  the  force  attained  in  a  thin 
cascade  depends  upon  the  width  of  the  jump,  which  in  this  case  is 
equal  to  A/2&-J/2.  The  lift  force  in  Figure  5.3  is  expressed  in  terms 
of  the  stabilized  lift  force  in  the  case  of  a  jump  of  infinite 

length.  In  particular,  the  reaction  of  a  single  profile  to  a  rec¬ 
tangular  shaped  jump  with  a  length  of  A  is  equal  (here  the  Kuessner 
function  is  used)  to 

-  2nfcp°i/  v0  [K  (q>)  -K{f~  fi)l. 


In  some  cases  applicable  to  turbomachines,  it  is  convenient  to 
consider  an  infinitely  narrow  jump.  In  (5.25)  we  shall  direct  the 
length  of  the  jump  toward  zero  (d-»0)  ,  retaining  i'«A«consl  in  the  transi¬ 
tion.  Then  the  jump  will  be  given  by  the  Dirac  6-function,  and  the 
stream  force  may  be  expressed  in  terms  of  the  derivative  of  the 
Kuessner  function i 

(5.26) 
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Figure  5.3.  Reaction  of  a  very 
thin  cascade  and  a  very  dense 
cascade  to  a  velocity  jump  of 
limited  width. 

Function  — ' -jffi--  has  been  tabulated  by  Mayer  [119]  and,  in  greater 
detail,  by  Lefert  [115],  which  is  necessary  for  numerical  integration 
in  the  solution  of  practical  problems.  At  the  moment  of  encounter  of 
the  wake  with  a  sharp  leading  edge  the  force  will  be  infinitely  great; 
however,  the  impulse  will  be  finite  and  is  expressed  in  terms  of  the 
Kuessner  function  (or  a  cascade  analogous  to  it). 

An  analogous  series  of  solutions  may  also  be  obtained  in  another 
way,  since  the  problem  of  a  jump  of  arbitrary  shape  can  generally  be 
solved  by  means  of  the  function  SQ,  derived  for  a  jump  of  sinusoidal 
shape.  It  is  necessary  only  to  keep  in  mind,  when  computing  the 
spectrum,  that  the  solution  for  a  jump  of  sinusoidal  shape  already 
assumes  the  existence  of  a  traveling  wave.  Thus,  for  example,  the 
spectrum  for  a  vertical  jump  is  defined  by  the  formula 

«• 

s  (fc)  =»  J 

Then  the  solution  may  be  expressed  in  terms  of  ZQ  (where  by  Zp  are 
already  understood  to  be  functions  of  the  R  type)  in  the  form 

«• 

£(<?)=  jsj-  {  ~7.0{k)c>«dk. 
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In  particular,  for  an  isolated  profile  the  solution  may  be 
expressed  in  terms  of  S(k),  Consequently,  the  connection  between  the 
Kuessner  function  and  the  Sears  function  Is  found  as: 

*(<?)»• sj-  J  ~S(k)e'*dk. 

•mm 

For  a  jump  given  by  a  6-function,  the  spectrum  is  equal  to  1 
and,  consequently,  we  obtain  a  solution  of  the  type  of  (5*2 6)  in 
another  form: 


"Jr~k  / 

— m 

5  5. The  Influence  of  a  Shift  of 
Profiles  in  a  Cascade 


In  the  calculations  of  cascades  considered  above,  the  shift  of 
profiles  was  disregarded.  This  simplification  causes  a  small  error 
if  around  the  profile  flow  has  zero  angle  of  attack,  and  the 
oscillation  frequency  is  sufficiently  large.  Actually,  defining  the 
profile  shift  by  the  function  y«nejcp/vr ,  we  find  the  boundary  value 
of  velocity  «/vAexp/vr .  From  this  it  follows  that  the  velocity  may 
be  great  even  with  a  small  shift.  The  influence  of  a  profile  shift 
will  be  most  significant  of  all  with  a  low  oscillation  frequency,  a 
high  cascade  density,  and  a  large  turning  angle  of  the  main  stream. 

Analysis  of  the  problem  of  unsteady  streamline  flow  taking  into 
account  the  shift  of  profiles  Is  of  considerable  interest,  since  in 
this  case  the  origination  of  flutter  with  one  degree  of  freedom  is 
possible.  The  problem  taking  the  shift  of  profiles  into  account  has 
been  studied  by  Whitehead  [1*163,  V.  V.  Musatov  [48],  V.  E.  Sarer.  [73], 
and  D.  N.  Gorelov.  The  influence  of  the  shift  upon  unsteady  forces 
Is  characteristic  for  a  cascade  and  is  insignificant  for  a  single  wing. 

Let  us  consider  a  cascade  (Figure  5.*0  with  the  offset  yb,  the 
plate  spacing  t  and  the  chord  2b.  The  plates  can  oscillate  harmoni¬ 
cally  In  a  direction  perpendicular  to  the  chord.  The  oscillation  of 
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the  plates  takes  plane  with  a  phase 
shift  in  such  a  manner  that  the 
shift  of  plate  m  from  the  central 
position  Is  given  by  the  formula 
ft  exp  /(vr+/na).  The  cascade  is  in  a 
stream  of  ideal  fluid  which  has  the 
velocity  at  an  infinite  distance 
in  front  of  the  cascade  and  Ug  far 
behind  it.  Prom  the  continuity 
equation  it  follows  that  the  pro¬ 
jections  of  these  velocities  onto  a 
normal  to  the  cascade  axis  must  be 
equal.  Figure  5.1)  shows  the  modulus  of  the  mean  geometric  velocity 

before  and  after  the  cascade  in  terms  of  U  . 

m 

We  shall  assume  that  the  profile  is  small  in  comparison  to  the 
spacing  and  that  the  oscillation  velocity  is  small  in  comparison 

to  the  main  stream  velocity  The  attached  vorticity  originating 

at  the  profiles  may  be  broken  down  into  two  components,  of  which  the 
first  one,  yO,  does  not  depend  upon  time,  while  the  second  component, 
y,  depends  upon  time.  Since  in  practical  problems  the  influence  of 
the  shift  of  the  blades  will  manifest  itself  in  the  case  of  a  small 
reduced  oscillation  frequency  and  a  large  angle  of  turn  of  the  main 
stream,  we  shall  consider  the  case  of  y<y». 

In  the  subsequent  calculations  we  shall  disregard  the  squares 
and  derivatives  of  small  values.  Froi..  this  it  may  be  concluded  that 
the  influence  of  shift  may  be  regarded  only  as  an  effect  of  a  shift 
of  the  constant  part  of  the  attached  vorticity.  The  part  of  the 
attached  vorticity  that  is  variable  in  time  may  be  referred  tc  the 
central  position  of  the  profile.  Since  the  intensity  of  the  vortices 
in  the  wakes  is  of  the  same  small  order  as  y>  it  is  possible,  as 
before,  to  disregard  the  shift  of  the  wakes  and  to  consider  them 
situated  along  the  flow  lines  of  the  main  steady  stream. 


Figure  5.^.  Concerning  flow 
about  an  aerodynamically 
loaded  cascade. 
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Figure  5.5  A  vortex  cas¬ 
cade  with  shift.  ■ 


In  order  to  obtain  the  kernel  of 
the  integral  equation,  let  us  first 
consider  a  cascade  of  vortices  with  the 
offset  yb  and  the  spacing  t,  situated 
in  the  region  of  the  complex  variable 
z  =  x  +  iy  (Figure  5.5).  Having  in 
view  subsequently  to  study  the  shift  of 
the  blades,  let  us  assume  that  the 
vortices  have  a  vertical  shift  of 
hexpjmcr.  and,  consequently,  are  situated 
at  the  points 


«=  lmte~l Y* + /W**. 


(5.27) 


Let  all  the  vortices  have  the  unit  circulation  r(m)  =  i  . 


The  complex  velocity  induced  by  the  vortex  cascade  will  be 
expressed  by  the  series 

It  is  convenient  to  introduce  a  system  of  coordinates  linked  to 
the  main  vortex,  l.e.,  to  transform  the  coordinates.  We  pass  to  the 
new  system  of  coordinates  and,  discarding  the  index,  we  obtain 

u  >  (z)  s  — l  y  _ i _ 


We  expand  this  expression  into  a  Taylor  series  and  retain  the 
term  of  the  first  order  of  smallness  with  respect  to  the  vortex  shift 
amplitude: 


W(2) 


1  y  1  ,  h  y  «/««- 1 

2,-ti  XU  z-imfi  2.1  &  ( Z-Imii )• ' 
n«-«» 


Here  we  have  introduced  the  designation  of  the  complex  spacing 
tr-’lexp  (— f'V6)  •  The  first  series  Is  summed  and  is  equal  to  (.'i/»h)cUj(.t2//i). 
After  the  transformations  the  second  series  can  also  be  summed: 
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In  the  last  transformation  Formula  (3.3)  has  been  used;  it  is 
valid  under  the  condition  of  0<c <2.t  • 

ThuSj  the  cascade  of  vortices  which  are  situated  with  the  shift 
tli exp /«»«  induces  the  same  kind  of  a  velocity  field  as  if  the  vortices 
were  situated  without  shift,  and  a  supplementary  field  (when  h  <<  t), 
defined  by  (5.28). 


We  designate  (the  sign  Im  designates  the  imaginary  part  with 
respect  to  i) 


eh  [(«  -  q)  -£.]  —  ch  n  —  a  sh  [(.-»  -  ■)  ] 


slut-— 

*« 


(5.29) 


Here  z  is  replaced  by  x,  since  calculation  of  the  vertical  velocities 
is  necessary  only  at  the  basic  profile  of  the  cascade,  which  is 
situated  on  the  abscissa.  On  the  basis  of  (5.28)  and  (5.29)  it  may 
be  concluded  that  the  vertical  velocity  at  the  point  x,  y  =  0  of  the 
vortex  cascade,  the  main  vortex  of  which  has  the  coordinates  £.:j=0> 
is  defined  by  the  expression 


c(x,  0)T.Re^Lcth-jj-(x-5)  +  /t/fo(x-£). 


(5.30) 


The  second  term  determines  the  supplementary  vertical  velocity 
induced  by  the  vortex  shift.  These  supplemental  velocities  are 
proportional  to  the  shift,  for  the  adopted  degree  of  accuracy.  The 
second  term  has  no  singularities;  this  is  physically  understandable, 
since  it  takes  into  account  the  shifts  of  the  adjacent  profiles.  In 
the  absence  of  a  phase  shift  (a  =  0)  we  obtain  KQ  =  0,  which  is 
obvious,  since  the  cascade  oscillates  as  a  single  system. 

Let  us  now  pass  on  to  consideration  of  the  basic  problem.  When 
the  plates  in  the  cascade  oscillate  with  a  shift,  attached  vorticity 
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will  be  induced  at  the  plates;  this  vorticity  can  be  broken  down  into 
the  component  y0>  which  does  not  depend  upon  time,  .and  the  component 
Y,  which  depends  upon  time: 


y«W+y  (*)«/« 


Here  y(x)  is  a  complex  value  with  respect  to  j. 

The  constant  attached  vorticity  is  determined  from  the  solution 
of  the  static  problem  for  a  cascade  in  a  main  stream  with  a  large 
angle  of  turn: 

n 

£/-»+Rc27rJ  Y#<s)rth~(x-S)d5~0. 

Here  U^y  is  the  vertical  projection  of  the  main  geometric  velocity. 

The  solution  of  this  problem  for  a  cascade  of  plates  is  known,  and 
for  a  cascade  of  plates  without  offset  may  be  expressed  by 

simple  formulas.  Thus,  we  consider  Yq(x)  to  be  a  known  function. 

With  shift  of  the  profiles  (and  the  attached  vorticity),  supplemently 
velocity  normals  are  induced  at  the  profiles.  These  supplemental 
velocities  may  be  defined  by  means  of  the  second  term  of  Formula  (5*30), 
considering  it  as  a  kernel: 

» 

»(*)-*/  y„(5 (5.31) 

Consequently,  with  a  shift  of  oscillating  profiles  it  is  nec¬ 
essary,  in  addition  to  the  oscillation  velocity,  to  take  into  account 
the  normal  induced  Velocities  (5.31).  A  shift  modulus  may  be  re¬ 
placed  by  the  oscillation-velocity  modulus  Then  the  basic 

integral  equation,  from  which  the  attached  vorticity  v(I)  is  determined, 
may  be  written  in  the  following  manner: 

*  » 

M*)+Mx)//vj  j  y«(!)*8(*-s)4-  f  v(s)ff(x~Btfg.  (5.32) 

•  I 

Here  it  is  assumed  that  2b  =  2. 
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This  equation  differs  from  tne  analogous  equation,  written  with¬ 
out  taking  into  account  the  profile  shift,  by  virtue  of  the  second 
terra  in  the  left-hand  part  which  takes  into  account  the  supplemental 
normal  velocities.  For  a  high  oscillation  frequency  the  coefficient 
in  front  of  this  term  tends  toward  zero,  and  we  obtain  the  initial 
special  case. 

Thus,  ir>  the  case  of  small  shift  the  problem  differs  from  the 
analogous  problem  without  taking  into  account  shifts  only  due  to  a 
simple  change  of  the  boundary  conditions. 

The  formula  for  determining  the  forces  and  moments  acting  upon 
the  profiles  in  the  streamline  flow  do  not  differ  from  those  cited 
above,  since  fcney  are  expressed  in  terms  of  the  attached  vorticity. 
All  that  must  be  added  are  the  static  forces  and  the  moment  brought 
about  by  that  part  of  the  attached  vorticity  which  does  not  depend 
upon  time.  Determination  of  these  forces  and  this  moment  is  carried 
cut  on  the  basis  of  the  same  formulas,  and  encounters  no  difficulty. 

Seme  results  of  the  calculation  of  plate  cascades  with  taking 
shift  into  account  are  presented  in  the  works  cited  above. 

5  5.5.  Determination  of  the  Total  Quasi- 
Steady  Characteristics  of  Cascades  by  Means 
of  an  Electrohydrodynamic  Analogy 

Use  of  the  electrohydordynamic  analogy  method  for  solving  prob¬ 
lems  in  hydi*cmechanlcs  is  a  method  of  analysis  that  is  carried  out 
experimentally. 

The  solution  of  the  problem  may  be  reduced  to  finding  the  stream 
function  't(-ny),  which  satisfies  the  Laplace  equation  and  satisfies  the 
necessary  boundary  conditions.  V/e  shall  consider  the  stream  function 
of  a  perturbed  stream,  since  the  superposition  of  the  basic  homogen¬ 
eous  stream  can  be  performed  separately,  taking  advantage  cf  the 
linearity  of  the  problem. 
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In  view  of  the  fact  that  the  perturbations  tend  towards  ze.ro  far 
from  the  perturbing  bodies  in  the  streams  under  consideration,  the 
boundary  condition  for  the  stream  function  at  infinity  will  be 


i± 

dx 


“0. 


(5.33) 


The  boundary  conditions  at  the  contour  are  determined  by  equality 
of  the  normal  surface  and  fluid  velocities  or 


ij>- v,y- o^x— -j-QU'+y^  +  const.  (5.3‘ 

Here  v  and  v  are  projections  of  the  oscillation  velocity  of  the 

X  ^ 

point  of  the  contour  on  the  abscissa  and  ordinate;  fl  is  the  angular 
velocity  of  the  oscillation. 


Two  basic  methods  of  employment  of  the  elect-rohydrodynamic  anal¬ 
ogy  are  possible.  In  the  first  method  the  electrical  potential  is 
compared  with  the  velocity  potential;  in  the  second  method  the  elec¬ 
trical  potential  is  compared  with  the  stream  function.  In  the  first 
case  the  body  in  the  streamline  flow  must  be  replaced  by  an  insulator 
situated  in  the  electrical  field.  In  the  second  case  the  body  must 
be  replaced  by  a  conductor  with  a  given  distribution  of  electrical 
potential  along  the  surface.  The  law  of  distribution  of  the  electrical 
potential  must  be  selected  in  such  a  manner  as  to  satisfy  boundary 
Condition  (5*  3*0.  The  second  method  is  convenient  in  the  problems 
under  consideration. 


When  using  the  analogy  according  to  the  second  method,  to  the 
circulation  velocity  is  compared  the  strength  of  the  electric  current 
supplied  to  a  model  of  the  body  in  the  streamline  flow: 


(5.35) 

where  Rq  Is  the  ohmic  resistance  of  the  paper,  J  is  the  Intensity  of 
the  current  passing  through  the  model,  m  is  the  proportionality  coef¬ 
ficient. 
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Studying  unstabilized  flow  about  cascades,  it  is  of  interest  to 
study  a  quasi-steady  problem  which  may  be  considered  as  a  limit  case. 

In  the  quasi-steady  formulation,  to  Conditions  (5.33)  and  (5.3*0  is 
added  the  Chaplygin-Zhukovskly  condition  at  the  trailing  edge.  If, 
as  has  been  done  below,  a  solution  is  sought  only  for  a  perturbed 
stream,  the  Chaplygin-Zhukovskly  condition  may  be  formulated  as 
equality  of  the  tangential  components  of  the  perturbed  velocities  at 
both  sides  of  the  edge. 

Let  us  consider  the  method  of  conducting  the  experiment  on  the 
basis  of  the  example  of  constructing  a  perturbed  field  about  a  vibrat¬ 
ing  plate.  When  vibration  is  spoken  of,  it  is  meant  that  the  plate 
is  motionless,  but  that  the  boundary  conditions  on  It  are  given 
according  to  Condition  (5.3*0,  as  is  considered  in  linearly  formulated 
problems.  In  the  case  of  translational  vibrations,  it  follows  from 
(5.3*0  that  y  =  -vx  +  const.  Since  the  stream  function  is  equivalent 
to  an  electrical  potential.  It  is  necessary  to  assign  a  distribution 
of  the  electrical  potential  according  to  a  linear  law. 

Current-conducting  paper  is  taken  as  the  electrically  conductive 
medium.  The  plate  consists  of  narrow  pieces  of  foil,  the  electrical 
resistance  of  which  is  much  less  than  the  specific  resistance  of  the 
paper.  Electric  current  is  fed  through  voltage  dividers  to  each  strip, 
in  this  case  In  such  a  manner  that  the  voltage  drop  from  strip  to 
strip  is  linear.  The  line  is  replaced  by  stepwise  sectors  (in  this 
case  by  ten).  The  second  electrode  Is  a  ring  and  is  situated  at  a 
large  distance  from  the  plate,  so  that  the  region  under  consideration 
will  be  internal  to  it.  The  total  force  of  the  current  passing  along 
all  the  plates  is  regulated  in  such  a  manner  (without  changing  the 
linear  law  of  voltage  drop)  that  the  lines  of  equal  electrical  poten¬ 
tial,  corresponding  to  the  stream  line  in  the  fluid  (A),  are  normal 
to  the  trailing  edge  (Figure  5.6). 

The  line  of  equal  electric  potential  is  determined  by  means  of  a 
probe  and  a  zero  instruemnt.  In  this  case  a  series  of  stream  lines 
is  plotted.  For  determining  the  total  force  it  is  necessary  to  plot 
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Figure  5.6.  Stream  lines  of 
perturbed  flew  in  the  case 
of  vibration  of  a  plate, 
constructed  by  means  of 
electrohydrodynamic  analogy. 


only  the  sectors  of  the  stream  lines 
(A)  adjacent  to  the  trailing  edge  (a) 
to  be  convinced  that  the  Chaplygin- 
Zhukovskiy  condition  is  fulfilled. 
Determining  the  force  of  the  current 
supplied  to  the  model,  we  find  the 
value  of  the  circulation.  Then  the 
force  which  acts  upon  an  oscillating 
profile  which  is  in  a  uniform  stream 
with  a  velocity  of  U  is  defined,  in 
the  quasi-steady  formulation,  by  the 
Zhukovskiy  theorem: 


-3T«p*VV. 


Experiments  snow  that  the  practical  accuracy  of  determination 
of  the  circulation  lies  within  the  limits  of  1.5  -  3*.  (Such  an 
accuracy  can  be  obtained  on  electrically  conductive  paper  with  the 
measurement  of  integral  characteristics  such  as,  for  example,  circu¬ 
lation.) 


When  studying  the  oscillation  of  profiles  in  counterphase  in  a 
cascade  without  offset,  advantage  may  be  taken  of  she  fact  that  this 
problem  is  equivalent  to  the  oscillation  of  a  wing  in  a  channel. 

When  the  electrohydrodynamic  analogy  method  is  used,  the  channel  walls 
are  replaced  by  current-conducting  buses  (1)  and  (2)  (Figure  5.7).  In 
Figure  5.8,  results  of  experimental  measurements  conducted  with  var¬ 
ious  cascade  densities  are  compared  with  the  theoretical  formula  C74], 
The  ratio  of  the  circulation  of  a  plate  in  a  cascade  to  that  of  an 
Isolated  plate  is  plotted  along  the  ordinate.  Comparison  shows  that 
the  measurement  accuracy  is  entirely  satisfactory.  The  formula  of 
L.  I.  Sedov  [7*0  for  circulation  about  a  plate  in  a  channel  In  terms 
of  our  motation  has  the  form  (2b  -  chord) 


I’fU*  -.1 


(5.36) 
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Figure  5-7.  Diagram 
of  an  experiment  in 
studying  the  oscil¬ 
lation  of  blades  in 
counterphase. 


Figure  5.8.  Comparison  of  the  exper¬ 
imental  value  and  the  theoretical 
value  of  circulation  in  case  of  the 
oscillation  of  blades  in  counter¬ 
phase  (quasi-steady  approximation). 


Since  the  cited  formula  is  one  of  the  few  precise  solutions  for 
a  cascade,  it  is  expedient  to  utilize  it  not  only  in  experiments,  but 
also  in  evaluating  the  accuracy  of  the  approximate  theoretical  cal¬ 
culation  methods. 


In  order  to  obtain  a  convenient  calculation  formula,  we  effect 
in  (5- 3b)  the  substitution  of  variables  -rosin’d  and  express  the  integral 
in  terms  of  a  hypergeometric  function: 


*-“*(!  -xs!i 'q)~'ndx~ 


■7*(4’7M7’T* 


!.  —  sh*ijr) 


The  value  of  fcne  beta-function  when  its  arguments  are  equal  to 
1/2  is  known:  S(i/2.  1/2) .  VJe  represent  the  result  in  terms  of  a 
hypergeometric  series,  using  the  formula  for  the  conversion  of  a 
nypergeometric  function 

F(«.  P.  Y.  z) « (1  -:)"/(«,  V  ~P.  Y.  j&r). 


in  crder  to  replace  the  argument  z  =  -sh  q  with  an  infinite  interval 

2 

by  a  new  argument t  z/(z— i)  =  th- }  which  varies  within  the  limits  of 


0  to  1. 
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Utilizing  the  expansion 


The  analogy  method  may  also  be  used  for  the  determination  of 
influence  coefficients.  The  experiment  is  conducted  according  to  the 
setup  shown  lr.  Figure  5-9.  In  this  case  it  is  necessary  to  create  a 
model  in  the  case  of  which  one  blade  (the  central  one)  oscillates, 
while  the  rest  are  motionless  (actually,  the  model  has  11  blades). 

The  central  blade  Is  split,  and  the  difference  in  potential  along  the 
sectors  is  established  by  the  selection  of  resistances  R.  The  condi¬ 
tions  at  the  trailing  edge  of  this  blade  are  controlled  by  the  con¬ 
struction  of  a  stream  line,  as  described  above.  The  remaining  blades 
are  motionless j  consequently  they  must  coincide  with  the  streamlines. 
This  corresponds  to  streamline  flow  without  separation^  Therefore, 
they  are  made  of  continuous  foil.  The  force  of  the  current  fed  to 
them  is  regulated  by  resistances  R-^,  Rg,  ...  (only  four  blades  are 
shown) .  For  these  blades  the  Chaplygin-Zhukovskiy  postulate  will  be 
satisfied  if  the  stream  line  is  tangent  to  the  trailing  edge.  The 
selection  of  resistances  for  satisfying  this  condition  is  made  by 
successive  approximations.  Since  the  profiles  are  flowed  about  with  a 
circulation  induced  by  the  perturbing  field  of  the  central  blade,  the 
front  branch  points  of  the  stream  do  not  coincide  with  the  front 
points  of  the  plates. 
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Figure  5.9.  Diagram  of  determin¬ 
ation  of  influence  coefficients 
on  an  electrohydrodynamic  model. 


The  results  of  an  experiment 
for  a  cascade  without  offset  with 
a  relative  spacing  of  t/2b  =  1 
are  presented  in  Table  5.5.  Ex¬ 
perimentally  obtained  ratios  of 

4* 

the  circulation  of  the  nr  blade 
to  that  of  the  central  blade 
(m  =  0)  are  also  presented  in 
the  table.  For  comparison,  the 
last  line  shows  the  ratios  deter¬ 
mined  by  the  theoretical  method 
on  an  electronic  computer  for  a 
low  Strouhal  number  (k  =0,  1). 
The  results  coincide  in  a  com¬ 
pletely  satisfactory  way. 


TABLE  5.5 


blade 

■number  _1 

-2 

-1 

0 

i 

2 

a 

0.012 

0.01115 

0.032 

0//270 

0,130 

0,1 135 

! 

0,119 

0.H33 

0,030 

0.'/.‘70 

0,011 

0.OIISS 

Table  5.6  shows  analogous  results  for  a  case  where  the  central 
blade  was  shifted  along  the  cascade  axis  by  a  relative  distance  equal 
to  y/t  ~  0.037. 


TABLE  5.6 


blade 

number  "5 

-2 

“I 

0 

1 

2 

a 

j  rrj/l  j 

0,009 

0.023 

0,121  . 

1 

0,151 

0,028 

0,010 

In  an  analogous  manner  it  is  possible 
coefficients  for  cascades  with  offset.  In 


to  obtain  the  influence 
principle,  if  the  main 
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stream  is  superimposed,  aerodynamically  loaded  cascades  can  be  studied. 
The  problem  of  determination  of  the  total  quasi-steady  characteristics 
for  a  cascade  of  plates  by  the  electrohydrodynamic  analogy  method  was 
studied  in  Reference  [66a]. 

With  a  sufficient  number  of  voltage  dividers  R,  the  problem  of 
the  mutual  influence  of  cascades  can  be  solved  by  the  same  means. 

The  solution  of  a  quasi-steady  problem  was  discussed  above,  but 
it  is  also  possible  to  take  into  account  the  influence  of  a  vortex 
wake,  which  is  replaced  by  a  split  conductor.  However,  it  is  simpler 
to  use  only  a  one  point  conductor  (an  imitation  of  a  vortex),  to  make 
the  profiles  continuous  and,  essentially,  to  construct  Green  functions 
by  means  of  the  electrohydrodynamic  analogy  method.  Then  the  summation, 
when  counting  up  the  influence  of  all  the  wakes,  is  performed  on  the 
basis  of  linearity  of  the  problem.  The  electrohydrodynamic  analogy 
method  may  also  be  used  for  constructing  an  acceleration  potential. 

In  this  case,  construction  of  a  vortex  wake  is  unneccessary . 


i 
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FOOTNOTES 


on  page  199. 
on  page  200. 
on  page  200. 
on  page  217. 


The  position  of  the  coordinate  axes  remains  the 
same  —  on  the  leading  edge  of  the  piate. 

Here  it  is  assumed  that  the  profiles  oscillate 
according  to  the  law  «p(vt+ma) . 

Here  the  problem  of  asynchronous  motion  of  the 
profiles  is  also  solved. 

Here  it  is  assumed  that  the  profiles  oscillate 
according  to  the  law  e*p  (vt+ma) . 


* 


CHAPTER  6 

A  CASCADE  OF  VIBRATING  PROFILES 
IN  A  SUBSONIC  STREAM 


I 


S  6.1.  Formulation  of  the  Problem 


Let  us  consider  flow  by  a  two-dimensional  subsonic  stream  of 
compressible  fluid  about  a  cascade  of  plates  oscillating  with  small 
amplitudes  according  to  a  harmonic  law.  Adjacent  plates  oscillate 
with  an  arbitrary  constant  phase  shift  a.  We  designate  by  t  the 
spacing  of  the  plates,  2b  is  the  chord  of  the  plates,  and  yb  is  the 
offset  of  the  cascade.  At  an  infinite  distance  from  the  cascade  the 
incoming  stream  is  homogeneous  and  has  a  velocity  of  U,  parallel  to 
the  chords  of  the  plates.  We  shall  connect  the  system  of  coordinates 
with  the  center  of  a  plate  to  which  we  shall  assign  the  number  m  =  0. 


In  the  system  of  coordinates  connected  with  the  cascade,  the 
velocity  potential  of  perturbed  motion  y(.r,  y,  t)  must  satisfy  the 
equation  obtained  by  the  Galileo  transform: 


NV  d*9 
oa  Ox  Ox 


\  3*1 
•oj  Of * 


0. 


(6.1) 


Here  M  ■  U/aQ,  aQ  is  the  velocity  of  sound  in  an  unperturbed  stream. 
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The  boundary  conditions  are  based  upon  the  requirements  of 
streamline  flow  without  separation  and  impermeability  of  the  plates: 


Oy  ,  y  —  tni C0S 0.  } 


(6.2) 


This  condition  is  insufficient  to  guarantee  uniqueness  of  the  solution 
of  the  problem.  Other  conditions  are  formulated  when  the  physical 
considerations  are  considered. 


The  perturbed  pressure  is  defined  by  the  linearized  Lagrange 
integral : 


(6.3) 


Here  p -/>(*.  //.  *).  p"  is  the  density  of  the  unperturbed  fluid. 

Rehind  the  profiles  vortex  wakes  propagate,  which  are  discon¬ 
tinuity  lines  of  the  tangential  velocity  and  the  potential.  The 
perturbation-pressure  field  is  continuous  at  the  wake;  and  therefore 
the  condition 


(6.4) 


must  be  satisfied. 


At  the  trailing  edges  of  the  profiles  the  condition  of  finiteness 
of  the  velocity  at  any  moment  of  time  must  be  satisfied  (or  the  equi¬ 
valent  requirement  that  the  pressure  gradient  be  equal  to  zero).  To 
these  conditions,  in  contrast  to  the  case  of  an  incompressible  fluid 
flow,  we  must  add  the  requirement  concerning  the  absence  of  radiation 
from  infinity  (the  Sommerfeld  principle).  In  other  words,  the  physical 
condition  must  be  maintained  according  to  ’which  the  energy  radiation 
from  the  oscillation  sources  recedes  from  the  cascade  to  infinity  and 
does  not  return  in  the  form  of  an  ’'echo” .  At  a  sharp  leading  edge 
the  pressure  tends  toward  infinity.  It  Is  assumed  that  this  condition 
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does  not  differ  from  the  analogous  condition  in  an  incompressible 
fluid. 

Let  us  pass  on  to  the  dimensionless  coordinates  of  time,  potential, 
velocities,  and  pressui’e: 


S>(.t.  y,  0,  t).  6--^-, 


(6.5) 


Subsequently,  we  shall  be  writing  new  dimensionless  values,  discarding 
the  bar. 

In  dimensionless  form,  the  equation  of  the  velocity  potential 
assumes  the  form 


«)»<p  ,  OUt  _  _2M 

dx*  1  —  M*  dxdr  I  -  M*"  tit*  =" 


(6.6) 


We  introduce  the  designation  of  dimensionless  criteria: 


*  „  Vi  AM  *M* 


We  shall  seek  a  solution  in  the  following  form: 


<p(x.  y,  T)«0(jr,  y) 


(6.7) 


Only  the  desired  function  should  satisfy  the  Helmholtz  equation: 


i2L+£*+x7<p„o 

0x«  +  dji»  +x  y- 


(6.8) 


We  shall  represent  the  boundary  conditions  at  the  profiles  and  at 
the  wakes  in. terms  of  the  now  desired  function: 


gfr  ^  Ptr(x) 
dy  “  ^l-M» 


■^+/6<P  =  0,  4-y^jT. 


(6.9) 


(6.10) 
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The  function  </)  must  satisfy  the  indicated  postulate  at  the 
trailing  edges  and  at  infinity  must  satisfy  the  radiation  principle. 
The  Lagrange  integral  in  terms  of  the  new  designation  will  assume 
the  following  form: 

(6.11) 

Let  us  consider  the  possible  ways  of  solving  the  problem. 

In  the  Cartesian  system  of  coordinates  the  variable  Helmholtz 
equations  can  be  separated,  and  the  pax*tial  solution,  as  well  as  the 
general  solution,  can  be  obtained  without  difficulty.  The  principal 
difficulty,  as  always  in  problems  of  this  kind,  is  the  construction 
of  functions  which  satisfy  the  boundary  conditions.  In  order  to 
obtain  the  solution  in  a  form  which  permits  the  boundary  conditions 
to  be  satisfied  in  a  relatively  simple  manner,  it  is  necessary  to 
select  coordinates  which  follow  the  shape  of  the  region  being  studied. 
It  is  also  necessary  that  the  selected  system  of  coordinates  makes 
it  possible  to  separate  the  variables. 

However,  in  this  manner  it  is  possible  to  solve  only  some  partial 
problems,  since  the  number  of  coordinate  systems  which  allow  separated 
variables  is  small.  It  was  specifically  by  the  method  of  the  separa¬ 
tion  of  variables  that  M.  D.  Khaskind  [84]  solved  the  problem  of  the 
oscillation  of  a  single  thin  wing  in  a  subsonic  stream.  A  direct 
solution  of  the  problem  by  an  analogous  method  for  a  cascade  is  im¬ 
possible.  However,  interation  methods  have  been  developed  in  acoustics 
•which  make  it  possible  to  take  into  account  the  acoustic  interaction 
of  a  system  of  bodies,  if  the  problem  of  an  isolated  body  in  unres¬ 
tricted  space  is  solved  first. 

For  the  calculation  of  a  perturbed  field  in  a  cascade  with  oscil¬ 
lating  blades,  a  similar  method  has  been  developed  by  G.  N.  Gorelov 
[ 18 ] .  The  velocity  potential  of  the  perturbed  unsteady  motion  of 
fluid  about  a  cascade  is  represented  by  a  sum  of  potentials,  induced 
by  oscillating  isolated  profiles,  and  a  supplementary  potential  which 
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takes  the  interference  into  account. 

A  second  possible  way  is  compilation  of  the  integral  equation 
of  the  problem  for  the  acceleration  potential  within  the  physical 
plane.  Each  of  the  methods  has  definite  advantages  and  drawbacks. 

Let  us  consider  the  first  way,  which  is  based  upon  the  solution 
for  a  single  wing.  Therefore,  we  shall  first  consider  the  problem  of 
unsteady  flow  about  a  single  wing,  which  at  the  same  time  makes  it 
possible  to  ascertain  important  physical  singularities. 


S  6.2.  A  Single  Vibrating  Profile 
in  a  Subsonic  Stream 


In  the  plane  z  *  x  +  iy  let  us  consider  a  single  wing  (Figure 
6.1),  which  is  represented  by  an  interval  drawn  along  the  abscissa 

between  the  points  +1.  We  place 


the  trailing  edge  at  point  (-1)  and, 
consequently,  change  the  direction 
of  the  main  stream  velocity.  The 
equation  of  the  problem  (6.8)  remains 
the  same.  Instead  of  (6.7)  we  shall 
assume 

? (*,  y.  r)-<D(x,  :j)*l  (6.12) 


Figure  6.1.  A  section  rep¬ 
resenting  a  thin,  slightly 
bent  profile  in  a  Cartesian 
and  elliptical  system  of 
coordinates. 


The  boundary  conditions  at  the  profile 
and  at  the  wake  will  be  written  in 
the  following  manner: 


d® 

djf 


(6.13) 


e® 

lx 


—  /  6*I>  — 


0. 


(6.1*0 


The  Sommerfeld  principle  concerning  radiation  is  formulated 
mathematically  in  the  following  manner  (for  the  two-dimensional  case): 
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r1]! 


(6.15) 


Satisfying  this  condition  simultaneously  provides  for  a  limited  nature 
of  the  solution 


liin  J^'Pcoo. 

r  — 


(6.16) 


The  pressure  at  the  sharp  leading  edge  in  a  subsonic  stream  tends 
toward  Infinity  as  rv»,  where  s  is  the  distance  from  the  leading  edge. 


Let  us  consider  the  basic  considerations  concerning  the  perturbed 
velocity  potential  for  an  isolated  wing,  based  on  the  method  of  M.  D. 
Khaskind  [84].  Since  in  this  case  the  boundary  value  problem  is  solved 
for  an  interval  —  it  is  convenient  to  introduce  elliptical 

coordinates.  The  connection  between  the  regions  of  complex  variables 
z  =  x  +  iy  and  is  established  by  the  relationship 


r*»ch£,  .r  =  chscosTj,  y  =  sli|sin»i. 


(6.17) 


A  set  of  confocal  ellipses  corresponds  to  the  coordinate  lines  s*=coi:s! 
in  plane  z  and  a  set  of  confocal  hyperbolas  (Figure  6.2)  corresponds 
to  the  coordinate  lines  n-consi : 


ch'{  p  sh‘4 


I, 

■ « !• 


sin**|  cos*  i] 

Tne  plate  is  represented  in  plane  z  by  the  section  (+1,  -1) 
which  is  a  degenerate  ellipse  with  semiaxes  1  and  0.  In  plane  t, 
section  SB'  corresponds  to  the  two  ends  of  the  Interval. 


» 

> 


For  conversion  of  the  boundary  conditions  we  utilize  the  trans¬ 
formation  Function  (6.17)  and  obtain 


OO  I  /  <30  ,  _  (W> . ,  .  .  \ 

5T~ 7h»!-cos» n  Vdrdl*cosn--gychssinn), 

&t>  I  l  (JO  „  .  .  <W>  ,  .  \ 

Ty  "  cii',T-'cosrn' (irch5smil*'jTshs cos l) • 


(6.18) 
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Since  segment  5*0.  --«•<»}•< *  corres¬ 
ponds  to  both  sides  of  the  plate,  the 
boundary  conditions  in  the  auxiliary 
plate  are  defined  by  the  relationship 

After  transformation  into  an  ellip¬ 
tical  system  of  coordinates,  Helmholtz's 
Equation  (6.8)  assumes  a  form  which  per¬ 
mits  separation  of  the  variables, 

•gf + + **(<**  i  -  cm*  n)  «>  -  o. 

Consequently,  a  partial  solution  may  be  sought  in  the  form  of 
a  product  of  functions,  each  of  which  depends  upon  one  variable 
<D(E, »)) «/•’»($) Fj(n).  The  equation  breaks  down  into  Mathieu  equations: 

(m_^*cb25)f,-0. 

+ («  -  4  **cos  2«l)  Fa  ~  o. 

Here  m  is  the  separation  constant. 

Function  F-^5)  must  satisfy  the  condition  of  radiation,  since  to 
points  5-+-00  correspond  infinitely  remote  points  in  a  physical  region. 

Function  F2(r,)  must  be  periodic  with  a  period  of  2*,  in  order 
that  the  flow  in  the  physical  plane  be  represented  by  single-valued 
functions.  This  imposes  certain  conditions  upon  the  separation  con¬ 
stant,  since  the  periodicity  corresponds  to  so-called  eigenvalues. 

Thus,  the  solutions  must  be  combined  out  of  periodic  Mathieu 
functions^  sen{rj),  ce,(7]) ,  where  n  =  0,  1,  2,  ...,  and  modified  Mathieu- 
Han.kel  functions  Se,,(|).  Ce„(5),  which  satisfy  the  condition  of  radiation 
and  are  analogues  of  Hankel  functions.  Cosine-type  solutions  ce„(?i,  y.V4) 


Footnote  (1)  appears  on  page  268. 


Figure  6.2.  Conformal 
mapping  of  the  stream 
region. 
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and  sine-type  solutions  se„(ti.  x*/i)  may  be  considered.  These  funqtlons 
are,  respectively,  even  and  odd,  and  when  ::-*0  degenerate  into  cos  nn 
and  sin  nn.  Only  functions  with  an  odd  index  have  a  period  of  2-n . 

The  eigenvalues  for  constant  m  at  which  a  periodic  solution  is  possible 
depend  upon  x.  and  n.  Since  the  eigenfunctions  are  different  for 
functions  cen  and  sen,  these  functions  cannot  be  periodic  solutions 
of  a  single  equation. 

It  is  convenient  to  represent  the  velocity  potential  as  a  sum 
of  two  functions: 


‘I*  (.if.  y)  **  <t\i  U.  y)  +  *l>i(.v.  !/). 


Here  ci>e  is  a  velocity  potential  corresponding  to  flow  without  circu¬ 
lation  flow  about  an  isolated  plate. 


function  i-Q  must  satisfy  the  Helmholtz  equation  and  the  radiation 
condition 


Ox*  ' +  <v 


+  x-<t'o 


0,  r1  ■=***  + 


as  well  as  the  boundary  conditions  on  a  vibrating  wing: 

°oAx)c'u'"V[x)  for  y~0.  (6.19) 

On  the  abscissa  v;hen  y  =  0  and.  .r‘>l  we  shall  have  <[»0=-o.  Function 
corresponds  to  the  circulation  flow  originating  from  the  vortex  sheets 
situated  along  the  abscissa  from  x  =  -1  to  x=— co,  in  the  presence  of 
a  motionless  impermeable  plate.  Obviously,  function  ^  must  also 
satisfy  the  Helmholtz  equation  and  the  radiation  condition 


_d:' I*i  , 

^  Oy~ 


+  x.”<I>, 


■0. 


The  normal  yelocity  on  the  plate  should  be  equal  to  zero,  since 
the  plate  Is  motionless.  The  wake  trails  should  not  have  a  pressure- 
field  discontinuity: 
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0  for  y~0,  | .v  1  < I ;  4>,  -0  for  y«0,  x> I; 


* 


i$<  - 

dV 

~  0  for  y  ■*  0,  x  <  —  1. 


(6.20) 


We  shall  now  pass  on  to  the  determination  of  potentials  $q  and 


In  the  solution  under  consideration  for  $q  the  boundary  conditions 
are  odd,  which  follows  from  (6.19);  and  therefore,  function  sej^-Oi.xV-J) 
should  be  taken  as  the  solution.  In  final  form,  the  potential  of 
circulationless  streamline  flow  may  be  represented  by  the  following 
series: 


\u 


it 


(6.21) 


The  constant  coefficients  of  this  series  are  determined  from  the 
boundary  conditio:  j  on  the  Plate  (6.19).  When  !.vj<l  and  y  =  0  we 
have  £  *  0,  x  »  co3  n,  and  then  from  (6.19)  and  (6.21)  we  obtain 


2  f'l)  «  V  (cos  ij)  sin  rj.  (6.22) 

*••1 

The  Mathieu  functions  as  well  as  the  right-hand  par*t  of  Equality 
(6.22)  may  be  expanded  Into  Fourier  series,  and  ^n^-l  may  be  found  by 
comparison  of  coefficients.  Function  scj.+if.])  is  odd  and  is  represented 
by  the  series 


(6,23) 


Function  F(cosn)sinn  is  alsc  odd  (—  _rt<rj<n) : 


it 

V  (cos  jj)  sin  ij  «■  S  ar  sin  rij. 


(6.24) 


Hence  it  follows: 


“  2  ».  (6.25) 

Thus,  the  potential  of  flow  without  circulation  about  the  plate 
has  been  determined.  In  the  absence  of  the  main  stream,  this  potential 
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yields  the  solution  of  the  problem  of  perturbations-  induced  by  the 
vibrations  of  the  plate  in  quiescent  air. 


To  ascertain  the  singularities  of  the  solution,  as  a  special 
example  we  shall  consider  the  case,  which  is  of  practical  importance, 
of  the  translational  vibration  of  a  plate  y0»(.v)--=ao=const .  With  the 
condition  of  constant  normal  velocity  at  the  plate,  from  (6.24)  there 
follows:  u,=v0  ,  &r- 0  when  r  =  2,  3,  4,  ...  Consequently,  on  the 

basis  of  (6.21)  and  (6.25)  we  obtain 


5e*»*l  VO) 


(6.26) 


Utilizing  the  Lagrange  integral  (for  U  =  0)  and  Formula  (6.18), 
we  find  the  pressure  distribution  with  respect  to  the  profile,  and 
the  acting  force 


>'  --  p°6  ~ 
r  dX 


(0) 

s4m  CO) 


•Be n,f).  |. 


(6.27) 


In  the  integration  of  use  was  made  of  Relationships  (6.2‘3)  and 
(6.26).  Functions  Se  assume  a  complex  value;  therefore,  the  force 
will  consist  of  a  real  part  and  an  imaginary  part.  The  real  part  of 
the  force  will  agree  in  phase  with  the  velocity,  and  the  imaginary 
part  will  agree  with  the  acceleration.  At  low  frequencies  for  long 
waves  ,//>),  it  is  possible  to  obtain  from  (6.27),  retaining  the 
first  terms  of  the  expansions  (the  multiplier  exp  jvx  has  been  dis¬ 
carded) 


fo" 


.Vi'vygo 

32*1 


—  /np'Vvy0. 


(6.28) 


Since  there  is  a  term  which  is  in  phase  with  the  velocity,  it 
follows  that  in  order  to  maintain  the  oscillation  of  the  plate  it  is 
necessary  *o  expend  energy.  This  energy  consumption  is  spent  on  the 
formation  cf  acoustic  waves  which  recede  to  infinity.  Consequently, 
in  the  case  of  oscillation  in  a  compressible  fluid  a  new  type  of  damping 
appears,  wi.ich  is  connected  with  acoustic  radiation.  In  an  incompres¬ 
sible  fluid,  the  first  term  in  Formula  (6.28)  vanishes  ffl0=<»)  and 
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damping  does  not  originate  (recollect  that  the  main  stream  is  absent 
and  that  the  fluid  is  nonviscous). 

The  second  term  in  Formula  (6.28)  is  in  phase  with  the  acceler¬ 
ation  and  cannot  produce  work.  This  component  of  the  force  is  induced 
by  the  appearance  of  accelerations  in  the  fluid  and  may  be  defined  as 
the  effect  of  the  attached  mass  :< .  The  latter  function  coincides 
(in  this  approximation)  with  the  previously  found  value  of  the  attached 
mass  for  a  plate  oscillating  in  an  incompressible  fluid. 


Let  us  consider  the  dimensionless  value  of  the  force 


—  m - —b*—  I  i  —  — 

32  *  ••  a. 


np'i’r. 


(6.29) 


From  this  it  follows  that  for  small  values  of  k  (this  approxima¬ 
tion  is  valid  when  k  <<  1),  the  unsteady  force  induced  by  acoustic 
radiation  is  considerably  smaller  than  the  force  induced  by  the 
attached  mass.  Since  the  value  of  k  for  the  blades  of  an  air  com¬ 
pressor  is  very  small  (0.04  -  0.03),  the  influence  of  acoustic  rad¬ 
iation  on  the  damping  coefficient  may  be  disregarded.  At  very  high 
oscillation  frequencies  (k^xbla^i)  the  radiation  constitutes  a  plane 
wave  which  propagates  in  a  direction  normal  to  the  two  surfaces  of 
the  plate.  The  limit  value  of  the  real  part  of  the  force  will  in  this 
case  be  equal  to  2p9aebv0 ,  and  the  attached  mass  will  tend  toward  zero. 
For  intermediate  values  of  the  frequency  parameter  k,  calculation  can 
proceed  on  the  basis)  of  (6.27)  with  the  aid  of  tables. 


In  the  general  case,  the  unsteady  force  may  be  represented  by 
the  formula  [74j 


-«»(*) -37-i (*)*•■  (6.39) 

Here  m  is  the  attached  mass,  A  is  the  proportionality  coefficient 
which  characterizes  damping.  A  calculated  graph  for  the  relative 
values  m  =  m/rUg  and  7~?./v/;j0  {'//*■=.-»(>*&*  is  the  attached  mass  in  an 
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incompressible  fluid),  which  depend 
upon  the  frequency  parameter,  is  shown 
in  Figure  6.3.  From  the  graph  it  can 
be  seen  that  x  first  increases  sharply, 
and  when  *—«>  must  go  tov/ard  zero 
as  2/itk,  according  to  the  estimate 
cited  above. 

Let  us  now  undertake  the  deter¬ 
mination  of  the  second  component  of 
the  velocity  potential,  v/hich  deter¬ 
mines  the  flow  about  the  plate,  with 
account  taken  of  the  circulation  com¬ 
ponent.  The  previous  method  cannot 
be  used  now,  since  at  the  ends  of  the 
plate  the  function  will  tend  toward  infinity.  In  this  case  a  different 
method  has  been  proposed  by  M.  D.  Khaskind. 


Figure  6.3.  The  relation¬ 
ship  of  the  attached  mass 
and  the  damping  coeffi¬ 
cient  to  the  Strouhal  num¬ 
ber  for  a  plate  oscillat¬ 
ing  in  a  gas. 


We  introduce  the  auxiliary  function  g(x,  y),  which  has  finite 
values  in  the  interval  y= 0,  |x|<!  and  is  connected  to  the  desired 
function  by  the  relationship  (the  introduction  of  this  function  is 
analogous  to  use  of  the  accelaration-potential  method) 


Qg 

on 


^r-im 


(6.31) 


This  function  satisfies  the  wave  equation  and  the  radiation  condition 


Txf  +  7iy>  +  *%  -  °.  to"  Vr  (|*  -  fig)  -  0. 


At  the  leading  edge  the  function  g(x,  y)  must  tend  toward  infinity 
as  »-"i,  wnere  s  is  the  distance  from  the  leading  edge. 


VJe  compile  the  boundary  conditions  for  g  on  the  abscissa,  using 
Conditions  (6.20)  for  functions  <!>1: 

~  =  0 for|.t|>  1,  4^«0forl*|<i.  (6.32) 
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The  second  condition,  jointly  with  the  wave  equation  which  must  be 
satisfied  by  function  g(x,  y),  leads  to  equation 

“ 0  for  //  =- 0,  |r|<l: 

Integrating  this  equation,  we  obtain  (|.t|<l): 

g  (jc,  0} «  Cc <*x  -f-  De'l**.  (6.33) 


Here  C  and  D  are  arbitrary  constants,  defined  below.  When  passing 
the  auxiliary  plane,  we  substitute  x  =  cos  n.  Consequently,  function 
g(x,  y)  may  be  expressed  in  terms  of  a  series  with  respect  to  even 
Mathieu  functions: 


e(x.  u) 


Vft  ££*.<11 « 

Jml  «,Ce„(0)  ce*W* 


(6.3*0 


This  solution  satisfies  the  Helmholtz  equation,  the  radiation 
condition,  and  the  first  condition  of  (6.32).  The  coefficients  bn 
in  the  expansion  of  (6.3*0  must  be  defined  in  such  a  manner  as  to 
satisfy  the  second  condition  of  (6.32)  or,  what  is  the  same.  Condition 
(6.33) 

m 

2  6*  CC,  (n) «  Cel*"*  i  +  De'l*"*  \ 


Coefficients  bn  may  be  computed  by  taking  advantage  of  the  orthogonality 
of  the  Mathieu  functions,  multiplying  the  left-hand  part  and  the 
right-hand  part  by  ce„(ij)  and  Integrating  from  tj to  rj=»4-«: 

6.-2  [cpj  +  Dpi*>]. 

* 

P5’  “  -  j-  J  e±  I*  *°*  *  ce„  (ij)  dr\. 

Here  use  is  made  of  the  property  that  functions  ,  Including 

cf0(>i)»  have  the  normalization 

+» 

|  (ce,  (»))]* 
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The  even  periodic  function  ce„(ti)  may  be  represented  by  a  Fourier 
series : 

£4 

w,,  (>|)  “  /•«*  vos  An'|.  (6.3b) 

Substituting  (0.3b)  into  (6.35)  and  utilizing  the  Bessel  integral 

« 

(±  »)*  ]x  (x)  J  e*  >  *'°"' cos  kt\di\, 

0 

we  obtain  a  different  expression  for  the  coefficients, 

f4m  -  fiO.  P'*»  “  (-  0‘  Pi.  (6.37) 

Tnus,  function  g(x,  y)  is  defined  in  such  a  manner  that  it 
satisfies  the  Helmholtz  equation  and  the  radiation  condition.  How¬ 
ever,  <’ur.vt.ion  g(x,  y)  and,  consequently,  4>1(x,  y)  as  well,  contains 
the  two  so  far  arbitrary  constants  C  and  P.  For  their  determination 
two  :>■,>;.*  f  ■"*!  '•ondtti  eno  must  be  satisfied:  the  normal  velocity  on 
a  .:.w»ls.^uss  plate  is  zero,  and  the  postulate  concerning  infiniteness 
of  the  velocities  at  the  trailing  edge. 

Let  us  undertake  the  determination  of  these  constants.  We  solve 
the  differential  Equation  (6.31)  for  the  function 

*I»,  (V,  y)  -  e>*'  j  c  f“  du.  (6.33) 

—  o» 

We  differentiate  the  left-hand  part  and  the  right-hand  part  of  this 
equation  with  respect  to  y  and,  taking  advantage  of  the  condition 
d'g!dy1--o'gid;i} ~ x5# ,  which  proceeds  from  the  wave  equation,  vie  integrate 
the  result  by  parts: 

_  4?i.  =,  — +  jig  (. x ,  £/)  +  {y?  -  tr)  e‘**  j  f  i*“g  (u,  y)  du.  (6.39) 

These  transformations  are  analogous  to  those  used  in  the  acceleration- 
potential  method  when  determining  the  velocity  field  on  the  basis  of 
the  acceleration  field.  Assuming  in  (6.39)  that  y  =  0  and  ix|<l,  we 
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equate  the  derivative  to  zero,  d<J>\/dy=Q ,  as  required  by  the  boundary 
conditions 

X 

0)-Mx,-6=)e/‘*  je-i'*g(u,  0)<fa-0. 

«• 

From  this,  utilizing  Expression  (6.33)  for  function  g(x,  0),  we  find 
the  equation  linking  the  constants  C  and  D: 

J «-'»•*(«.  0) du +  -£:£■  e' i*-**--^ e> (6.40) 

The  definite  integral  entering  into  this  expression  can  be  computed 
[83,  74],  The  second  equation  linking  the  constants  C  and  D  is  found 
from  the  condition  of  finiteness  of  the  stream  velocity  at  the  trail¬ 
ing  edge  (<?<l>/Af  —  /6<p  is  finite  when  y  =  0  x  =  -1).  We  express  this 
combination  in  terms  of  the  first  and  second  solutions: 


dx 


-/6«  I> 


Taking  advantage  of  expansions  of  (6.26)  and  (6.34),  as  well  as 
Formula  (6.19)  for  recalculating  the  derivative,  we  obtain 


a® 

dx 


/»•*$ 


(6.41) 


The  condition  of  finite  velocity  is  written  in  the  form 


Utilizing  the  expression  for  coefficients  bn  (6.35),  we  obtain  the 
second  equation  connecting  coefficients  C  and  D 


CKt  +  DK.  -  Yi- 


(6.42) 


Here  we  have  introduced  the  designations: 
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i<JC(„(0)11sCC«W’ 

n-a 

v  S*i \ 

Yi  -=  Zj  *tvt  •  i*o»  (a) 

*  n^l  bCn 


(6. 113) 


Thus  two  Equations,  (6.1(0)  and  (6.42),  are  available  for  determining 
the  two  constants. 

The  perturbed  pressure  is  determined  by  means  of  the  Lagrange 
j  ntegral 


p  »  -  p^J(— -  -  /&<!>]  el 


The  unsteady  lift  force  and  the  moment  acting  upon  the  profile 
are  c.vpressed  by  the  formulas: 

4t 

Y  =  2p nUb  f  (-g-  -  ;6<1>  j  e‘  “'-***>  dx, 

+  1 

M  »  2pW  Jx(~-  e>  '*'-»*>  dx . 

In  a  special  case,  when  ag  =  ro  the  solution  under  considei-ation 
passes  Into  the  corresponding  formulas  which  describe  the  behavior 
of  a  profils  in  an  incompressible  fluid. 


a  0.3.  A  Cascade  of  Vibrating  Profiles  in 
a  Subsonic  Stream 


.*.'e  snaxi  consider  the  problem  of  the  vibrations  of  profiles  in 
a  cascade  in  a  linear  formulation.  We  shall  employ  the  method  devel¬ 
oped  in  several  studies  by  D.  K.  Gorelov  [15,  18]  which  is  based 
upon  a  known  solution  of  the  problem  for  a  single  profile  and  will 


VCu  { 


the  cascade. 


y  1  V*A  J.  XVO 


We  shall  call  one  of  the  cascade  profiles  the  main  one  and  shall 
assign  to  i  -  the  nu?nber  m  =  0.  V/e  shall  situate  the  origin  of 
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coordinates  x,  y  in  the  center  of  this  profile,  directing  the  abscissa 
against  the  stream.  We  shall  also  introduce  the  coordinate  systems 
xm*  ^m  GQnnecfced  to  fche  cascade  profiles  and  obtained  from  the  initial 
system  by  a  parallel  shift  along  the  cascade  axis  by  the  value  of  the 
spacing  (Figure  6.4) 


♦ 


xM~x-mtstnyit  ym-y-mt  cosy*. 


(6.44) 


The  velocity  potential  of  the  perturbed  motion  in  the  system  of 
coordinates  x,  y  satisfies  the  wave  equation 


(6.45) 


We  shall  write  the  condition  of  impermeability  of  the  profiles  in  the 
coordinate  system  connected  to  the  given  profile 


Figure  6.4.  Coordinate  sys¬ 
tems  connected  to  the  plates 
in  a  cascade. 


when 

JU-0,  |x„|<*.  (6.46) 

The  conditions  at  the  discontinuity 
lines  of  the  velocities,  as  well  as 
the  conditions  at  the  trailing 
edges,  do  not  differ  from  analogous 
requirements  for  a  single  profile. 


We  pass  to  dimensionless  coordinate  systems 

k 


xm  ”*  bin<  y»  ”  y-  Sfat 

m  "*0;  ±1;  ±  2;  ... 


(6.47) 

Henceforth  we  shall  discard  the  bar  over  the  dimensionless  coordinate: 


We  shall  seek  the  velocity  potential  of  the  unsteady  perturbed 
motion  in  the  form  of  the  sum  of  the  potentials  which  correspond  to 
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flow  about  isolated  profiles  and  the  potential  which  takes  int.o 
account  the  interference  of  the  profiles  in  the  cascade: 


<p(*.  y,  x)  =  c!"  S  c~,x*m  [<1^  (x„,  IJ„)  +  <!>,„  (xnt  //„)]. 

n*--«  ' 


/  £ 

\  f 


i|8) 


We  designate: 


,  AM> 
t  —  M*  * 


AM 


A 

1-M* 


The  velocity  potentials  a>^,  and  ti>m  must  satisfy  the  Helmholtz 
equation 


(fit*0*  Jnti'*  A>tj>  <3tt> 

-sr+^- H  «r+ 

the  boundary  conditions  on  the  profiles 


>  e< 

d,Jrm  Va»KXm)e 

-  of  {*„)  e'  <**«.♦»•> 


(6.119) 


(6.50) 


When  y<«  ""0,  (rj<l,  j 

and  the  property  of  symmetry 

(-X~t  yn)“*  'Ita  —  ym)»  V/*)  "*  —  l*»«>  —  £f>«) 

Here  is  tne  given  law  of  distribution  of  normal  velocity  on 

the  profiles  due  to  oscillation,  v„t(xn)  are  the  velocities  induced  due 
to  interference. 

The  functions  must  satisfy  the  condition  of  continuity  of  the 
pressur:-  field  dlcr.g  the  vortex  wakes,  which  are  discontinuity  lines 
of  the  velocity  field 

Ofor  ju-0.  r„<— I  (6.51) 
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Functions  <|>£  and  must  also  satisfy  the  radiation  condition  and  the 
condition  on  the  trailing  edges.  Since  the  conditions  on  all  the 
profiles  are  identical  and  differ  only  with  respect  to  the  multiplier 
c\p{//na) ,  all  considerations  may  be  conducted  with  respect  to  the  main 
profile.  We  differentiate  (6.48)  with  respect  to  y  and  determine  the 
normal  velocity  on  the  main  profile: 


(6.52) 


This  normal  velocity  is  not  yet  compa’ed  with  the  boundary 
value.  Note  is  taken  only  of  tho  fact  that  if  the  velocity  potentials 
are  given  in  terms  of  the  Cartesian  coordinate  systems  connected  to 
the  profiles,  the  normal  velocity  on  the  main  profile  may  be  deter¬ 
mined  by  means  of  Equation  (6.52). 


As  has  already  been  said.  It  is  assumed  that  the  problem  for 
a  single  profile  has  been  solved.  In  this  case  it  is  considered  that 
it  has  been  solved  by  the  method  of  M.  B.  Khaskind  by  means  of  series 
in  an  elliptical  coordinate  system.  The  elliptical  systems  of  coordi¬ 
nates  {,».  t|«  are  linked  to  each  profile;  the  Cartesian  coordinates  are 
expressed  in  terms  of  the  elliptical  ones  by  the  known  formulas: 

*.‘-chi.cosnw  y,-*hu*inn..  (6.53) 


The  coordinates  of  the  main  profile,  just  as  before,  will  not  be 
denoted  by  an  index.  Solving  Equations  (6.53)  with  respect  to  the 
elliptical  coordinates,  we  find 


(6.54) 


The  connection  between  the  Cartesian  coordinates  of  the  main  profile 
and  those  of  profile  number  m  is  given  by  the  Equations  (6.44). 

After  the  introduction  of  dimensionless  coordinates.  Equations  (6.44) 
will  assume  the  form 
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x*»jr-mysinv„  y^y-m  7  Kl  ~  M'cosy». 


(6.55) 


Combining  (b.M)  and  (6.55),  we  find  tne  relationship  between  the 
elliptical  coordinates  connected  with  two  profiles.  This  relationship 
between  coordinates  is  necessary  when  considering  interference. 

The  idea  of  the  calculation  method  consists  in  the  following. 

The  solution  of  the  problem  for  an  isolated  profile  consists  in 
determining  the  acceleration  potentia.  according  to  a  given  normal 
velocity  potential  on  the  profile.  The  method  of  solving  such  a 
problem  with  an  arbitrary  distribution  j.aw  of  the  normal  velocity  has 
been  described  above.  As  a  result  of  solving  the  problem  according 
(.o  the  method  of  M.  B.  Khuskind,  the  perturbed  potential  of  accelera¬ 
tion  and  the  perturbation  velocities  themselves  can  be  found  within 
the  entire  region  of  the  stream.  In  the  formulated  problem  about  a 
cascade,  the  law  of  oscillation  of  all  the  plates  is  the  same  and 
differs  only  with  respect  to  the  phase  shift.  Therefore,  when  the 
boundary  conditions  on  an  arbitrary  profile  (for  example,  the  main 
profile)  are  satisfied,  the  boundary  conditions  on  the  remaining 
profiles  will  be  automatically  satisfied. 

Let  all  the  profiles  first  oscillate  according  to  a  given  law. 
Then,  having  the  solution  of  the  problem  for  an  isolated  profile 
(see  5  o.2)  and  Equations  ( 6 . 5^ )  a:'d  (6.55),  which  connect  the 
coordinates,  it  is  possible  to  find  the  supplementary  normal  veloci¬ 
ties  induced  on  the  main  profile  by  all  the  profiles  of  the  cascade. 

In  order  to  satisfy  the  boundary  conditions,  we  assume  thac  the  profile 
also  oscillate  in  such  a  manner  that  the  total  induced  normal  veloci¬ 
ties  are  equal  to  zero.  If  is  assumed  that  functions  and  <:»„  are 
solutions  of  the  Helmholtz  equation  and  satisfy  all  the  conditions 
linked  to  flow  about  a  single  profile.  The  only  remaining  require¬ 
ment  which  must  be  satisfied  is  the  condition  of  impermeability  of 
the  cascade  profiles. 


On  the  basis  of  the  boundary  condition  for  the  main  profile, 
from  (6.50)  vo  may  write  ( le  discard  the  index  zero) 

~7t  °*  7t=w v** ^ ( 6 .  fib ) 

Then  the  condition  of  the  impermeability  of  the  main  profile  is 
established  by  means  of  (6.52)  and  (6.56): 

+  (6.57) 

Here  the  prime  with  the  summation  sign  signifies  that  when  summing, 
the  term  with  index  zero  i3  omitted. 


The  potentials  mj*  are  considered  to  be  known,  since  the  laws  of 
oscillation  of  all  the  profiles  are  given.  The  supplemental  poten¬ 
tials  differ  from  the  supplemental  potentials  in  the  main  profile 
(each  in  its  own  system  of  coordinates)  only  with  respect  to  the 
multiplier  exp(/m<x).  Therefore,  Equation  (6. 57)  can  serve  for  finding 
the  distribution  law  of  the  supplemental  potential  along  the  main 
profile.  The  first  term  of  Expression  (6.57)  may  be  represented,  for 
the  sake  of  clarity,  as  a  supplemental  normal  velocity  on  the  main 
profile.  Induced  only  by  the  potential  ♦. 


We  represent  the  given  normal  velocity  o"(x)ex?(/Xx)  and  the  desired 
normal  velocity  p„(x)exp(/Ax)  by  Fourier  series : 


mm 

*5  (x)  -  -  9tt  -f  B,  eo»  kiy 

*- 1  * 
m 

*n- 


(6.58) 


Then  utilizing  Equation  (6.57),  representation  of  the  velocity  poten¬ 
tials  by  Series  (6. 2*0  and  (6.3*0,  the  condition  for  recalculation  of 
the  Derivatives  (6.18),  and  the  equation  relating  the  Coordinates 


(6.5-) ,  it  is  possible  to  obtain  an  infinite  system  of  equations  for 


determining  6^: 
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(3,59) 


»-»  t-1 

ti-_- re  f(r,i  [(• i.  y.  2 ft//.  *.  Oc,  »])  is  a  function  which  depends  upon  the  given 
law  of  oscillation  t»tc>  the  phase-shift  angle  «,  the  cascade  offset 
tb,  the  relative  spacing  2b/t,  the  relative  oscillation  frequency 
x  =  .•b/U,  and  the  coordinates  of  the  point  on  the  profile.  An  expli¬ 
cit  expression  of  this  function  is  very  cumbersome  [15]. 

It  is  convenient  to  seek  the  solution  of  System  (6.59)  by  the 
collocation  method,  restricting  oneself  in  the  expansion  of  (6.58) 
to  times  and  requiring  satisfaction  of  the  boundary  conditions  at 
11  previously  indicated  points.  It  should  be  emphasized  that  the 
principal  tine  is  spent  on  computation  of  the  components  of  function 
f(ri>,  wnich  do  not  depend  upon  the  phase  shift.  After  this  computa¬ 
tion  work  has  been  accomplished,  solution  of  the  problem  for  a  specif¬ 
ic  phase  shift  requires  relatively  little  time. 

D.  11.  Gorelov  ana  L.  V.  Dominas  [18]  carried  out  computation  of 
the  influence  coefficients  for  translational  and  torsional  oscilla¬ 
tions  of  profiles  in  a  cascade.  In  practice  it  has  turned  out 
sufficient  to  satisfy  the  boundary  condition  at  six  points  on  the 
initial  profile  and  to  take  into  account  the  influence  of  30  profiles 
on  each  side  of  the  initial  profile.  The  values  of  the  influence 
coefficients  are  presented  in  Table  6.1.  All  the  calculations  have 
been  carried  out  for  a  constant  cascade  density  of  t/2b  =  1  and  a  con¬ 
stant  Strouhal  number  of  k  =  0.2.  During  the  calculations  the  Mach 
number  was  varied:  M  =  0,  0.5,  0.7,  and  G.8,  and  the  offset  angle 
of  the  cascade  vb  =  0,  30°,  60°.  For  each  value  of  the  selected 
parameters,  thre  a  influence  coefficients ,  set  forth  in  Chapter  5,  are 
also  applicable. 


The  problem  of  unsteady  flow  about  a  cascade  by  a  stream  of  gas 
may  be  solved  also  by  the  method  of  integral  equations.  We  obtain  ari 
integral  equation  which  must:  he  satisfied  by  the  acceleration  potential 
or  by  the  perturbed  pressure.  We  introduce  the  acceleration  potential, 
which  in  dimensionless  form  may  be  obtained  from  Equation  (6.1i): 
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•TABLE  6.1 


r 

% 

■  - 

44 

mm 

V 

! 

M 

4411 

-14? 

4409 

-3.42 

441* 

-3/3 

4463 

0 

5/7 

-0,10 

643 

-043 

752 

-1/1 

623 

-23 

~l.lt 

4411 

-13 

4049 

-3.4* 

40,32 

-33 

40/3 

w 

( 

-0/9 

-043 

-149 

-423 

-13 

-414 

-23 

4417 

m 

30 

5/i 

-0.11 

5.99 

7.12 

-1/1 

7/7 

-2.4* 

J* 

-13 

4<>;sS 

-1.95 

+0,4* 

-3.72 

4  0.7/ 

—3/6 

403 

0/0 

-414 

0.16 

-0,40 

-051 

-03 

-43 

-13 

M 

4.71 

44« 

S3 

4419 

442 

-03 

7.46 

-03 

-IJ* 

40.60 

-5.1* 

4051 

-2.42 

4-1,14 

-3 3 

413 

-4*1 

4403 

-0,11 

46.05 

-0.45 

4437 

-03 

40 3 

0 

149 

-43 

1.47 

-053 

I/S 

-13 

13 

-13 

. 

-041 

4403 

-0.11 

403 

-445 

40/7 

-03 

403 

? 

-041 

-041 

-403 

-03 

-4I« 

-401 

-424 

44*7 

30 

i4r 

-043 

>3 

-454 

13 

-0.99 

1.41 

-1.49 

-03 

4411 

-0.» 

4417 

-03 

4443 

-03 

4475 

AH 

-046 

416 

-414 

03 

-0/9 

-426 

-4*7 

CO 

J.U 

-416 

13 

-03 

1.46 

-0/1 

13 

-M3 

-453 

40,16 

-051 

463 

-03 

40,42 

-470 

40/3 

■  ■ 

049 

443 

049 

4465 

040 

40.1« 

0/3 

41/4 

3 

-03 

-43 

-03 

—3,14 

-4« 

403 

-1.40 

-349 

m 

443 

049 

403 

430 

4416 

43* 

41/4 

1 

-043 

4059 

-048 

4445 

-03 

44*6 

410 

413 

30 

-040 

-45S 

-0.45 

-3,11 

-051 

42.7* 

— 1,16 

-33 

4» 

4049 

0,24 

403 

441 

413 

4*7 

-M3 

-03 

-046 

-419 

-054 

-440 

4406 

-03 

-40 

60 

-051 

-149 

-413 

-53 

-0,11 

-2.49 

-461 

— *3 

03 

>470 

4« 

403 

03 

40.91 

0.75 

41.14 

0.01 

40.<W 

0.01 

40.12 

411 

4417 

0/6 

40/0 

0 

-421 

-040 

-4-0 

-0,56 

-0,19 

-0,53 

-461 

40/1 

041 

40.09 

043 

40.12 

0.11 

+417 

03 

40/0 

t 

-041 

44« 

-0,01 

4404 

493 

O.VI 

403 

30 

-0,1* 

-409 

-4U 

-451 

-03 

-0/7 

-03 

-45* 

046 

40.U 

409 

4410 

4:9 

40/5 

0/1 

443 

-aw 

-0,07 

-0.05 

-0.07 

-0.11 

-0/1 

-0.09 

40.11 

60 

-045 

-o.« 

-410 

-0,49 

-0.30 

-0/7 

-03 

-0/1 

_ 

ato 

4050 

413 

403 

050 

4424 

432 

40/4 

*t*4  w  -  ga  d™  ( 6  •  6  0 ) 

rr  the  symmetry  of  tu<--  prcbie..  1*  foaLows  that  when  the  section 
if.'  aj  f  r> >.tehe<i  from  above  and  from  below,  the  acceleration  potential 
trust  assume  values  that  are  equal  in  absolute  magnitude  but  are 
opposite  in  sign.  Cm  lines  y  -  const  going  from  the  trailing  edges 
mi  wnicn  are  discontinuity  lines  in  the  acceleration  field,  the 
pertux'Led  pressure  and,  consequently,  the  acceleration  potential  as 
well  must  be  continuous.  The  normal  derivative  of  the  acceleration 
potential  as  well  must  be  continuous.  The  normal  derivative  of  the 
a  ice aeration  potential  on  a  contour  is  equal  to  the  normal  accelera¬ 
tion.  Consequently,  the  value  of  the  acceleration  potential  at  like 
points  of  the  main  blade  and  blade  rr.  correspond  to  the  condition 

O.  (m)  ~  ‘P.  (0)  exp  (jrsta).  (  6 . 6 1 ) 

Fror  the  presented  considerations  it  fellows  that  the  kernel  of 
tr..-  , va a  equation  must  provide  for  a  discontinuity  on  the  poten¬ 

tial  <n  l  :n  the  potential  ard  must  satisfy  the  given  periodicity.  The 
acceleration  potential  must  satisfy  the  Helmholtz  equation,  as  is 
established  by  means  of  (6.60)  and  (6.8),  and  the  solution  must  con¬ 
tain  only  waves  diverging  from  the  cascade.  From  what  has  been  said. 
It  fellows  that  the  acceleration  potential  may  be  represented  by  an 
Integral  expression  where  Integration  is  carried  out  only  along  the 
main  pr-.fl  1- 

41 

•P.(*.  </)=  J  (6.62) 

-i 

The  kernel  constitutes  a  cascade  of  pressure  dipoles,  the  axes 
of  wnich  are  parallel  to  the  ordinate,  and  the  intensity  is  shifted 
in  phase.  For  a  harmonic  law  of  oscillations  the  dipoles  are  expres- 
v-v  )  ’n  terr,.-  of  tue  Hankel  function 

<* 

Ki(x  .if)--  c/-r.«//ja  [x  )fjx  -  mt  sin  y,)'  +  P'  (y  -  ml  cos  v*):j.  (6.63) 

die  .esirod  function  is  «i>» —  the  distribution  intensity  of  the 
ptvs.-ure  dipoles  along  the  main  profile.  Each  of  the  terms  of  thLs 
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series  satisfies  the  Helmholtz  equation  and  the  radiation  principle, 

% 

Per  compiling  the  integral  equation  it  is  necessary  to  use  the 
known  boundary  values  of  the  normal  velocity  on  the  profiles.  For 
this  we  shall  solve  differential  Equation  (6.6 0),  regarding  the 
velocity  potential  as  the  unknown  function 

M 

*)-«-**  j  y)d*.  ■  {6.64) 

Combining  (6.62)  and  (6.64),  we  oobain  the  expression  of  the  velocity 
potential  In  terms  of  the  acceleration  potential 

♦  I  M 

-*<*. l)-*"**  /«»».•<*)  / '  (6.65) 

Differentiating  this  expression  with  respect  to  v  and  assuming 
that  y  «  0  when  U|<i,  we  replace  the  left-hand  part  of  (6.9)  by  the 
boundary  value  of  normal  acceleration  on  the  main  profile  (m  *  0) 

J  r-D**.  (6.66) 

-i 

Here  we  have  set: 

^  (6.67) 

—  I  m — -  V 

This  derivation  is  analogous  to  the  derivation  of  Possio's 
equation  £84,  49]  for  the  oscillation  of  an  isolated  wing  in  a  com¬ 
pressible  stream.  The  difference  lies  only  in  the  fact  that  in  this 
equation  it  is  not  the  distribution  of  isolated  dipoles  that  is 
being  accounted  for,  but  the  dipole  cascade.  In  passage  to  the  limit 
in  the  Cv 3e  of  parameter less  growth  of  the  spacing.  Equations  (6.66) 
and  (6.6 7)  pass  into  the  Possio  equation.  The  method  of  integral 
equations  for  calculating  cascades  was  used  by  Woolston  Runyjn  [149), 
who  considered  a  partial  problem  of  the  oscillation  of  profiles  in  a 
cascade  without  offset  and  counterphase  (it  has  already  been  noted 
above  that  this  simultaneously  solves  the  problem  of  the  oscillation 
of  profiles  with  a  phase  shift  of  a-n/2  with  a  halved  spacing) .  The 
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problem  cl*  the  oscillation  of  a  plate  easeaue  -.ith  offset  was  studied 
In  the  works  of  V.  B.  Kurzin  [33,  34].  In  the  limit  case  of  an  In- 
coinpit csible  fluid,  when  the  velocity  of  sound  increases  without  limit, 
the  1  function  x//J "fstrj  and  its  derivative  pass  into  the 

expressions  In  r  and  r.  Then  the  basic  equation  passes  into  the 
inte  *ral  formula  for  the  calculation  of  cascades  In  an  incompressible 
st.r«  am. 

Let  uj  return  again  to  the  general  case,  and  let  us  note  that 
the  kernel  of  the  integral  equation  is  complex,  and  that  a  solution 
In  close!  form  is  not  obtained  even  for  a  single  profile  (when 
solving  by  the  integral-equation  method).  Let  us  note  that  even  a 
ulrcet  passage  to  the  limit  y—0  is  possible,  since  a  diverging  inte¬ 
gral  is  obtained.  In  order  to  avoid  this  complication,  in  the  theory 
r‘  a  _ Ingle  profile  use  is  made  of  a  substitution  of  the  differential 
t*,'«rutvr,  which  proceeds  from  the  Helmholtz  equation 

*  a*  .  . 

i#*  “  Ai*  T  ^  * 

Suasequent  transformations  of  the  kernel  consist  in  getting  rid  of 
the  infinite  sum  of  impi'oper  integrals  and  isolating  the  singularity . 
These  t nans format ions  are  brought  about  by  the  requirements  of 
computer  engineering;  and  therefore,  for  details  we  refer  the  reader 
to  Reference  [34].  Let  us  note  that  in  contrast  to  the  method 
adopted  in  the  work  of  V.  a.  Kurzin,  the  Poisson  method  may  be  used 
for  the  summation  of  Hankel  functions  (see  the  transformations 
presented  in  5  3.2),  and  then  the  conditions  of  resonance  become 
obvious . 


Let  us  analyze  some  numerical  results  obtained  in  calculating 
u  .■  is  cade  of  oscillating  plates  in  a  subsonic  stream.  Let  us  con¬ 
sider  the  results  of  Woolston  and  Runyan  [149],  who  carried  out  cal¬ 
culations  to  determine  the  influence  cf  the  walls  of  a  wind  tunnel 
upon  the  unsteady  force  acting  upon  an  oscillating  wing.  As  has 
already  boon  noted,  this  case  may  be  regarded  as  oscillation  in 


ccunterphase  in  a  cascade  without  offset.  The  distance  between  the 
walls  is  equal  to  the  cascade  spacing.  Figure  6.5  shows  the  change 
of  the  modulus  of  the  unsteady  lifting  force  in  the  case  of  trans¬ 
lational  oscillation  as  a  function  of  the  Strouhal  number  k  *  \bju 
(2b  is  the  chord  of  the  blades).  The  solid  curve  corresponds  to  the 

Mach  number  of  the  main  stream 
M  »  0.3  and  the  cascade  density 
l'mi/2bm.ajSQ  .  Along  the  ordinate 
the  ratios  of  the  modulus  of  the 
unsteady  lift  force  3?  to  the 
modulus  of  the  lifting  force  or 
a  single  wing  -2*  are  plotted, 
which  is  in  an  infinite  stream  of 
incompressible  fluid.  The  dotted 
curve  corresponds  to  the  calcula¬ 
tions  of  Relssner,  carried  out 
for  the  case  of  the  escalation 
of  plates  in  a  cascade  which  is 
flowed  about  by  an  incompressible 
fluid  (M  «  0) .  In  the  latter 
case  the  cascade  density  did  not  differ  very  greatly  and  was  equal 
to  :  «  3.11*. 

At  small  Strouhal  numbers  coincidence  of  the  two  curves  is 
observed;  this  indicates  very  weak  influence  of  compressibility. 

This  is  evidently  explained  by  the  fact  that  for  small  Strouhal  num¬ 
bers  the  parameter  x~vM /tip  is  also  small  and,  as  has  been  noted  in 
!  2.5,  the  compressible  fluid  in  the  vicinity  of  an  oscillating 
profile  behaves  like  an  incompressible  fluid.  At  a  large  distance 
from  the  oscillating  profile  the  perturbations  in  compressible  fluid 
and  in  incompressible  fluid  differ;  however,  the  absolute  value  of 
these  perturbations,  and  therefore  also  the  interference  among  the 
profiles,  is  small.  It  must  be  kept  in  mind  that  this  comparison 
has  been  carried  out  for  a  relatively  thin  cascade.  In  the  case 


Figure  6.5.  Relative  lift  force 
in  the  oscillation  of  plates  in 
a  cascade  with  a  phase  shift 
c-«  as  a  function  of  the 
Strouhal  niufcer.  Mach  number 
M  «  0.3,  and  2b/t  -  J.8. 
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of  steauy  streamline  flow  (1c  =  0)  the  curves  do  not  pass  into  1; 
this  is  brought  about  by  the  effect  of  the  cascade.  The  ratio  of  the 
lift  forces  may  be  determined  according  to  Formula  (5.38),  dividing 
it  by  —  the  circulation  of  the  velocity  about  a  single  plate 

this,  when  t/2b  =  3.80  yields 


1.03. 


Considerable  divergence  of  the  curves  is  observed  only  close  to 
resonance,  when  the  aerodynamic  damping  in  the  cascade  tends  toward 
zero. 


According  to  Formula  (3-13),  for  oscillation  in  counterphase 
a«*«  and  with  a  cascade  offset  of  yb  =  0  we  obtain  the  resonance 
frequency 


Transforming  this  formula  to  the  form 

t  »  V  i—m*  a 

*”  2  H  I  » 

for  M  =0.3  and  t/2b  *  3.80,  we  find  k  =  1.31;  this  is  in  agreement 
with  the  detailed  solution.  It  must  be  noted  that  solution  of  the 
integral  equation  close  to  resonance  will  obviously  not  be  very 
precise.  The  calculations  carried  out  in  the  cited  article  show  that 
the  effect  of  compressibility  naturally  Increases  with  an  Increase 
in  the  Mach  number.  However,  in  a  thin  cascade  (t  =  3.8),  the 
maximum  lift  force  when  m  =  0.8  differs  from  the  lift  force  in  an 
incompressible  fluid  by  approximately  15% .  The  calculations  also  * 
show  that  the  phase  shift  between  the  oscillation  velocity  and  the 
aerodynamic  force  far  from  resonance  does  not  differ  from  the  corres¬ 
ponding  shift  for  the  oscillation  of  a  single  wing.  Close  to 
resonance  a.id  at  large  Mach  numbers  the  phase  shift  changes  substan¬ 
tially.  This  fact  is  of  practical  significance,  since  it  brings 
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about  a  decrease  in  the  critical  flutter  velocity.  Calculations 
cited  in  [18]  sho*  that  in  dense  cascades  the  influence  of  compres¬ 
sibility  increases  substantially. 

It  should  be  emphasized  that  the  influence  of  compressibility 
may  be  very  considerable  also  in  the  case  of  a  small  Mach  number  (or 
may  be  even  equal  to  zero  Kith  a  main  stream  velocity  equal  to  zero) 
If  the  oscillation  frequency  is  sufficiently  large. 
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FOOTNOTES 


1.  on  pa^e  245.  Information  on  Mathieu  functions  can  be  found 

in  the  book  by  McLaughlan  [45]. 
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CHAPTER  7 


FLOW  ABOUT  A  CASCADE  OF  ARBITRARY  PROFILES, 
OSCILLATING  WITH  AN  ARBITRARY  PHASE  SHIFT 


f  7.1.  Preliminary  Remarks 

In  this  chapter  we  consider  problems  concerning  synthesis  of  the 
flow  of  an  Ideal  Incompressible  fluid  around  a  cascade  of  arbitrary 
oscillating  profiles . 

Two  methods  of  calculation  are  set  forth.  In  the  first  method, 
the  region  of  the  stream  Is  conformally  transformed  Into  a  canonical 
region  —  the  exterior  of  a  cascade  of  circles.  Calculation  in  the 
canonical  region  is  reduced  to  the  solution  of  an  infinite  system  of 
equations.  In  principle,  other  canonical  regions  used  In  the  calcu¬ 
lation  of  a  stabilized  flow  about  cascades  can  be  used.  In  particular. 
It  is  known  that  It  is  convenient  to  select  as  a  canonical  region  an 
infinite  strip,  extensively  used  in  the  calculation  of  aerodynamic 
cascades  [78], 

In  the  second  method  set  forth  in  this  chapter,  the  problem  is 
reduced  to  the  solution  of  an  Integral  equation.  This  method  has 
advantages  wltsh  the  use  of  computers. 

With  the  use  of  the  first  method,  the  problem  is  considered  only 
in  a  quasi-steady  formulation,  J.e.,  without  taking  account  of  the 
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influence  of  vortex  wakes.  In  principle a  the  method  can  be  generalised 
for  the  general  cast*  of  the  use  of  Green  functions  (flow  about  a 
cascade  in  the  presence  of  vortex-type  singularities)  or  by  reduction 
to  a  problem  with  mixed  boundary  conditions.  This,  however,  leads 
to  computational  difficulties. 

We  emphasize  that  when  studying  flow  about  a  cascade  of  oscillat¬ 
ing  profiles,  the  influence  of  profile  displacement  can  In  many  cases 
turn  out  to  be  significant.  Usually,  in  turbomachine  cascades  this 
displacement  is  small;  and  therefore,  the  corresponding  effect  can 
be  taken  into  account  either  by  a  small  deformation  of  the  profiles 
or  by  extermination  of  supplemental  normal  velocities  at  the  contour. 

In  view  of  the  smallness  of  the  displacement  the  perturbing  function 
can  bt  linearized,  and  it  can  be  considered  that  the  supplemental 
velocities  are  induced  by  displacements  in  the  main  stream  field. 
rn  apt  11  cation  to  turbomachine  cascades,  usually  only  the  study  of 
such  small  oscillation  is  of  interest,  so  that  this  assumption  is 
entirely  .justified.  For  determination  of  the  perturbed  velocities 
induced  by  the  shift  of  profiles  in  the  cascade,  the  method  set  forth 
in  S  5.*J  can  oe  used.  With  the  use  of  the  method  of  small  deforma¬ 
tions  of  the  contour,  the  ideas  developed  by  M.  A.  Lavrent ' yev  [38] 
can  be  used.  Calculation  of  flow  about  cascades  with  small  equal 
deformation  of  all  the  profiles  has  been  developed  by  G.  Yu.  Stepanov 
[78].  'When  «r0  Reference  [57]  can  be  used. 

When  studying  the  oscillation  of  profiles  in  a  cascade  with  a 
phase  shift,  it  is  necessary  also  to  consider  deformations  with  a 
pnase  shift.  In  this  case  one  might  consider  deformation  in  the 
canonical  region  upon  which  the  cascade  is  mapped,  and  a  function 
with  generalized  periodicity  may  be  used  (see  Chapter  2) .  We 
emphasise  tnal  for  calculating  the  oscillation  of  a  cascade  with 
account  taken  of  a  small  displacement  of  the  profiles,  both  methods 
(that  of  conformal  transformations  and  integral  equations)  are 
applicable  without  changes.  The  difference  will  consist  only  in  the 
fact  that  account  must  'os  taken  of  the  sum  of  the  perturbations, 
whien  now  depend  both  on  the  velocity  of  the  profiles  and  upon  their 
displacement 
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In  conclusion,  we  note  that  the  calculation  of  cascades  with 
account  taken  of  a  large  displacement  of  the  profiles  may  be  based 
upon  the  consideration  of  flow  about  a  system  of  "inserted*'  cascades. 
The  method  of  solut. on  of  this  problem  pertains  to  Chapter  8. 

I  7.2.  Formulation  of  the  Quasi-steady 
Problem  of  Flow  about  a  Cascade  of 
Arbitrary  Profiles  with  Account  Taken 
of  Their  Displacement 

Let  us  consider,  in  the  plane  of  the  complex  variable  2  =  x  +  iy, 
an  aerodynamic  cascade  consisting  of  random  profiles  (Figure  7.1). 

The  cascade  axis  is  parallel  to  the  y-axis;  we  shall  designate  the 

We  shall  be  studying  the  potential 
motion  of  an  ideal  Incompressible  fluid 
in  an  infinitely  connected  region  G,  which 
Is  the  exterior  of  the  indicated  cascade. 

A  stream  which  is  uniform  at  infinity 
comes  from  the  left,  onto  the  cascade. 

The  cascade  profiles  oscillate  arbitrarily 
with  a  small  amplitude.  We  are  consider¬ 
ing  a  case  where  all  the  profiles  oscillate 
synchronously  with  a  frequency  v,  but 
with  an  arbitrary  constant  phase  shift  a 
between  adjacent  profiles.  The  case  of 
an  arbitrary  law  of  profile  oscillation 
can  be  reduced  to  the  formulated  problem. 
When  formulating  the  boundary  conditions,  in  view  of  the  smallness 
of  the  oscillation  amplitude  It  is  possible  to  consider  separately 
the  influence  of  the  velocity  cf  the  profiles  and  the  influence  of 
the  displacement.  First  we  shall  assume  that  the  profiles  are  nvi 
displaced,  but  move  at  given  velocities,  and  then  we  shall  consider 


profile  spacing  by  t. 


Figure  7.1.  A  cascade 
of  arbitrary  profiles 
and  the  integration 
contour. 
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the  influence  of  the  displacement  of  the  profiles,  assuming  that  they 
.ire  stationary.  When  studying  flow  about  profiles  with  circulation, 
v.e  shall  be  considering  the  quasi-steady  problem.  We  shall  consider 
the  influence  of  vortex  wakes  for  a  cascade  of  arbitrary  profiles 
later.  The  problem  in  such  a  formulation  is  considered  in  Reference 
[571. 


We  introduce  the  complex  velocity  potential 


/  -  <M-  «'♦. 


o 


u  *» 


0/f  • 


(7.1) 


Here,  u,  v  are  the  components  of  the  velocity  w  of  the  fluid,  the 
velocity  potential  <p and  the  stream  function  $=»${; c,y.t)  depend 
upon  the  coordinates  and  the  time  t .  We  decompose  functions  <p  and  * 
la l  .>  a  cur.  of  two  functions 


<P  -*»(*.  u)  +  f  i  (*.  y,  t), 
y)  (*.  if*,  *)• 


Here  and  *;-s  do  not  depend  upon  time,  ana  we  solve  the  y  ob.lem  of 
stabilized  flow  about  the  cascade.  This  problem  may  be  considered 
solve i.  Henceforth,  it  is  assumed  that  it  has  been  solved  using  the 
exterior  of  the  circle  cascade  as  the  canonical  region  [56J. 
Functions  tt(r.ij.x).  •Mm'.t)  are  the  velocity  potential  and  the  stream 
function  of  the  absolute  perturbed  motion  of  the  fluid.  Induced 
oy  the  vitrutlor  of  the  profiles.  It  is  convenient  to  represent 
function  in  i  form  analogous  to  the  Kirchhoff  form  [39,  52,  57]> 


<?«  **  «b<Tci  S-  r*T/j  +  &r«j  +  rTs!  + 

tie iv,  v..,  v,.  are  tnc  velocity  components  of  the  oscillation  of  an 
arbitrary  profile  along  the  axes  of  an  immobile  system  of  coordinates, 
h  is  tne  angular  velocity  of  rotation  of  the  profile;  r  is  the 
circulation  of  the  velocity  about  the  profile.  The  values  depend 
only  upon  time.  Functions  «p«.  t*.  <roi.  depend  only  upon  the  coordi¬ 
nates  of  the  point  at  which  the  velocity  potential  is  being  computed. 
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Function  is  the  potential  of  flow  about  the  profile  by  a  stream 
induced  by  the  vortex  wakes  which  appear  when  the  circulation  chances 
in  accordance  with  the  Thompson  theorem.  Obviously,  <r^ y .  \) 
depends  both  upon  the  coordinate  and  upon  time.  In  considering  this 
problem,  we  shall  assume  that  may  be  assumed  equal  to  zero. 

The  boundary  conditions  at  the  profiles  in  the  streamline  flow 
state  that  the  normal  velocity  components  of  the  contour  and  of  the 
fluid  are  equal.  These  conditions  may  be  written  in  terms  of  the 
stream  function.  On  impermeable  contours  we  have  the  following  ob¬ 
vious  boundary  conditions: 


(s,  t). 

Here  s  is  a  curvilinear  coordinate  measured  along  a  contour;  vR  is 
a  velocity  component  normal  to  the  contour.  Integrating,  we  obtain 

♦  -/(*.  t)+ const. 


As  one  of  the  geometrical  considerations,  the  normal  velocity  of 
the  contour  points  may  be  expressed  in  terms  of  oscillation  velocities 

a  __ 

V4  ■*  —  Xfg  — 

-a  (*-£•+*-£). 


From  this,  after  integration,  we  obtain  the  boundary  value  of  the 
stream  function 


*-o,F-o,x-~Qfc*+lrt  +  const.  {7.2) 

At  an  infinite  distance  from  the  cascade,  the  perturbation 
induced  by  the  profile  oscillation  should  attenuate.  Only  in  a  case 
where  the  profiles  oscillate  cophasally  and  the  circulation  is  not 
equal  to  zero  will  the  perturbations  at  an  infinite  distance  on  the 
right  remain  finite. 

The  obtained  boundary  values  have  been  found  under  the  condition 
that  the  Influence  of  the  displacement  of  the  profiles  may  be 
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disregarded.  Now  we  shall  con¬ 
sider  the  influence  of  the  dis¬ 
placement  . 

Let  it  be  possible  for  the 
cascade  profiles  to  have  displace¬ 
ments  given  by  the  vectors  (-//««) 
where  h  is  a  complex  constant  (with 
respect  tc  i),  m  is  the  number  of 
the  profile.  The  profiles  In  the 
initial  position  are  shown  by  a 
Figure  7.2.  Displacements  of  solid  line  (Figure  7.2),  and  when 

profiles  in  a  cascade.  shifte,l  —  by  a  clotted  line.  The 

modulus  of  the  displacement  vector  is  much  smaller  than  the  cascade 
spacing  .  It  is  assumed  that  a  solution  of  flow  about  the 

initial  cascade  by  a  stabilized  stream  is  available,  l.e.,  the  dis¬ 
tribution  ei  vexeeities  at  the  profiles  has  been  found.  The  velocity 
in  tne  entire  field  of  the  stream  is  expressed  in  terms  of  the  known 
boundary  values  by  a  Cauchy  integral,  taken  along  all  the  contours. 


Here  -hi)  does  not  depend  upon  the  profile  number,  since  all 

the  profiles  art  subjected  to  the  same  conditions;  is  a  complex 

f*  h 

coordinate  at  tne  m  profile  Lm;  z  lies  outside  the  profiles. 


In  a  case  where  the  profiles  are  displaced,  the  preceding 
expression  must  be  replaced  by  the  following  one: 


«.<(?,  /;) 


- 1  . 
n- t. 


(7.3) 


Here  ,(t)  Is  a  supplemental  velocity  at  the  profiles, 

induced  oy  their  displacement.  Functions  are  unknown.,  and  their- 

cor.struction  is  the  final  aim  of  the  formulated  problem.  For  the 
construction  of  w""'(£) ,  use  may  be  made  of  the  method  of  successive 
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approximation* ,  since  In  the  case  of  a  small  displacement  \h\<t  it 
may  be  expected  that  !«*"»(;)  |<|w*(C)f .  In  a  null  approximation  we  assume 
«**■>(;)  -  0  and  then  determine  the  perturbed  acceleration  field  at  the 
profiles  which  Is  Induced  by  the  displacement. 

We  designate  by  (q  the  complex  coordinate  of  the  points  of  the 
profile  with  the  number  zero;  then  the  coordinates  of  like  points  of 
the  displaced  profiles  are  determined  by  the  relationship 

{•-"&+/«*+ «->0;  ±1;  *t;  ...* 


Analogously,  if  a  coordinate  of  a  point  situated  in  the  vicinity  of 
the  zero  profile  Is  designated  by  zQ,  the  coordinate  of  a  like  point 
(in  relation  to  the  profile)  In  the  vicinity  of  profile  m  will  be 

X.-«,+/w<+A«xp(~/*a^  «!-%  ±1;  ... 


Henceforth,  we  shall  discard  the  index  zero  for  c  and  z,  but  as  before, 
we  shall  consider  that  they  pertain  to  the  zero  profile. 


The  perturbed  velocities  are  the  difference  of  velocities  aw  « 
w(z,  h)  -  w°(z),  determined  at  points  similar  in  relation  to  the  given 
profile,  for  eases  where  the  profiles  are  shifted  (h^O)  and  when 
they  o<r <*py  the  initial  position  (h  ■  0).  On  the  basis  of  (7.3)  we 
find  the  velocity  in  the  vicinity  of  the  nth  profile  in  a  cascade 
with  displaced  profiles 

Then  the  perturbation  of  the  velocity  in  the  vicinity  of  the  ntk 
profile.  Induced  by  the  shift  of  all  the  profiles  in  the  cascade, 
will  be  equal  to 


f- A) -«•(*)- 


(7.*0 


PTD-hC-23»2*2-70 


275 


In  the  integrand,  terms  with  m  *  n  are  mutually  eliminated. 

This  is  brought  about  by  the  fact  that  the  perturbations  in  the  vi¬ 
cinity  of  the  nfc^  profile  are  determined  not  by  its  own  shift,  but 
by  the  relative  shift  of  the  remaining  profiles,  i.e.,  by  the  value 
Mc*xp{— /ma)~c.\p(— /iiot)J.  Here  it  should  be  recalled  that  perturbations 
of  the  velocity  are  determined  not  at  fixed  points  of  the  plane  of 
the  stream,  but  at  points,  the  position  of  which  is  coordinated  with 
respect  to  the  moveable  profile  under  consideration.  Since  terms 
with  m  =  n  are  removed  from  consideration,  point  e  =  z  ceases  to  be 
singular  and  2  may  belong  not  only  to  the  vicinity  of  the  contour, 
but  tc  the  contour  itself.  Retaining  terms  of  the  first  order  of 
smallness  UhVKl.  m+n)  in  the  brackets  of  (7.4)  and  replacing  the  sum¬ 
mation  index  by  m  -  n  ~  k,  we  find 


Aa-(z) 


-sr*"** 


(elk*-l)ur*(OdZ 
tC -«*/*!)>  ' 


(7.5) 


Here  the  prime  ac  the  summation  sign  signifies  that  in  summation, 
the  term  with  k  *  0  is  omitted.  In  Formula  (7.5)  t  and  z  belong  to 
the  zero  profile.  Consequently,  and  this  is  important  for  construc¬ 
tion  of  the  solution,  the  velocity  perturbations  at  the  nfch  profile 
differ  from  Che  perturbations  at  the  main  profile  only  by  the  multi¬ 
plier  exp  (—/ho:).  Let  us  also  note  that  the  displacement  of  the  pro¬ 
files  does  not  change  the  stream  an  infinite  distance  from  the  cas¬ 
cade.  Changing  the  order  of  summation  and  integration  in  (7.5) >  the 
Integrand  can  be  summed.  The  values  of  the  perturbation  velocity  at 
the  profiles,  obtained  by  means  of  (7*5) >  are  used  in  compilation  of 
the  boundary  conditions.  These  conditions  may  be  given  in  terms  of 
the  value  of  the  stream  function  at  the  profile  or  directly  in  terms 
of  the  perturbed  normal  velocities. 


The  solution  of  the  problem  consists  in  determining  the  complex 
potential,  which  satisfies  the  cited  boundary  conditions  at  oscillating 
profiles. 


Tru  >/eioeity  field  is  found  by  means  of  (7.1),  and  the  pressure 
field  is  represented  by  the  Lagrange  integral 
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Computation  of  the  forces  and  moments  acting  upon  the  profile 
may  be  carried  out  according  to  the  general  formulas  of  L.  I.  Sedov 
for  unstabilized  motion. 

$  7.3.  Derivation  of  the  Basic  Formulas 

Before  passing  on  to  the  solution,  we  obtain  the  formula  for  a 
function  which  has  the  properties  that  must  be  possessed  by  the 
complex  acceleration  potential  in  the  formulated  problem. 

In  the  region  G  we  introduce  for  consideration  the  function 
F(z,  t,  a)  of  the  complex  variable  z,  depending  upon  two  real  para- 
meters,  t  and  o,  which  possesses  the  following  properties. 

1.  Function  F(z,  t,  a)  satisfies  the  condition  of  generalized 
periodicity  in  the  following  sense  [57] 

F(z+lmQ~rl~F{it),  «-±l;  ±1;  ±3; ...  (7.6) 

Here  j  is  an  imaginary  unit  which  does  not  Interact  with  the  Imagi¬ 
nary  unit  i. 

2.  Function  F(z,  t,  a)  does  not  have  singular  points  in  the 
region  G. 

3.  Function  F{t,l,a)-*0  when 

(aV-0)..  (7.7) 

We  obtain  the  integral  representation  of  this  function.  We 
write  the  Cauchy  formula: 
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Here  L  is  any  contour  which  may  be  drawn  around  the  arbitrary  point 
2  without  intersecting  the  contour  profiles.  We  draw  contour  L  in 
the  manner  shown  in  Figure  7*1  and,  excluding  the  sections,  which 
aro  passed  through  twice  indifferent  directions,  we  replace  L  by  the 
sum  of  the  contours 


L 


Here  L'  embraces  all  the  selected  profiles,  and  Lm  Is  only  the  profile 
with  the  number  m.  Then  we  obtain 


F[z) 


•n 


+  iif  It  y~trr~* 

m--H  Lm 


(7.8) 


Expanding  L'  taking  (7.7)  into  account,  we  discard  the  first  integral. 
Here  F,^)  signifies  the  boundary  value  of  function  F(z)  on  contour 
L  .  We  reduce  the  integration  to  integration  only  along  contour  L^, 
which  will  subsequently  be  called  the  main  contour.  Effecting  in 
W.8)  the  replacement  of  variable  C«£»-Wm/,  utilizing  Condition  (7.6) 


F.®  -*■*"#*» 


t 


and  letting  we  obtain  (we  discard  the  index  zero  in  the  inte~ 

gr-ation  variable) 


t. 


Li  C-z+firU  * 


The  integrand  nay  be  transformed  and  summed  (when  0<«<2n).  Then  we 
obtain  the  f4  JL  integral  formula,  which  expresses  tne  value  of 
function  F(z)  in  the  region  G  in  terms  of  its  value  on  the  main 
contour 


§  Fg  5.  q)  (%. 

t| 


(7  9) 


Here  is  designated  q  =  2/t  and  the  function  <I>(z,  a,  q)  is  introduced, 
which  is  the  kernel  of 
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(7.10) 


Function  «,  ?)  possesses  the  following  basic  property: 


(7.11) 


Function  has  simple  bands  at  points  2im/q  and  is  expanded 

into  the  simple  fractions 


•**«-*♦,  ♦,£*). 


(7.12) 


As  the  distance  from  the  cascade  increases  to  the  left  and  to 
the  right,  we  have 


*1*.  «.*}-»  Ml  *//)•»** 


We  expand  function  <t>(z-y  in  the  vicinity  of  point  t 
ing  to  powers  of  t: 

We  substitute  this  expression  into  Integral  (7.9) 


(7.13) 


0  accord- 


(7.14) 


(7.15) 


Here  the  order  of  integration  and  3umnation  has  been  changed;  this 
is  possible  due  to  the  absolute  and  uniform  convergence  of  the  series. 

Utilizing  (7.14)  and  (7.15),  we  arrive  at  the  result  that  func¬ 
tion  F(z)  may  be  represented  by  the  functional  series 


/  7  i 

\  f  «  XV/ 


4-0 
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Here,  coefficients  Nn  are  defined  by  the  formula 

(t.17) 

Series  (7.16)  in  the  special  case  of  a  =  0  passes  into  a  series 
with  respect  to  derivatives  of  cth  z  and  is  used  in  cascade  theory  [56] 

2  ^  *»>  & cthK^ 

When  q  =  0,  Series  (7.16)  passes  into  the  main  part  of  a  Laurent 
series  outside  a  single  contour 

fw- 2  /v„, 

/I-O 

We  obtain  the  expansion  of  tp(z,  a.  q)  in  the  vicinity  of  the  poles. 
We  note  first  of  all  that  on  the  basis  of  the  property  of  (7.11),  the 
expansion  in  the  vicinity  of  pole  m  differs  from  the  expansion  in  the 
vioinity  of  pole  m  =  0  only  by  the  multip3ier  e.\p (—/««) . 

First  we  expand  into  a  Taylor  series  (in  the  vicinity  of  pole 
m  =  0)  the  expression  in  the  parentheses  of  (7.12) 


Here  the  constant,  which  is  henceforth  insignificant,  has  been  dis¬ 
carded.  Substituting  this  series  into  (7.12)  and  changing  the  order 
of  summation,  we  find  the  expansion  of  4>(z,  a,  q)  in  the  vicinity  of 
pole  m  =  0 : 


(7.18) 


The  series  must  converge  all  the  way  to  the  closest  singular  point, 
i.e.,  under  the  condition  ,r\<t=2!q.  Here  we  have  introduced  the 
designations : 


,  tn 
n- 1 

*«*(«)«(- 

/n-l  ,r‘ 


(7.19) 
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( 


These  relationships  may  be  expressed  in  terms  of  Bernoulli  poly¬ 
nomials  {0«x<2fl): 


<km 


i  (top 
T  <24)1 


7  *(24 +  1)1 


The  Eernoulli  polynomials  may  be  written  in  terms  of  the  Ben 
noulll  numbers: 


f 


In  particular,  the  first  numbers  ck  and  s^  are  expressed  (for  0<a<2.i) 
by  polynomials  with  powers  of  o  according  to  the  following  formulas: 


M  ,  «• 

2  +  4  ’ 

.■t*-  ,  aW  fia* 

Cl“  w»+  12  iT 

.■»-« 

j-. 

*'  6  +  4 

li* 

aV  ,  ai*  •* 

“  34  +  4*  “  240  * 

(7.20) 


Functions  c  («)  and  8^(0)  are  given  in  Tables  (7.1)  and  (7.2). 
Series  (7.19)  converge  so  rapidly  that  when  k  >  5  we  may  write 


c4-(-  l)'f,coso,  **-(- !)*sin«. 


r 


In  order  to  obtain  the  expansion  of  function  F(g,  a,  i)  into  a 
Laurent  series  in  the  vicinity  of  pole  m  ■  0,  we  differentiate  (7.18) 
n  times  with  respect  to  z.  After  transformations  we  obtain 


<*•(*) 


HM  A  (»-»)« 

'‘‘-"a3*-'  (2*-*- i)i 


(24)1 
(24— a)t 


l*-'. 


(7.21) 


Here  summation  with  respect  to  k  is  conducted  in  such  a  manner  that 
the  powers  of  z  are  greater  than  zero  (insignificant  constants  may 
be  discarded). 


Then  on  the  basis  of  (7.16)  and  (7.21)  function  F(z)  in  the 
vicinity  of  pole  m  *  0  may  be  represented  by  the  series  (the  Inter¬ 
mediate  transformations  are  omitted) 
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■TABLE-  7.1 


a 

4-2 

TT1 

) 

4  —  4 

4  —  5 

0 

1.63200 

-1,03232 

1,01731 

-1.00107 

1.00106 

10 

1,3/ -.00 

-1,05-01 

1.C0031 

— 0,t*?tC2 

0,98199 

20 

1,12071 

-0,95203 

0.95225 

-0,94276 

0,93989 

30 

0.89106 

-0,89285 

0,87363 

-0.8C796 

0.86673 

40 

0.67o29 

-0, 76559 

0.73777 

-  0.70002 

0,76649 

50 

0,46437 

-0,61788 

0.63S  65 

-0,64196 

0.64283 

CO 

0.27422 

-0.15597 

0.45074 

-0,49768 

0,49987 

70 

0.09903 

-0,28533 

0.32;  97 

-0,33850 

0,3*198 

SO 

—0, CO  103 

-0,11234 

0.15319 

-0,16991 

0,17358 

90 

—0.20354 

0,05918 

-0.01339 

0,00389 

-0.00092 

ICO 

-0,33506 

0,22449 

-0.13751 

0.17723 

-0,17322 

1)0 

-0.44938 

0,37962 

-0.3.5280 

0,34487 

-0.34155 

120 

-0,54824 

052111 

-0,50357 

0,50180 

-0,49815 

130 

-0.03208 

0,61394 

-0.61151 

0,6)334 

-0,61195 

140 

-0,7G</67 

0.75155 

-0.76282 

0,76536 

—0.76591 

,  150 

-0.733S5 

0,835 ?5 

-0.85829 

0,86107 

— 0.8657S 

ICO 

-0,79203 

0,89723 

-0,92836 

0.92677 

-0,93815 

170 

-0,31489 

0,93452 

-0,97115 

0.98125 

-0,98356 

180 

-0.82233 

0,91703 

-0.98555 

0.90623 

-0.99205 

TABLE  7.2 


a 

4-1 

4-4 

k~.t 

4-4 

4-S 

0 

n 

0 

Q 

0 

0 

to 

-0,2635) 

0,18750 

-0,17650 

0,17434 

-0.17377 

20 

— 0.I.-203 

0,30709 

-031751 

0211332 

—0,31288 

30 

-0.63752 

0,5.3210 

-0,69728 

0,50174 

-0,50017 

40 

-0,79391 

0.67/17 

-0.63633 

0.61175 

-0,61293 

50 

-939274 

0.79315 

-0,77.393 

0.76759 

-0,7005? 

C9 

-0,95653 

0,85203 

—0,37272 

0.8577! 

—0,85619 

70 

— 0,55212 

0,9303 

-0.9  II 12 

0.0IC91 

—0,93933 

80 

-0.-H2I2 

9,99137 

-<>.'•'703 

0.68512 

-0.68360 

90 

—0,16894 

0.95615 

— 0,',99’>5 

0.016 V?  1 

-1.06023 

100 

—0,92151 

0.97123 

-0.9.4178 

0,93109 

-0.93511 

110 

— 0,85'285 

0.91833 

-0,93149 

0.93a  II 

-0.93591 

120 

0.83936 

-0,559.19 

0.C6I33 

—0,86651 

130 

—0.66233 

0,73745 

-0.75S53 

Ojrcu 

-0,76655 

119 

-02)1583 

0.61520 

— O.fcJottf 

0.61090 

-0.61297 

ISO 

-0.11H18 

0, 17935 

-0,49.311 

0,19815 

—0,50952 

160 

-0,28354 

0,12170 

-OA37-.il 

031089 

-0,31291 

170 

-o.mio 

0.1615$ 

-0,17117 

0,17300 

-0,17388 

189 

0 

0 

■1 

.  0 

0 

f  (?.  «.  9)=“  ^ 


f-l)'-'  to -l) fit* 


n-\ 


i-XS 

«"P  * 


n  i  i7t~ 


N».S- 


v  v  '-"'ifilHi*. 

1>mZi  *!2i* 

fl-5  If 


*V}J.*u2  • 


(7.22) 


This  series  converges  in  the  circle  \z\<2/q  or  \z\<t ,  where  t  is  the 
spacing  of  the  cascade  singularities,  i.e.,  is  the  distance  between 
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adjacent  poles.  In  a  special  case,  with  a  zero  phase  shift  (a  -  0) 
direct  use  may  be  made  of  the  expansion  of  cth  qz  with  respect  to 
the  powers  of  qz  in  the  circle  }?*!<*  or  |*|</: 

•• 

to 


Here  B^  are  Bernoulli  numbers.  Then  for  the  special  case  under  con' 
sideration,  instead  of  (7.22),  we  obtain 


n-t  t 


*(*-/! -l)l*f  * 


(7.23) 


Thus,  the  coefficients  of  the  regular  part  of  a  Laurent  series 
depend  upon  the  coefficients  of  the  main  part.  This  relationship 
will  be  used  when  establishing  the  conformal  correspondence  between 
the  exterior  of  the  cascade  profile  and  the  exterior  of  the  circle 
profile  which  is  selected  as  the  canonical  region. 


Before  considering  the  flow  around  a  cascade  of  arbitrary  pro¬ 
files,  we  obtain  the  solution  in  the  canonical  region  —  the  exterior 
of  a  circle  cascade. 


I  7.4.  A  Circle  In  a 

a  Nona tab 111 zed  Stream 


Let  a  circle  cascade  be  given  (Figure  7.3)  with  radii  r  *  1,  which 
os ci Hates  harmonically  with  a  small  amplitude.  Without  restricting 
the  generality,  we  may  consider  that  the  cascade  axis  coincides  with 
the  ordinate. 

The  law  of  oscillation  of  any  circle  of  the  cascade  may  be 
written  in  the  following  manner: 

C,  -  Outl  *"-»•>,  Vf  m  Vfjkf  *"*■“*. 

Then  the  stream  function  on  the  main  circumference  must,  in 
accordance  with  (7.2),  take  the  following  form: 
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«0jtsln8-  t'0,cos  8. 


Here  9  is  the  polar  angle  of  the  main  circles; 
the  time-dependent  multiplier  has  been 
omitted.  Since  the  exterior  of  the  circle 
cascade  has  been  selected  as  the  canonical 
region,  let  us  immediately  consider  the  more 
general  case  where  a  boundary  value  is 
assigned  value  to  the  stream  function 

S  4,,cos/i4+  Sv«5b/i0.  (7.24) 

«•!  /t-! 

The  complex  velocity  potential  of  the 
nonsteady  zero  circul  tion  stream  around  a 
cascade  of  circles  that  are  vibrating  with 
a  phase  shift  a  must  possess  the  following  properties .  The  imaginary 
part  of  the  complex  potential  on  the  main  circle  must  satisfy  boundary 
Condition  (7.24).  The  boundary  condition  on  the  left  of  the  circles 
differs  from  (7.24)  by  the  multiplier  c\p (—//««) .  At  an  infinite  dis¬ 
tance  from  the  cascade,  the  perturbations  must  tend  toward  zero. 
Consequently,  outside  the  circle  cascade  the  complex  potential  must 
possess  the  same  properties  as  the  constructed  function  F{z,a.q).  That 
means  that  outside  the  circle  cascade  the  complex  potential  must 
expand  into  functional  Series  (7.16),  and  in  the  vicinity  of  pole 
is  =  0  it  must  expand  into  the  Laurent  Series  (7.22).  The  expansion 
of  F(z,h,ii)  into  a  Laurent  series  in  the  vicinity  of  pole  m  differs  from 
Expansion  (7.22),  as  follows  from  (7.6),  only  by  the  multiplier 
c\p(— /i»ia)  .  Consequently,  the  problem  consists  in  determining  such  co¬ 
efficients  l>  in  (7.22)  as  to  satisfy  the  boundary  Condition  (7.24). 

In  the  general  case  coefficients  H  must  be  complex  numbers  with 
respect  to  two  imaginary  units: 

(7.25) 


Figure  7.3.  A 
circle  cascade. 
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Substituting  (7.25)  into  (7.22)  and  assuming  ?»rexp«0,  we  separate  the 
imaginary  (with  respect  to  i)  part  and  find  the  series  into  which  the 
stream  function  must  expand  in  the  vicinity  of  the  main  pole  (the 
constants  have  been  discarded): 

*('.•> -fj|  [(-  «>•*'  in  - 1)  I  (C.  +  jDJr- + 

“/ X yT**  +  IBfk- »*i)  '■*] COS  n9- 

*  i  (7.26) 

~  I  (-!)>- 1)1  M.+yfljr-- 

- 1  ^  &»-*)'*  - 

_/  J  +  //>.*.,«)<••]  sin  0/s  J. 

Comparing  the  boundary  values  (when  r  ■  1)  of  the  real  (with 
respect  to  J)  part  of  Series  (7.26)  with  the  given  Condition  (7.24) 
and  setting  the  boundary  conditions  of  the  imaginary  part  equal  to 
zero,  we  obtain  the  system  of  equations: 


<-2)»-'(,.-I)!  C„.«+ 

.  f  tam  <»>•»»,  „  . 

•  +U  „,a.» 

I)"*1  in  - 1)1  A.  +  /»:*-  - 

...  4“°*-^ 

*  * 

(“  I)-  in - 1)1  D.  +  J  />*.,  - 


V  ,  .  n 

■  M  n  12** 

-i-ir  {«-!)! 

+  Bia** 


(7.27) 
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Prom  the  four  series  of  infinite  equations,  four  series  of  un¬ 
knowns  can  be  found.  Without  investigating  the  question  of  conver¬ 
gence  of  the  process  of  successive  approximations ,  we  shall  note  that 
in  practice  the  approximations  converge  very  rapidly.  Let  us  note 
that  the  systems  break  down  into  two  groups,  with  two  series  of  un¬ 
knowns  in  each,  the  unknowns  with  an  even  index  being  linked  to  the 
unknowns  of  the  other  series  with  an  odd  index.  The  computations  are 
greatly  shortened  by  the  diagonal  symmetry  of  the  coefficients.  We 
introduce  the  supplemental  designations : 


These  functions  do  not  depend  on  the  boundary  conditions  and 
therefore  may  be  computed  once  and  for  all;  this  greatly  simplifies 
the  solution  of  the  equations. 

The  basic  equations  in  terms  of  the  new  designations  are  written 
in  the  following  manner: 

(- 1)**'  («  -1)!C„+S  J?(k,  n)  ckCtk-i  + 

t  Af  (^i  H)  ** 


-  (~  1)*-'  (1  - 1)!  4,  +  2  n)  ctA»„  - 

*"  i  M  (k,  it)  ■»  y*. 


(-ir: (/»-!)!  D'+'ZJ’ik,  /»)f*Drt.,~ 


(7.28) 


-  S  Af  (*,  -  0, 

-  (-  -  1) !  B,  +  3  &  (k,  n)  ckB1k.t  f 

ft 

+  2  M  (*.  n)  stCji -  0. 

The  distribution  of  velocity  at  the  circumferences  in  the  cas¬ 
cade  is  found  in  terms  of  the  stream  function 


p, -  —  for  r-\. 


(7.29) 
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Here  vg  is  the  tangential  component  of  the  absolute  velocity  of  the 
fluid.  Making  use  of  (7.2o),  (7.22)  and  (7.27),  after  transformations 
which  are  omitted  here,  we  obtain  the  law  of  velocity  distribution  at 
the  arbitrary  circumference  m 

p,  —  <*»  (vt — mo)  2)  { (2  {—  ly-'iilC*— /iA*I  coo  «0  - 

-  (2  (—  I)*"1 « 1 4,  + /jy.I  sin  «0}  -  (7.30) 

— 2*ln  (vr  -  ma)  2  (—  !>*•*  nl  f D, cos n9 — fl,  sin  «0). 

•  •1 

The  radial  velocity  at  the  circumference  is  known  according  to  the 
condition  of  the  problem. 

Since  at  the  circumference  p,« ,  we  obtain  from  (7.30)  the 
expression  for  the  velocity  potential 

»  -  cos  (w  ~  mo)  2  { 12  {- !)'*»(«  - )) !  sin  aO  + 

*•1 

*H2( —  I)**1  (n  — 1)1  A,  +  y»I  cos  /.OJ—  (7. 3D 

~2sIn(vT~/fl<»)  S(~l)*^(rt~l)l(0« sin  nO + B„  cos  nd|. 

The  pressure  distribution  la  found  from  the  Lagrange  equation 
according  to  the  known  distribution  of  Potentials  (7.31)  and  the 
square  of  the  total  velocity.  The  velocity  field  outside  the  cascade 
is  determined  on  the  basis  of  (7.9)  or  by  means  of  (7.16). 

Let  us  consider  as  an  example  the  problem  of  velocity  distribu¬ 
tion  for  the  perturbed  movement  of  fluid,  induced  by  vibration  of  the 
circles  in  the  cascade  in  the  direction  of  the  cascade  axis  with  a 
velocity  of  p***p*e*p/(vr— ma).  The  cascade  density  is  given  by 

the  parameter  q  *  2/t  *  0.7. 

We  shall  carry  out  the  computations  for  three  phase  shifts: 

a~Q:  a—w  J  «*•*/<  . 

From  (7.24)  and  (7.4)  it  follows  that  for  all  cases  of  <5^  =  -1 
and  v«~Q  when  n>2. 
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(a)  For  a  =  0  from  (7.19)  or  the  table  we  obtain 


C|*=  1,633,  Cj “  —  l ,032,  1,017,  c4«—  1,004, 

From  (7.27)  it  is  obvious  that  An  =  Bn  =  D  =  0,  C2n  =0,  which 
is  in  agreement  with  the  considerations  of  streamline  symmetry-  Co¬ 
efficients  C2n_1  are  found  from  the  solution  of  the  first  system  of 
Equations  (7.27). 

C,  +  0,400C(  —  0,19IC,  +  ...  «— !,  j 
2 C3  -  0.0321C,  +  0.07.16C,  +  ...  -  0. 


We  shall  restrict  ourselves  to  computation  of  the  first  two  coeffi¬ 
cients 


C, »  -  0,714;  C,  -  -  0,01  17;  . . . 

The  distribution  of  absolute  velocity  on  the  circumferences  is 
found  from  (7-30); 


a , "  —  (0,428  cos  0  +  0, 1 29  cos  30  +  . . . )  cos  vr. 

(b)  For  a -a  we  obtain 

Ci  » —  0,522;  c-i  «*  0,017;  c,= — 0,985;  t,  ■»  0,996,  ***=>0. 

From  (7.27)  it  follows  that  An  =  Bn  ~  Dn  =  °»  C2n  =  °*  Coeffi 
cients  C2n_T  are  found  from  the  solution  of  the  first  system  of 
equations 


C,*»  — 1,25;  C,™ 0,0192;  ... 

The  absolute  velocity  at  the  circumferences  according  to  (7.30)  is 
equal  to 


v, « (—  I ,52.  cos 9  +  0,230 cos  30  -  . . .)  cos  (vr  -  m.n). 

(c)  For  n  -’.-tfi ,  according  to  (7.20)  or  the  tables  we  find 
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c,  -  0,575;  ct  -  —  0,094;  c, «  0,703;  et  -  —  0,707;. 

*,  -  0,845;  f,  -  0,740;  i, -a  0,715;  s,  -  0,709, 

From  (7.27)  it  follows  that  An  *  Dn  *  ®2n-l  “  C2n  *  °* 

Coefficients  and  Bgn  are  found  from  the  solution  of  the 

first  and  the  fourth  system  of  Equations  (7.27): 

A- -0.895;  C,  -  —  0,00795;  B,-- 0,0675;  5,-0,00337; 

The  distribution  of  the  absolute  velocities  at  the  circumference  is 
yielded  by  the  series 

— — (0,790 cos  36  +-0,035  cos  39  +-  . .  ,)cos  (vt  — 1/4  n.i)  +■ 

+  (0,270sin 20 - 0‘, 162 sin 40  +-  ...)»in(vt-l/4nw). 

In  the  case  of  such  streamline  flow,  there  are  eight  groups  of 
circumferences  at  which  the  velocity  distribution  will  differ. 
Figure  7.4  chows  the  curves  for  four  characteristic  values  of 
j>-\f—l/4«a  . 


Figure  7.4.  Velocity  distribution 
on  oscillating  circles  in  a  cascade 
with  phase  shift. 
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§  7.5.  Purely  Circulatory  Flow  About  a 
Cascade  of  Circles  With  a  Phase  Shift 


Let  us  consider  purely  cireulational  stabilized  flow  abous  a 
cascade  of  circles  under  the  condition  that  the  circulation  of  velocity 
about  the  circle  is  equal  to  l'M»i'oo.\| >//«*.  On  the  basis  of  the 
analysis  carried  out  above,  it  is  obvious  that  the  complex  velocity 
potential  for  this  streamline  flow  may  be  represented  in  this  manner: 


/  a-  +  «•  9)  •  (7.32) 

We  obtain  the  expansion  of  the  first  term  of  (7.32)  in  the  vicin¬ 
ity  of  z  =  0  by  integrating  (7.18): 


J®(r)<te- In  *  +  £■*£ 

A-l 


»»•_ 


ii  V 

'  £  2^  (2«  +  I ) 


(7.33) 


In  the  problem  under  consideration,  the  cascade  circumferences 
are  flow  lines  and,  consequently,  the  stream  function  at  them  assumes 
constant  values.  Coefficients  Nn  in  (7.32)  must  in  the  general  case 
be  double  complex  numbers  of  the  type  (7.35);  the  circulation  Jo  can 
in  the  general  case  be  the  complex  number  r0«lj -!•/»'„.  Substituting 
(7.32)  and  (7-33)  into  (7.32)  and  separating  the  imaginary  (with 
respect  to  i)  part,  we  obtain  the  expansion  for  a  stream  function  in 
the  vicinity  of  the  main  pole,  Setting  the  boundary  value  of  the 
stream  function  at  the  main  circle  equal  tc  zero,  we  obtain  four 
series  of  infinite  equations.  Pairs  of  these  equations  relate  the 
unknowns  A,  D  and  B,  C.  From  these  equations  it  follows  that 


Apt  ”  ”  Gm-I  **  A.Vi-1  “  0;  Apt- —  Bz-i-li  Cp, 


(7.34) 


Thus,  the  unknowns  are  two  series  of  infinite  equations  with  the 
unknowns  C2n  and  B2n_1  (or  D2n  and  Ag.^) 


+V 


^  (2t)l 

nl2»*  s,.(/|  . 


(7.35) 


(Equation  continued  on  next  page) 
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*t«-tw** 

S''1* 


(7.35) 


< 

I. 


In  the  first  equation  n  41  2,  4,  6,  . ..,  in  the  second  equation  n  *  1, 
3*  5  ....  Summation  with  respect  to  k  is  carried  out  in  such  a  manner 
that  the  unknowns  have  indices  greater  than  zero.  On  the  basis  of 
(7.32),  (7. 21),  (7.33)  and  (7.35)  we  find  the  series  into  which  the 
complex  potential  of  a  purely  circulatory  stream  in  the  vicinity  of 
the  main  pole  must  be  expanded: 


ri+flU 

Zu 


(n-Ulc* 


(7.36) 


Multiplying  tnis  expression  by  csp( -//»«),  we  obtain  an  expansion 
of  the  complex  potential  in  the  vicinity  of  pole  m.  We  separate  from 
the  obtained  expression  the  real  (with  respect  to  I  and  j )  part  and 
find  the  expression  for  the  velocity  potential  at  the  circumference 
of  number  m: 


(7.37) 


The  tangential  velocities  at  the  circumferences  are  found  by  differ¬ 
entiating  the  complex  potential  with  respect  to  the  polar  angle  0 
when  r  «  1: 


fT*  |>»  •  -  r*  i 

°j"* !  C,cos/»0  +  2  -g-  n  J  Bn  *fn  nOj  cos  m«+ 

fj.»  •  j,  m  1 

■jj -2  « l  C*  cos nt—2 7j£ ^ n  VBm sin  n$  j  *ln ma. 

I  '  *  «  J 


(7.38) 
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When  using  the  circle  cascade  as  a  canonical  region  and  when  consid¬ 
ering  a  quasi-steady  problem,  in  Expression  (7.38)  sin  ma  and  cos  ma 
should  be  replaced  by  sin(vr  —  >i:a)  and  cos(vt  — wia). 


Let  us  also  note  the  behavior  of  the  solution  at  infinity.  In 
purely  circulatory  flow  and  a  phase  shift  not  equal  to  zero  and  per¬ 
turbation  at  an  infinite  distance  from  the  cascade  attenuates.  The 
case  of  a  =  0  is  singular,  since  the  total  circulation  about  the 
cascade  is  not  equal  to  zero.  When  a  =  0  the  complex  potential,  in 
place  of  (7.32),  is  represented  by  the  series 


I 


The  complex  velocity  will  be  found  by  differentiating  this 
expression  with  respect  to  z 


qciii  nqz,  //). 


At  an  infinite  distance  to  the  left  and  to  the  right  from  the 
cascade  (*-►  ^ooJctUa^z-*-^! .  Consequently,  the  velocity  at  infinity  in 
front  of  and  behind  the  cascade  has  values  that  have  equal  moduli, 
by  are  opposite  in  sign  kTo/S/c  .  The  last-mentioned  magnitude  is  also 
determined  easily  by  the  contour  circulation  integral. 


As  an  example,  let  us  find  the  velocity  distribution  on  the  cir¬ 
cumferences  in  a  cascade,  if  the  circulation  r„=rpcosm(i  changes  with 
a  shift  phase  equal  to  «=0;  a~n/4 .  The  cascade  density  is  given, 
but  the  parameter  q  =  2/t  =  0.7. 


(a)  For  a  =  0  we  obtain  sn  =  0  and,  consequently,  Bn  =  0. 
Solving  the  first  equation  of  (7.35),  we  find 


C,«- 0,184;  Ct  =  0,00012;  ... 

Then  according  to  (7.35)  wc  find  the  law  of  velocity  distribution 
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^  +O,736co*20  — 

r  0,0057  cos  40  +  ...). 

(b)  For  «*-i «  we  obtain  sn  *  0  and  Bn  *  0.  From  (7.35)  we  have 

<7,-0,110;  C4  -  0,000945;  ... 

According  to  (7.38)  it  is  obvious  that  the  distribution  of 
velocities  on  the  neighboring  circles  differs  with  respect  to  sign 

»,—•—(!  —  0.44 1  cos 20  -  0,040 cos  40  -  . . .) cos «*. 

(c)  For  «-*/4  we  obtain 

*,-0.00753;  *,-0.0175;...;  Ct - 0,0060;  ,C4  -  0,00073.  .... 

9*m  +0.240^ cos 20  —  0,035 cos 40+  ...)cos  1/4 mx  + 

+  £ t- 0.015sin 0 - 0,2l0sin 30-  . . ,)sin  i/4mx 

Figure  7.5  gives  graphs  of  the  velocity  distribution  on  the 
circumferences  m  *  0  —  curve  1,  and  m  *  2  —  curve  2.  Circumference 
ra  *  2  has  a  circulation  equal  tu  zero.  There  is  a  total  of  eight 
groups  of  circumferences  with  a  different  velocity-circulation  law. 


Figure  7»5.  Velocity  distribution  on 
the  circumference  with  purely  circulatory 
flow  about  the  cascade  with  a  phase  shift 
(l)-for  m  *  0;  (2)-for  m  *  2. 
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§  7.6.  The  Problem  of  Flow  Around  a  Cascade 


with  Arbitrary  Profiles,  Oscillating  with  a 
Phase  Shift,  in  a  Quasi-steady  Formulation 

Let  us  consider  the  problem  of  small  harmonic  oscillation  of 
arbitrary  profiles  in  a  cascade  with  a  phase  shift.  In  the  presence 
of  circulation  about  the  profiles,  we  shall  consider  the  problem  in 
a  quasi-steady  formulation,  disregarding  the  influence  of  vortex  trails 
which,  according  to  Thompson's  theorem,  run  off  the  trailing  edges. 

The  complex  velocity  of  the  stream  flowing  about  the  cascade  of  vibrat¬ 
ing  blades  may  be  represented  as  the  sum  of  the  complex  velocities  of 
the  stabilized  stream  and  the  perturbed  motion.  We  shall  consider  the 
problem  of  stabilized  streamline  flow  to  be  solved,  and  shall  turn 
to  plotting  the  perturbed  motion. 

The  complex  velocity  w(z)  of  the  perturbed  motion  must  possess 
the  following  properties : 

1.  The  function  w(z,  t)  must  be  periodic  wifch  respect  to  spacing 
and  with  respect  to  time: 

w  (z,  v ) = u  (z)  e>vx,  ui(z+ hit  I )  «  a  (z)  «*/"•. 

2.  Function  w(z)  should  not  have  singular  points  in  the  region 
of  the  stream,  wifch  the  exception,  possibly,  of  sharp  leading  edges 
of  the  profiles. 

3.  Perturbed  velocities  attenuate  at  an  Infinite  distance  from 
the  cascade. 

For  solving  the  problem  we  shall  employ  the  method  of  conformal 
transformation,  selecting  as  the  canonical  region  the  exterior  of  the 
circle  cascade  in  plane  c.  The  connection  between  the  cascade  regions 
is  established  by  the  functional  series  [56] 

Bz+— J  ■jpr  clh  -y-.  (7.39) 
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In  the  vicinity  of  poles,  (7.39)  may  be  represented  by  the  series 


+  (7.40) 

The  coefficients  of  the  regular  part  depend  upon  the  coefficients 
of  the  main  part: 


«• 


2 


2*  (*  — n  —  !) !  at  17/ 


Here  Bk  are  Bernoulli  numbers. 


(7.41) 


Conformal  transformation  of  the  exterior  of  a  cascade  of  arbi¬ 
trary  profiles  to  the  exterior  of  a  circle  cascade  is  reduced  to  the 
determination  of  such  coefficients  a_n  and  an,  that  when  z-cxpiO 
is  substituted  into  Series  (7.40)  it  would  be  transformed  into  a 
parametric  equation  of  the  profile.  The  methods  of  solving  this  prob¬ 
lem  have  been  considered  in  [563  and  [24],  We  consider  this  problem 
solved. 


Assuming 


t 


(7.42) 


the  contour  of  the  profiles  may  be  given  by  two  parametric  equations: 


m  m 

l-Y cos#+  2  cos  nB  +  2^  —  a£)s(n  nB, 

H-a'slu**  X  (fl^,  +  tfjf)cos/i0+  2!  (o'  — 


(7.43) 


Here  the  polar  angle  of  the  main  circle  in  the  cascade  has  been  taken 
as  the  parameter. 


Let  the  profiles  carry  out  arbitrary,  but  small,  oscillations 
with  an  arbitrary  shift.  The  boundary  conditions  of  the  stream 
function  on  the  main  profile  in  the  case  of  translational  and  torsional 
oscillation  are  defined  by  Formula  (7.2)  In  terms  of  the  profile 
coordinates 
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+  ~  V 11]  ~  vnl  -  -J  Q  (J* + n1) + const. 

When  che  coordinates  of  the  profi  le  are  replaced  by  parameter 
0  In  accordance  with  Condition  (7.^3) >  we  obtain  the  boundary  values 
of  the  stream  function  on  the  circumferences  in  the  canonical  region 
in  the  form  of  a  trigonometric  Series  (7.24).  The  corresponding 
problem  in  the  canonical  region  has  been  solved.  The  distribution  of 
velocity  from  the  cj.rculationless  flow  and  the  purely  circulatory  flow 
Is  known.  The  value  of  the  circulation  is  established  on  the  basis 
of  the  Chaplygin-Zhukovskiy  postulate  in  a  quasi-steady  formulation. 
The  method  set  forth  can  be  extended  to  a  case  where  the  cascade 
profiles  are  subjected  to  small  deformations  with  a  phase  shift  (this 
problem  is  of  interest  when  determining  the  exciting  forces  in  a  non- 
uniform  stream).  The  boundary  conditions  for  the  stream  function 
for  motion  with  deformations  and  with  a  normal  velocity  at  the 
boundary  vn  are  established  via  the  relationship  <mds=>v„(0,  x). 

Above  have  been  considered  problems  in  which  the  phase  shift 
changed  from  blade  to  blade  by  a  constant  value.  Such  a  generaliza¬ 
tion  is  analogous  to  the  one  considered  in  §  5.2. 

We  shall  demonstrate  the  calculation  method  on  the  basis  of  an 
example. 

We  find  the  velocity  distribution  on  the  blades  in  the  cascade 
(Figure  7.6),  which  are  oscillating  with  the  phase  shift  «=»*  in  a 
direction  perpendicular  to  the  chord^ . 

We  select  the  components  of  the  oscillation  velocities  along  the 
coordinate  axes  i'oi=t'on- !  >  which  naturally  does  not  limit  the  gener¬ 
ality  of  the  calculation,  since  the  oscillation  takes  place  in  an 
incompressible  fluid. 

Footnote  (1)  appears  on  page  324a. 
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Utilizing  the  principle  of‘  super¬ 
position,  we  shall  consider  first  only 
the  perturbed  flow  induced  by  vibra¬ 
tions  of  the  profiles  about  the  axis 
of  the  main  stream. 

Conformal  transformation  of  the 
circle  cascade  exterior  to  the  exter¬ 
ior  of  a  profile  cascade  may  be  con¬ 
ducted  by  any  of  the  known  methods. 

We  omit  the  corresponding  operations. 
Figure  7.6.  Reactive  cascade  which  are  known  from  the  theory  of 
of  vibrating  profiles.  stabilized  flow  about  a  cascade,  and 

shall  write  the  coefficients  «,+<£)•  «-<,).  « «,-*£)  °f  Series 
(7.43)  which  establish  the  parametric  correspondence  between  the  main 
circumference  and  the  main  profile  (Table  7.3). 

The  points  marked  on  the  profile  in  the  cascade  (see  Figure  7.6) 
correspond  to  points  uniformally  distributed  along  the  main  circum¬ 
ference  of  the  circle  cascade  (every  second  point  is  marked,  since 
36  points  were  located  on  the  circumference) .  The  density  of  the 
equivalent  cascade  of  circles  is  characterized  by  the  parameter 
q  ■  0.853.  All  the  calculations  are  conducted  with  an  accuracy  to 
terms  with  an  index  not  higher  than  5. 

TABLE  7.3 


0,5210 

-0,1779 

0,0197 

00779 

-0.0004 

0  0 

04960 

0,1119 

—0,0813 

-0.0083 

00161 

«»  +  < 

-0.4993 

—0,0170 

0l09M 

-0,0296 

-00060 

-0,1009 

-0,0170 

0,0330 

-00270 

00038 
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Then,  on  the  basis  of  the  given  condition  of  oscillations,  by 
the  method  described  above  we  determine  the  boundary  condition  of  the 
stream  function  on  the  profiles.  Omitting  the  calculations,  we 
present  the  corresponding  coefficients  of  Series  (7.2*0: 


d,  =■  1,0203, 

Yi  -  +0,5049. 

+0,1609, 

Y, -+0.1289, 

6,-  -0.0717, 

Yj-  -0,0542, 

04"  -0,0574, 

Y< —  +0,0188, 

—  +0,0119, 

Yi  -  +0,0093. 

According  to  the  condition  of  the  problem,  the  oscillation  takes 
place  with  a  phase  shift  of  a  =  jt;  therefore  from  (7.19)  follows 
3.  =  0,  and  from  (7.27)  we  obtain 

5,,  =■/)*£=  0. 


Substituting  <5n  and  vn  into  (7.27),  we  obtain  a  system  of  linear 
equations,  and  we  obtain 

C,-  -1,535, 

C," +0,0150. 

A2  *»  +v,  1 100, 

-0.000275. 

Then  we  solve  the  first  equation  of  (7.35)  and  find 
C?~+0.I88§,  Ci*  —  —0,00479 

Here  the  upper  index  indicates  that  these  coefficients  pertain  to 
purely  circulational  flow. 

On  the  basis  of  the  computed  coefficients,  we  find  the  distri¬ 
bution  cf  the  perturbed  velocities  along  the  circumference  by  means 
of  (7.30)  and  (7.38),  i.e.,  separately  for  the  circulationless  flow 
and  the  purely  circulational  flow.  The  sum  of  (7.30)  and  (7.38) 
yields  the  distribution  of  absolute  perturbed  velocities  on  the  main 
circumference.  This  sum  includes  the  multiplier  rc/£i ,  which  must  be 
determined  uncording  to  the  condition  on  the  trailing  edge.  In  the 
case  of  quasi-steady  formulation  of  the  problem  at  the  trailing  edge, 
the  Chaplygin-Znukovskiy  condition  must  be  satisfied. 


C.  =>  -0.2090,  C,  -  +  0,0950, 

Cj  »  +  0,000358,  At  =  -  0,3850, 
+0,0134,  A,  - +0,00111, 
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Substituting  into  the  sum  of  (7.30)  and  (7.38)  the  angular  coor¬ 
dinate  of  the  trailing  edge  (Bq  »  310° ,  as  follows  from  the  conformal 
mapping),  we  set  the  result  equal  to  zero  and  determine:  r«/2jt=2,4i. 

The  final  distribution  of  the  perturbed  tangential  velocities  on 
the  circumference  is  given  by  the  series 

4  4 

2J^iIeo**  +  2  iCsin  *0+2, 41. 

•«i  «"i 


Here: 


-2,050;  Cj- -1,300;  C]-  +0,925;  Cj-  +0,210; 

Al  —  +0.205;  /h -+0.172;  A-0;  +0,160. 

Recalculation  of  the  velocities  into  the  plane  of  the  cascade  is 
conducted  according  to  the  rules  of  conformal  transformation  in  terms 
of  the  modulus  of  the  mapping  function  derivative. 


Figure  7.7.  Distribution  of 
perturbed  tangential  veloci¬ 
ties  in  case  of  vibration  of 
the  profiles  in  a  cascade 
with  a  phase  shift  «-«  . 

auxiliary  one,  since  it  refers  to 
lation  that  varies  in  time,  while 


Figure  7.7.  shows  the  distri¬ 
bution  of  absolute  velocities  on 
the  profile  vg  in  relation  to  the 
modulus  of  the  profile-oscillation 
velocity  o»-Vo^+o{, .  An  expansion 
of  the  profile  has  been  carried 
out  along  the  abscissa,  the  point 
numbers  corresponding  to  the  data 
in  Figure  7.6.  The  considerable 
velocity  peak  originates  in  the 
case  of  flow  about  the  leading 
edge.  Branching  of  the  stream 
takes  place  between  points  0  and 
3^.  The  graph  in  Figure  7.7  is  an 
the  perturbed  stream  with  a  circu- 
the  main  stream  is  absent. 


We  omit  calculation  of  the  main  stream,  since  it  is  carried  out 
by  conventional  methods  for  steady  streamline  flow. 
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Figure  7.8  gives  a  conception 
of  the  manner  in  which  vibration 
of  the  profile  acts  upon  the  con¬ 
ditions  of  flow  about  it.  The 
solution  is  obtained  by  addition 
of  the  perturbed  stream  calculated 
above,  brought  about  by  vibration 
of  the  profiles  in  counterphase, 
and  the  stabilized  stream  which 
flows  about  the  cascade.  In  plot¬ 
ting  the  velocity  distribution 
curves  ,  it  is  assumed  that  the 
maximum  vibration  velocity  comprises 
0.05  of  the  velocity  of  the  stream 
incident  upon  the  cascade  w^.  In  Figure  7.8,  curve  (1)  corresponds  to 
the  moment  of  time  at  which  the  profile  during  oscillation  is  moving 
with  the  maximum  velocity  forward  with  the  convex  side,  and  curve  (2) 
represents  the  same  for  the  concave  side.  A  particularly  intensive 
change  of  velocity  is  observed  at  the  leading  edge.  The  velocity 
peaks  would  be  even  greater  if  the  leading  edge  were  sharper.  The 
front  critical  point  moves  along  the  profile,  and  the  rear  critical 
point  is,  by  condition,  motionless. 

At  the  small  Strouhal  numbers  typical  of  many  practical  problems, 
the  influence  of  the  vortex  wake  will  be  small. 

However,  as  has  already  been  noted  above,  the  influence  of  the 
shift  of  a  profile  in  an  aerodynamically  loaded  cascade  can  turn  out 
to  be  significant.  The  Influence  of  a  profile  shift  can  be  taken  into 
account  by  the  same  calculation  method.  In  view  of  the  fact  that  the 
shift  is  small,  supplemental  perturbation  velocities  are  found  accord¬ 
ing  to  the  given  distribution  of  the  steady  velocity. 

Lei  us  consider  the  results  of  calculation  of  the  vibrating  pro¬ 
files  in  a  typical  active  cascade  (Figure  7.9).  The  equivalent  cas¬ 
cade  of  circles  has  a  density  of  q  =  0.8^6.  The  position  of  the  points 


Figure  7.8.  Distribution  of 
velocities  of  a  reactive 
cascade  in  the  case  of  vibra¬ 
tion  with  a  phase  shift  of 
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Figure  7.9.  A  profile  in  an 
active  cascade. 


on  the  profile  corresponds  to  a 
uniform  position  of  the  points  on 
the  circumference  in  a  cascade  with 
the  polar  coordinate  0=  10/»  (n  is 
the  point  number) .  The  blade  pro¬ 
file  is  a  TR-ZA  type,  the  relative 
spacing  is  <-0,60 ,  the  incidence  is 
By  *  77°30»,  the  calculated  inflow 
and  outflow  angles  of  the  main 
stream  are  fSi«27*,  |i*«24" .  In  the 
calculations  it  is  assumed  that 


the  vibration  velocity  comprises  0.10  (for  o  *  0)  and  0.05  (for  a=.i ) 
of  the  velocity  of  the  stream  incident  upon  the  cascade. 


From  the  obtained  results,  we  note  the  fact.  Important  for 
practical  application,  that  when  the  blade  oscillates  In  counterphase, 
the  velocity  change  is  considerably  more  significant  (particularly 
for  dense  cascades).  Consequently,  the  energy  exchange  between  the 
blades  and  the  stream  for  counterphase  will  be  considerably  greater 
than  for  oscillation  In  phase.  Recollect  that  the  calculations  were 
conducted  without  taking  account  of  the  blade  displacement.  The  con¬ 
siderably  greater  mutual  Influence  of  profiles  for  oscillation  in 
counterphase  has  a  simple  physical  explanation.  In  the  case  of  the  in¬ 
dicated  oscillation  In  counterphase  has  a  simple  physical  explanation. 
In  case  of  the  indicated  oscillation  the  fluid  is,  as  it  were,  dis¬ 
placed  from  the  internal  blade  channel.  The  rate  of  displacement  is 
greater  the  less  the  cascade  spacing  is  and  the  greater  the  channel 
length  Is..  This  rate  of  displacement  brings  about  the  appearance  of 
supplemental  circulation  necessary  for  maintaining  the  trailing 
conditions  of  the  stream  from  the  trailing  edge.  In  the  case  of 
oscillation  in  phase,  essentially  only  the  angle  of  attack  changes 
and,  thus,  this  problem  practically  does  not  differ  from  the  conven¬ 
tional  problems  considered  in  the  theory  of  steady  flow  about  a  cas¬ 
cade. 


In  the  theory  of  unsteady  flow  about  cascades,  determination  of 
the  unsteady  forces  acting  upon  the  profiles  is  of  greatest  significance 
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Figure  7.10.  Distribution  of 
perturbed  pressures  along  the 
profile  of  an  active  cascade 
in  the  case  of  oscillation 
with  a  phase  shift  of  n-o. 


Figure  7.11.  Distribution  of 
perturbed  pressures  along  the 
profile  of  an  active  cascade 
in  the  case  of  oscillation  with 
a  phase  shift  of 


in  practice.  Figure  7.10  shows  the 
distribution  of  perturbed  pressures 
along  a  profile  which  is  in  phase 
with  the  oscillation  velocity  for 
a  =  0.  An  analogous  graph  for  the 
case  of  oscillations  in  counter¬ 
phase  is  given  in  Figure  7.11. 

For  evaluating  the  relative 
intensity  of  the  energy  exchange 
between  an  oscillating  blade  and 
the  stream,  the  aerodynamic  damping 
coefficient  can  be  intro  iced.  This 
coefficient  may  be  represented  as 
the  ratio  of  the  work  performed  by 
the  aerodynamic  force  during  one 
oscillation  cycle  to  twice  the 
energy  of  the  oscillating  blade. 

The  aerodynamic  force  which  is  in 
phase  with  the  acceleration  of  the 
oscillation  may  be  determined  by 
integrating  the  perturbed  pressure 
along  the  profile  contour.  Utiliz¬ 
ing  the  Bernoulli  equation  (in  the 
quasi-steady  formulation),  as  well 
as  the  smallness  of  the  perturbation 
velocities  in  comparison  to  the 
velocity  of  the  main  stream,  we 
arrive  at  the  following  formula 
for  the  coefficient  of  aerodynamic 
damping: 


j_  r  _ 

2.1 6  J  U| 


(7.44) 


where  p 0  and  p^  are,  respectively,  the  density  of  the  fluid  and  the 
density  of  the  blade  material,  2b  is  the  blade  chord,  v  is  the  cir¬ 
cular  frequency  of  the  oscillations,  is  the  velocity  of  the  stream 
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at  infinity  in  front  of  the  cascade,  ta®«w»(5)  is  the  distribution  of 
velocity  along  the  profile  in  the  case  of  steady  flow  about  the  cas¬ 
cade,  is  the  distribution  of  the  perturbation  velocity  along 

the  profile,  vQ  is  the  modulus  of  the  oscillation  velocity,  F  is  vhe 
area  of  the  blade  cross  section,  5  is  a  coordinate  measured  along  the 
blade  chord.  Here  we  take  into  account  the  fact  that  the  oscillation 
takes  place  about  the  axis  of  minimum  inertia  of  the  cross  section, 
which,  as  is  known,  is  practically  parallel  to  the  chord. 

In  the  specific  example  under  consideration,  with  a  steam  pressure 
of  p  «  30  absolute  atmospheres  and  a  stream  velocity  of  w^  *  164  m/sec, 
the  following  values  of  aerodynamic  damping  coefficients  were  obtained: 

fi— 0,007  (when  a— 0)  And  (when 

S  7.7.  Solution  of  the  Problem  of  the 
Oscillation  of  Arbitrary  Profiles  in  a  Cascade,  with 
a  Phase  Shift,  by  the  Method  of  Integral  Equations 

In  the  preceding  sections,  the  problem  of  flow  about  a  cascade 
of  oscillating  profiles  was  solved  by  the  method  of  conformal  trans¬ 
formation  onto  a  cascade  of  circles,  with  subsequent  solution  of  an 
infinite  system  of  linear  equations.  When  highly  numerous  calcula¬ 
tions  must  be  made,  it  is  sometimes  more  expedient  to  solve  the  prob¬ 
lem  directly  In  the  physical  plane.  In  such  a  case  it  is  more  con¬ 
venient  for  the  application  of  computers,  and  permits  account  to  be 
taken,  in  a  rather  simple  manner,  of  the  influence  of  vortex  wakes 
propagating  beyond  the  profile. 

Let  us  consider  an  infinite  cascade  of  random  profiles  in  the 
plane  of  the  complex  variable  z  *  x  +  iy  in  a  steady  stream  of  ideal 
incompressible  fluid.  The  profiles  carry  out  small  synchronous  har¬ 
monic  oscillations  with  a  frequency  v  and  an  arbitrary  phase  shift  0, 

During  flow  about  a  cascade  of  oscillating  profiles,  the  stream 
velocity  0  is  composed  of  the  velocity  of  the  main  steady  stream  w° 
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(ws  consider  the  problem  of  steady  streamline  flow  to  be  solved)  and 
the  perturbation  velocity  w,  induced  by  the  oscillation  of  the  profile, 
velocities  w°  and  w  are  the  absolute  velocities  of  the  stream,  i.e., 
velocities  measured  with  respect  to  a  motionless  system  of  coordinates. 
We  designate  by  and  ,  respectively,  the  velocities  of  the  steady 
streamline  flow  in  front  of  and  behind  the  cascade. 

V/e  assume  that  the  blade  has  a  p.ecewise-smooth  contour.  The 
complex  velocity  of  the  perturbed  stream  w(s)  is  found  in  the  flow 
region,  which  constitutes  the  exterior  of  the  profile  cascade  S.  When 
the  circulation  about  the  oscillating  profiles  changes,  a  vortex  sheet 
trails  off  their  trailing  edges  in  accordance  with  Thompson’s  theorem; 
this  vortex  sheet  is  the  velocity  discontinuity  line  (Figure  7.12). 


Figure  7.12.  A  cascade  of  arbitrary 
profiles  with  vortex  wakes. 

The  value  of  the  perturbed  complex  velocity  at  any  point  belong¬ 
ing  to  S  may  be  determined  on  the  basis  of  the  generalized  Cauchy 
formula.  Making  the  same  transformations  as  at  the  preceding  points, 
we  obtain  the  formula 

»(2’)+-=j|k’#(C)1,(C-z.  0.  l)di- 0.  (7.1/5) 
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Here  »<,{;)  is  the  boundary  value  of  the  represented  function  on  contour 
Lq.  Contour  LQ,  along  which  integration  is  conducted,  encloses  only 
the  main  profile  and  the  wake  after  it.  The  kernel  is  represented  by 
the  expression 


«hf(*— a)  ■St»1  . 
0 - t  i  ;  «  Jt 


(7.46) 


We  break  down  contour  LQ  into  two  contours  LQ1  and  LQ2,  where 
Lq1  is  the  contour  enclosing  only  the  main  profile,  and  LQ2  is  the 
contour  which  encloses  only  the  wake  after  the  main  profile. 


We  direct  point  z—Ln  »  and  L»t—Lt  where  L  is  the  profile  contour. 
In  accordance  with  the  theorem  concerning  limit  values  of  a  Cauchy- 
type  integral,  we  find  that  at  each  regular  point  zeL 

v(z)-jv(z)~  Jj-  £o({)  *>{{-*.  «,  /JrfC. 


Prom  this  we  obtain 

Here  w(;)  is  the  boundary  value  of  the  represented  function  on  the 
profile  and  on  the  wake  after  it.  It  is  further  assumed  that  function 
w(f)  satisfies  the  Hoelder  condition  with  the  index  j»<l. 

Equation  (7.47)  may  be  written  in  another  form  [57a],  breaking 
down  the  contour  integral  into  two  integrals:  one  integral  is  computed 
along  contour  L,  and  the  other  —  only  along  contour  LQ2: 

+  «*  +  T  «.  /K-O.  (7.48) 

*  IfJ 

We  write  the  expression  for  the  velocity  of  the  absolute  perturbed 
..lotion  for  points  zeL  in  the  following  form 


tv(z)»d(z)-f  9,(z). 


(7.49) 
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Here  u(z)  Is  the  velocity  of  the  fluid  on  the  contour  for  relative 
motion,  vQ(a)  is  the  local  velocity  of  the  contour.  Then  in  accord¬ 
ance  with  Condition  (7.49),  Equation  (7.48)  is  rewritten  in  the  follow¬ 
ing  form: 

£5(2)4  n,  /]</;  +  -!  $  w({)‘&K-*.  a.  /K- 

«  -  U0(2)  -  £  V0(5) <!»  |; -  2.  a.  <} rfj.  (7.50) 

L 

The  equation  for  the  complexly  conjugate  velocity  is  obtained  from 
(7.50)  with  the  replacement  of  v[r)  by  Jlij  and  with  the  replacement 
of  tt-(S)  by  ®(f)  . 

By  virtue  of  the  fact  that 


j£  tlx  ,  .  j/y 
di  “  di  +  ‘  JS 


gif  in  * 


dr 

dl 


g-iftn 


C/.51) 


we  have 


</{”}  ”  :?  (s)  y  (S)  =  »  (s)c~lf  m, 
QU)d:  r,  V (5)  g-iWgit » da-v { 5 ) rfa. 


( 7  *52) 
(7.53) 


Here  *  and  5  are  arc  coordinates  at  points  zero  and  £  of  contour  L, 
measured  along  the  main  profile  from  a  certain  point  fixed  on  it,  3 
is  the  angle  between  the  tangent  to  the  profile  at  point  a  and  the 
abscissa,  £• (i)  is  the  modulus  of  the  velocity  of  the  perturbed  motion 
of  the  fluid  cn  the  contour  in  terms  of  relative  motion,  z[i)^dzldi. 

Expression  (7.52)  follows  from  the  boundary  condition  of  profile 
impermeability 


Re  IfeW  (2)]-0 


(7.5JD 


Taking  into  account  (7.52)  and  (7.53),  from  (7.50)  we  obtain 
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v^  +  ~|u(a)«l>J5(5;-«(5),  a,  t\do+ 

L 

_  d  _  (7.55) 

-  -vt (Hz' ($)-■£&■£  e»(C)«>tC-*;  e.  t\d& 

For  points  5  el*,,  vector  6(()  in  the  coordinate  system  connected 
to  the  contour  which  embraces  the  wake  may  be  represented  in  the  form 


®(0-®»<0+®,(C). 

where  w7({)  and  »7(t)  are  projections  of  w(5)  respectively  upon  the 
normal  and  the  tangent  to  the  wake. 

Since  vector  »*(£)  is  perpendicular  to  the  direction  of  passage 
along  contour  L 02,  it  follows  that 

t]d* -  (7.56) 

ij  t. 

The  integral  of  the  normal  component  in  passage  along  contour 
Lq2  will  be  equal  to  zero,  since  the  normal  component  does  not  under¬ 
go  discontinuity  and  is  the  same  on  both  sides  of  the  section  enclosed 
by  contour  LQ2.  Introducing  the  independent  variables  a  and  s, 
analogously  to  (7-53),  for  the  wake  contour  we  obtain 

®/(C)dC  -w,(a)</«r.  (7.57) 

Here  a  and  s  are  arc  coordinates  of  points  z  and  ?  of  contour  LQ2. 

By  means  of  (7.56)  and  (7.57)  the  integral  along  the  contour  will 
assume  the  form 

/]<«-  $wt(o)<l>lt(o)-z(s),  a,  t\do.  '  (7.58) 

£*»  Cm 

We  Introduce  on  contour  L,  in  place  of  the  independent  variables 
s  and  8,  the  new  independent  variables  0<8<2«  and  0 ^e<2«.  The 
connection  between  2  and  0  is  established  by  the  relationship 
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rf,"[(S)*+(snWrfe"Qwrf®- 


'(7.59) 


Taking  into  account  that  s' (5) ■=.?'( 0)/Q(fl)  and  introducing  the  new  function 
3 (0)  ==« t? (0) Q (0) ,  we  write  (7.55)  in  the  following  manner: 


Z.T 

m  +  ~jr!  5(e)<D!$(e)-z(0j.a,/jM'«+  - 

t 

+nr‘  §  “'iM'&R  («)-*(*). «.  <Jda-  -  o4(0)2,(9)- 

Lm  H _ 

-~$V0(Z)WX-A  a,  /]«/{.  , 


(7.60) 


Separating  the  real  (with  respect  to  i)  part  in  Equation  (7.60), 
we  obtain 

2t 

b(0}+[  S(e)Im{-^4>IC(t)~z(0),a,  /)}</,+ 

t  ' 

+  $  Im{c^a)£j$!<tfJ(o)-2(s).  a,  t)\do- 


(7.61) 


ReJ  -»#{9)2'(0)-^^lyd>K-2, «,  /Jdcj. 


We  transform  the  integral  along  the  wake  contour  L-^.  The  value 
of  the  velocity  discontinuity  tv,(o)  at  the  wake  must  be  determined  on 
the  basis  of  Thompson's  theorem  concerning  the  constant  property  of 
circulation  along  a  closed  contour  which  encloses  the  profile  and  the 
wake,  as  well  as  on  the  basis  of  the  condition  that  free  vortices  are 
carried  away  by  the  main  stream. 


Let  us  consider  the  conditions  cf  motion  of  vortices  behind  the 
cascade.  From  the  theory  of  flow  about  a  cascade  of  arbitrary  pro¬ 
files  in  a  stabilized  stream,  it  is  known  that  two  models  are  success¬ 
fully  used  for  plotting  the  stream  of  ideal  fluid  behind  the  cascade 
[20,  24,  78]. 

In  the  first  model,  if  the  trailing  edge  is  absolutely  sharp, 
the  Chaplygin-Zhukovskiy  postulate  concerning  the  finiteness  of  the 
velocities  on  the  edge  is  employed  directly.  However,  if  the  edge 
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has  a  finite  thickness,  either  the  position  of  the  rear  point  of 
stream  branching  in  the  middle  of  the  trailing  edge  is  prescribed,  or 
else,  which  is  preferable,  the  velocities  at  both  sides  of  the  edge 
are  equal.  The  points  at  which  the  velocities  are  equal  are  selected 
on  both  sides  of  the  edge  at  places  vrhere  a  considerable  change  of 
the  contour  curvature  commences . 


In  the  second  model,  the  theory  of  jet  streamline  flow  is  used. 
It  is  assumed  that  from  the  trailing  edge  a  jet  descends  which  at 
first  has  the  thickness  of  the  trailing  edge,  and  maintains  constant 
velocity  at  the  boundaries  everywhere. 


These  methods,  of  course,  are  based  primarily  upon  the  Chaplygin- 
Zhukovskiy  postulate.  Numerous  calculations  show  that  not  only  the 
value  of  the  lift  force,  but  also  the  distribution  of  velocity  along 
the  profiles  in  the  cascade  in  all  cases  are  in  good  agreement  with 
the  experimental  values  (with  the  exception,  of  course,  of  a  very 
small  zone  directly  adjacent  to  the  trailing  edge). 


In  the  case  of  unsteady  flow  with  variable  circulation,  a  vortex 
wake  is  located  behind  each  profile.  If  the  intensity  of  the  wake  is 
low  (the  Strouhal  number  is  small),  and  the  edge  Is  infinitely  sharp, 
it  may  be  assumed  that  the  line  of  discontinuity  of  the  tangential 
velocities  coincides  with  the  streamline  emanating  from  the  trailing 
edge.  In  this  case.  In  the  transfer  of  vortieity  the  continuity 
equation 


dv  .  <?  (v»*)  rn  o 
dx  +  d*  U 


(7.62) 


must  be  satisfied  for  it.  In  this  equation  y($,  r)  is  the  intensity  of 
the  vortex  sheet,  w«(j)  is  the  time-independent  velocity  of  the  main 
stream  along  the  selected  streamline,  s  is  a  curvilinear  coordinate 
along  this  streamline. 


For  the  periodic  relationship  of  the  trailing  vortieity  to  time 
y(s,  T)»y(.v)exp(/vr)  we  obtain 
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Integrating,  we  find 


+ /vy  (s)  ”  0. 


Y  (s)  -  Y  (0)  exp  £  -  /  ( ££  +  /v)  j , 

where  y(0)  is  the  free  vorticity  immediately  behind  the  trailing  edge. 

If  the  edge  has  a  finite  thickness  and  the  first  of  the  above- 
described  schemes  of  a  stabilized  stream  is  used,  the  selected  stream¬ 
line  goes  from  the  branching  point.  The  velocity  of  the  main  stream 
is  equal  to  zero  at  the  branching  point,  increases  greatly  over  a 
very  short  sector,  and  later  along  the  entire  stream  line  this  velocity 
remains  practically  constant  and  equal  to  the  velocity  of  the  main 
stream  at  an  infinite  distance  behind  the  cascade. 

If  the  jet  theory  is  used,  it  may  be  considered  that  the  trail¬ 
ing  free  vortices  are  situated  along  the  boundaries  of  the  jet  and 
art  cax’ried  away  with  the  constant  velocity  prevalent  at  these  boun¬ 
daries  without  distorting  the  jet  itself.  In  this  case  the  stream 
will  not  contain  one  discontinuity  line,  but  two  close  vortex  sheets 
will  exist. 

It  has  been  emphasized  above  that  schemes  of  nonseparating  and 
jet  flow  about  thick  edges  in  a  stabilized  stream  are  equivalent  in 
the  sense  of  the  velocity  distribution  law  along  the  profile.  How¬ 
ever,  they  are  not  equivalent  from  the  point  of  view  of  the  transfer 
of  free  vorticity  in  the  immediate  vicinity  of  the  trailing  edge. 

From  the  physical  point  of  view,  preference  should  be  given  to  the 
jet  scheme,  in  the  case  of  which  the  vorticity  is  transported  at  the 
constant  velocity  of  the  external  stream.  The  construction  of  cas¬ 
cades  in  a  stabilized  stream  with  a  jet  current  at  the  exit  has  beer 
investigated  in  detail  by  G.  Yu.  Stepanov  [78].  Thus,  the  boundary 
of  the  jet  and  the  velocity  of  the  main  stream  at  this  boundary  may 
be  considered  known,  and  a  calculation  model  may  be  constructed  on  the 
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basis  of  the  described  scheme.  However,  further  simplification  of  the 
calculation  scheme  is  expedient  and  possible  without  decreasing  the 
accuracy  of  the  results.  For  further  simplification  it  may  be  assumed 
that  the  boundaries  of  the  jet  are  practically  rectilinear,  and  that 
the  thickness  of  the  stagnation  zone  is  so  small  that  it  may  be  re¬ 
placed  by  a  discontinuity  line.  The  main  stream  velocity  along  this 
line  is  naturally  assumed  constant.  Here  it  is  appropriate  to  empha¬ 
size  that  flow  about  the  cascade  is  affected  only  by  the  initial 
sector  of  the  vortex  wakes,  since  attenuation  of  the  perturbations 
induced  by  the  wakes  takes  place  exponentially  (see  Chapter  2). 

With  the  indicated  assumption,  the  equation  of  vorticity  dis¬ 
tribution  in  the  wakes  will  take  the  form  of  a  travelling  wave 

\'(s,  t)  =->'y (0) e1' (  7 «  63) 

Thus,  we  shall  consider  the  velocity  of  the  stabilized  stream 
behind  the  cascade  a’exp(— »p2)  to  be  constant  with  respect  both  to 
value  and  direction. 


Then  the  value  of  the  velocity  discontinuity  should  be  equal  to 


T 


IT®  CO.  P, 


(7.64) 


Here  r«Poexp(/vt)  is  that  part  of  the  circulation  about  the  main  profile 
which  is  variable  in  time,  xQ  is  the  abscissa  of  the  trailing  edge, 
v  is  the  oscillation  frequency  of  the  profile.  From  Expression  (7.64) 
it  follows  that  if  it  is  necessary  to  comDUte  the  value  of  the 
velocity  discontinuity  in  a  vortex  wake  at  a  point  with  the  coordinate 
x  at  the  moment  of  time  r ,  the  derivative  of  the  circulation  with 
respect  to  time  on  the  main  profile  should  be  taken  at  the  time 
t,<t  .  The  value  (.t— x0)/i»®cosp,  corresponds  to  the  time  interval  neces¬ 
sary  for  the  vorti jity  which  has  come  off  the  profile  to  reach  a 
fixed  point. 
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Consequently,  the  velocity  discontinuity  is  equal  to 


».c. ')-;^r.[(.-^)/.]. 


(7.65) 


With  account  taken  of  (7.65),  the  integral  along  the  contour  of  the 
vortex  wake  assumes  the  form 


§  rc,(o)Im{-5^<I>[$(ff)~z(s),  a,  /jlwor- 

“A(8.  R.  ojj  0(e)Q(e)rfe  + 


(7.66) 


Here  we  have  set: 


7M 

r0  ■=*  J  «j  (e)  £2  (t)  du+j  (!„  ({)  </;>, 

#  L 

8(0,  a,  0"  ^  Ini  ^  tc2eo’  ^ / <1> (5 (a) — 2 (s),  a,  /] </<»•. 

tu  ^ 


(7.67) 


Here  Im  signifies  isolation  of  the  imaginary  part  only  with  respect 
to  the  imaginary  unit  i. 

Taking  these  transformations  into  account,  we  write  the  integral 
Equation  (7.61)  in  the  following  form: 


0(8}-  J  v  (c)  [/£  (e,  0,  a,  0  +  5(0,  a,  t)]dt-F(Q). 


(7.68) 


Here  the  following  designations  have  been  introduced: 


F(0)-~Rc  ^o(8)2/(0)  +  i^-  J  <*.  f]Wsj~ 

~t(0,  a,  oJmTMS. 

L 

K («.  0,  «.  0  =  -  Im  {-^  ®  [$ (0-2(8),  a,  tf}. 


(7.69) 


(7.70) 


At  point  o««  kernel  /((*,  0,  a,  0  has  the  removable  singularity 


y,  I  x’Wi/’W-y’Mi :’(t)  i 

A  z>  -  2.1  1^  (e)]«  +  [/  (e)]*  "  fcv  * 


where  1/r  is  the  curvature  of  the  contour  at  point  e=9  . 


(7.71) 
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Equation  (7.68)  is  a  singular  integral  equation  with  resp.ecfc  to 
the  boundary  value  of  the  velocity  of  a  perturbed  stream  with  a 
removable  singularity  in  the  kernel. 


The  kernel  of  the  integral  equation  is  continuous  and  bounded, 
function  F(e)  is  continuous  and  bounded,  while  function  6(0)  is  ex¬ 
pressed  by  a  convergent  integral. 


This  integral  equation  has  been  reduced  to  the  same  form  as  the 
Integral  equation  used  in  the  calculation  of  stabilized  flow  about 
a  cascade.  In  Reference  [80]  it  has  been  shown  that  the  solution  of 
an  equation  of  the  type  of  (7.68)  is  a  solution  of  integral  Equation 
(7.72)  computed  by  the  method  of  successive  approximations 


.  « 

510)-  J  5  (6)  IK  (*»  e,  a,/) +6(0,  a.  Q]dt+ 

.xx 

+  x  J  5(t)dt  =  f  (0)  +  xP0. 


(7.72) 


if  x  satisfies  the  condition  0<x<J//,  where  l  is  the  length  of  contour 
L.  In  this  case  the  solution  of  integral  Equation  (7.72)  exists  and 
is  unique. 


The  part  of  the  kernel  designated  by  K(t,  8,  a,  t) ,  takes  into  account 
the  quasi-steady  perturbation  velocity,  i.e.,  the  velocity  induced  by 
the  oscillation  of  profiles  in  the  absence  of  vortex  wakes.  This 
quasi-steady  part  of  the  induced  velocity  originates  both  as  a  result 
of  oscillation  of  the  profile  under  consideration  and  as  a  result  of 
interference  of  all  the  other  profiles  of  the  cascade.  Thus,  when 
6(0.  a,  0-0  we  obtain  from  (7*72)  the  solution  of  a  quasi-steaoy  problem, 
i.e.,  a  problem  in  which  the  influence  of  vortex  wakes  behind  the 
profiles  is  not  taken  into  account. 

Equation  (7.72)  must  be  solved  on  a  digital  electronic  computer. 

Let  us  further  consider  the  special  case  of  translational 
oscillation  of  the  profiles  ^n  a  cascade.  The  expression  for  the 
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complex  oscillation  velocity  is  written  in  the  form 

q,  (z)  *=*  jvy  exp  (yvt)  •  exp  (/?„), 

where  y  =  const  is  the  oscillation  amplitude,  Sq  is  the  ?jigle  formed 
by  vector  v0(z)  with  the  abscissa  axis.  In  this  case,  taking  (7*80) 
into  account,  the  integral  in  the  right-hand  part  of  (7.6y)  is  com¬ 
puted,  and  function  P(9 )  assumes  the  form 

F  (0) «  -  4  Re  I/vyz'  (6)  exp  ( -  ift)J. 


We  pass  to  the  dimensionless  form,  introducing  new  functions: 


(7.73) 


Here  we  have  set:  T=//2b  is  the  relative  spacing,  2b  is  the  profile 
chord,  6=»v6/u'?  is  the  Strouhal  number,  computed  on  the  basis  of  the 
flow  velocity  behind  the  cascade,  y=y/t  is  the  dimensionless  amplitude 
of  oscillation.  Then  the  integral  equation  will  be  written  as  follows: 


U(e)~j  I/(e)UC(e,  0.  a.  t)  +  i(Q,  a,  t)]de  + 

Q 

2ft 

+x  J  U  (e)  dt^F  (0)  +  xP0. 


(7.74) 


Trie  kernel  of  the  integral  equation  may  be  broken  down  into  a 
real  part  and  an  imaginary  part  (with  respect  to  j) 


K{t,  0,  a.  t) «  K\  (e,  0.  a,  /)  +  /*,(*,  0,  a,  /). 


(7.75) 


The  values  of  the  real  part  and  the  imaginary  part  of  the  kernel 
are  expressed  by  the  functions 


AT,  -  - 

[fi&Z&a... a]  +  [JS&*  W.  - 


(7.76) 


Here  we  have  set 
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sh  2<p 

sh’ip+sin’jp  * 
rt,=>sha(psinatf, 


sin  2^ 

fl2=l  sli'ip  +  sln’  9  ’ 
as  —  sh  aip  cos  a$, 


Oj=>ch  a^cos  a\J, 
rt6>=»ch  aip  sin  a\f>. 


<P 


y[.v(e)-.v(0)],  $  =  7  (y (<-■) - U (0)],  ip> 


± 
n  1 


(7.77) 


As  has  already  been  said,  kernel  K(e,  0,  a.  /)  has  a  removable 
singularity  at  the  point  e  =  0.  It  can  be  easily  seen  that  this 
singularity  belongs  to  the  real  (with  respect  to  j)  part  of  the  ker¬ 
nel.  The  imaginary  (with  respect  to  j)  part  of  the  kernel  does  not 
have  a  singularity  and  at  the  point  e=0  is  computed  according  to  the 
formula 


(7.78) 

This  property  may  be  explained  from  the  standpoint  of  a  vortex 
sheet.  The  real  part  of  kernel  K-^  contains  a  term  of  the  type 
roiibt/(s — o)  ,  which  is  characteristic  for  a  vortex  sheet  distributed 
along  the  profile  with  a  density  proportional  to  u(o).  This  part  of 
the  kernel  is  what  creates  the  singularity.  The  imaginary  part  of 
kernel  K2  takes  into  account  the  supplemental  velocities  induced  by 
the  remaining  profiles  in  the  cascade,  v/hich  are  oscillating  and  not 
in  phase  with  the  main  profile,  as  well  as  the  wakes.  If  a  =  0  or 
a  =  u,  it  follows  that  K~{e,  0)<=0  (when  a  =  0  the  insignificant  constant 
in  aj(*.  0)  must  be  discarded);  this  coincides  with  the  symmetry  of 
the  problem,  since  the  part  included  in  K-^  does  not  take  into  account 
the  influence  of  vortex  wakes,  but  determines  only  the  quasi-steady 
component  of  perturbed  velocity.  If,  on  the  other  hand,  all  the 
profiles  oscillate  in  phase  or  in  counterphase,  a  quasi-steady  com¬ 
ponent,  which  is  also  only  in  phase  or  counterphase,  is  induced  on 
the  main  profile. 

The  computation  of  at  the  point  e=0  may  be  carried  out  accord¬ 
ing  to  formula 

n-l 

/C,(9,0)  =  £-2/C(e.0)ctMr  (7.79) 

i 

This  is  explained  by  the  fact  that  with  corresponding  normalization 
we  may  set 
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1. 


(7.80) 


7f  |  o,  t\ds~ 

L 

Calculations  have  shown  that  the  values  of  kernel  K^(e,  e)  at 
point  o =e,  determined  according  to  Formula  (7.79)  in  the  case  of  a 
smooth  concour  have  coincided  well  with  the  values  obtained  on  the 
basis  of  Formula  (7*71). 


Figure  7.13.  Graph  of  the  real  part  of  kernel 
/C(c.  6)computed  for  the  cascade  shown  in 
Figure  7 - 1 ^ .  The  numbers  on  the  curves 
correspond  to  the  points  represented  on  the 
profile  (see  Figure  7.1*0. 


Figure  7.13  shows  the  real  part  of  kernel  .  The  abscissa 

shows  the  variable  e,  related  to  the  arc  length,  measured  along  the 
contour  given  by  Formula(7.59) .  The  numbers  on  the  curves  correspond 
to  the  points  marked  or  the  profile  of  the  cascade  for  which  the  cal¬ 
culations  we  re  made  (Figure  7.1*1). 

We  transform  Expression  (7.67)  to  a  form  convenient  for  calcula¬ 
tions.  The  term  d(0,a, /}  takes  into  account  the  influence  of  the  vor¬ 
tex  wakes  upon  the  streamline  flow  about  the  cascade. 


We  separate  in  (7.67)  the  real  and  the  imaginary  part  (with 
respect  to  j): 


6(0,  a,  t)=*  -•  (A|  +  fAj). 
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Figure  7,14.  An  aerodynamic 
cascade  of  active  profiles 
pertaining  to  the  example  of 
calculation  by  means  of  int- 
gral  equations). 


Assuming  that  the  oscillations  continue  for  an  infinitely  long 
period  of  time,  we  find  expressions  for  a,  and  A2: 


Ai  (0,  a,  /)  =  2k  J  |  [V  cos  £jt  —  S  sin  £ft]  + 

0 

+  ■^-p-J  —  Qcosiji  —  W  sin  fy] }  dp, 


(7.31) 


Ai(0,  a,  /)  =  2feJ  ~ [-ScosAp  —  Fsin£ji)  + 

0 

+  -  JP  cos  -{•  Q  sin fy]  J  dp. 


(7.82) 


Here  ji>  is  the  relative  distance  from  the  trailing  edge, 

5  «  ~  (C(ii4  -  a-a£  -  at,  '£?*=■—  (c.Oj  +  -  flj, 

V  =~(jl(7j  +  «2aJ-<73,  Q**jr(al<if--a*rs)-ai. 

The  expressions  for  a-^,  a,,  v  a^,  ag  are  given  in  (7.77); 

ir.  this  case 


9  -  *  -M:  br  cos  xV],  9  - 

9  “  •'l  +  ,i  A  sin  fej , 
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Here  62  is  the  angle  of  emergence  of  the  stream  from  the  cascade,  0Q 
is  a  coordinate  of  the  trailing  edge.  Integration  along  contour 
is  replaced  by  integration  along  a  straight  line  starting  from  the 
trailing  edge  and  extending  to  infinity  behind  the  cascade.  With  this 
substitution  we  have  taken  into  account  the  direction  of  passage 
around  the  contour  and  the  sign  of  the  tangential  velocity  component 
discontinuity.  The  values  of  the  velocities  induced  by  the  wake 
vortices  at  the  profile  decrease  rapidly  as  the  distance  from  the 
vortex  to  the  trailing  edge  increases. 


We  break  dov/n  the  functions  contained  in  integral  Equations 
(7.7^)  into  the  real  and  imaginary  parts  (with  respect  to  j): 


U  (8.  «.  t) «  U  (8)  -  (/,  (0)  +  jU2  (G). 

K  (8.  e.  /)  ~  K  (0.  e)  =  Kt  <fl,  e)  +  IK,  (0,  e). 
« (8.  a.  D  «  <5  (9)  -  -  A,  (8)  -  /A,  (0). 
io(a.  /)«?!+  j¥* 


(7.83) 


instituting  these  expressions  into  (7.7*0  and  separating  the 
real  part  and  the  imaginary  part  (with  respect  to  j),  we  obtain  a 
system  of  two  integral  equations : 


</,(•>-/  {£/,(=)!//,(*=.  0)-*l 0 )}rfe  =  *r„ 

0 


{*/.(«>*/*(*.  0)  + 

0 


+  [//,  (e)  -xj  y2(e)}*.  =  x.r,  +  f( G). 


(7-8*0 


Here  we  have  set 


//i(e.  0)  —  A|(0),  1 

//3(e.  0)-/C,(«.  8)-As(0).  /  (7‘85 

A  system  of  two  integral  equations  with  respect  to  the  unknown 
functions  U-»(6)  and  U~(0)  is  obtained, 

4.  C, 

In  the  case  of  numerical  solution  the  integral  equations  are 
replaced  by  a  system  of  linear  algebraic  equations.  For  this  the 
blade  contour  Is  broken  down  into  sectors.  To  increase  the  calcu¬ 
lation  accuracy,  tha  singularity  points  should  be  situated  more 
densely  in  the  vicinity  of  the  leading  edge  and  the  trailing  edge. 
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where  a  sharper  change  of  the  perturbation  velocities  can  be  observed. 
The  solution  is  effected  by  the  method  of  successive  approximations. 
The  basic  equations  of  (7*8*0  contain  the  constants  r(  and  fj ,  which 
constitute  the  real  part  and  the  imaginary  part  of  the  complex  circu¬ 
lation  r0=r,+/Tj  • 


The  pressure  is  defined  by  the  Lagrange  integral 


(7.86) 


The  stream  at  the  left  of  the  cascade  is  considered  stabilized,  the 
velocity  and  the  pressure  are  considered  known. 


17  =  0*  *-«$•  ^“Pi- 


Then  from  (7.86)  vie  oatain  (disregarding  terms  of  the  second  order 
of  smallness) 


/v-j>  -f-  +  -jr = 0.  (7.87) 

Here  j  Is  the  oscillation  frequency,  <p  is  the  velocity  potential  of 
perturbed  motion,  w°  is  the  velocity  of  the  stabilized  stream,  v;  and 
p  are  respectively  the  perturbation  velocity  and  the  pressure 
l*°!) 


Setting  the  pressure  difference  on  both  sides  of  the  trailing 
edge  equal  to  zero  (at  points  where  jet  convergence  is  assumed),  from 
(7.87)  we  find  the  condition  at  the  edge: 

-  /vA<j  m  -  /v T#  «  k’JAu;.  (7.8 8 ) 

0 

here  w2  is  the  velocity  of  the  stream  behind  the  cascade,  Aw  is  the 
value  of  the  velocity  discontinuity. 

The  force  acting  upon  "he  profile  in  the  cascade  is  found  by 
integrating  (7.87)  along  the  -ontour 
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(■7.89) 


•S"  =  —  i  ^  p  <lz. 

L 

Since  the  pressure  will  be  a  complex  (with  respect  to  j)  value, 
the  force  vector  is  a  complex  value  with  two  imaginary  units  (i  and  j). 
Separating  in  (7.8 9)  the  real  and  the  imaginary  parts,  we  find  the 
dimensionless  forces : 

2.1 

-s*,.  J*  [-—f-  w,(0)-2tt?I(0)j  //(O)rfO. 

2.1 

=  _?l  [-^f  - "«  (°) - 2W<P2 (0)] *r (0) dd, 

2.1 

■  & A  - 1 J  p^jr-  »,  (0)  +  2%,  (0)J  y'  (0)  dd, 

0  2.t 

^  ~ 1  J  p~ f1  «5«  <°) + 0»]  *  (°) dQ- 

Here  w, {0),‘  <r, (0)  and  v.j(0),  <fu.(8)  ar°  respectively  the  real  and  the  Imaginary 
parts  of  the  velocity  function  and  the  velocity  potential  induced  by 
the  oscillation  of  the  profiles;  J?,,,  d?,, ,  and  2?^,  are  respectively 
the  real  and  the  imaginary  (with  respect  to  j)  parts  of  the  force 
components  along  the  coordinate  axes;  is  the  expression 

of  dimensionless  force  jn  terms  of  dimensional  force;  y  =  y//  and  y  are 
respectively  the  dimensionless  and  the  dimensional  amplitude  of  the 
oscillations,  is  the  Strouhal  number. 

Taking  into  account,  the  influence  of  shift  of  the  profiles  in 
the  cascade  brings  about  onl,\  a  change  of  the  boundary  value  of  the 
perturbation  velocity,  and  is  carried  out  in  the  manner  set  forth  in 
t  7.2. 

Let  us  consider  the  results  of  calculations  [57a]  carried  out 
for  the  cascade  represented  in  Figure  7.1^.  The  cascade  is  composed 
of  TRZi*  profiles ,  situated  with  a  relative  spacing  of  t  =  O.b  and  an 
attitude  of  =  76°.  The  calculations  are  carried  out  at  a  stream 
entry  angle  of  3^  =  27° 30'  and  an  exit  angle  of  =  2H0 . 

Figures  7.15  and  ?.i6  contain  graphs  of  distribution  of  the 
supplemental  tangential  velocities  on  a  profile  in  a  cascade  with 
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Figure  7.15.  Distribution  of 
the  real  (with  respect  to  j) 
part  of  tangential  velocities 
along  the  profile  in  a  cascade 
with  a  phase  shift  of  a  =  30° 
and  a -iso.  He  t-j  Reju-tfa),  vs —  tan¬ 
gential  velocity,  vq  is  the 
modulus  of  the  oscillation 
velocity  of  the  profile. 
Quasi-steady  solution. 


Figure  7.16.  Distribution  of 
the  imaginary  (with  respect  to 
t1)  part  of  tangential  velocities 
along  the  profile  in  a  cascade 
with  a  phase  shift  of  s  =  30° 
and  a  =  150°  ,  lmc,~Iny(e.,/oo)  ,  Vs  is 
the  tangential  velocity ,  vg  is 
the  modulus  of  the  oscillation 
velocity  of  the  profile.  Quasi- 
steady  solution. 


phase  shifts  of  a  —  30°  arid  a  —  150°.  Figure  7*15  shows  the  real 
pai-vS  jf  the  tangential  velocities  (i.e.,  those  that  are  in  phase 
wj-i*.  ..  -v dilation  velocity  of  the  profile),  and  Figure  7.16  shows 
their  imaginary  parts.  Along  the  abscissa  the  numbers  of  the  points 
on  the  profile  are  indicated  in  accordance  with  Figure  7.14,  and 
along  the  ordinate  the  ratio  of  the  tangential  velocities  to  the 
velocity  modulus  of  tne  profile  oscillation  is  plotted.  In  thio 
calculation  and  in  the  succeeding  ones  it  is  assumed  that  the  profile 
oscillates  in  a  direction  perpendicular-  to  its  chord.  These  calcu¬ 
lations  were  made  without  taking  into  account  the  influence  of  the 
vortex  wakes,  i.e»,  the  problem  is  solved  in  a  quasi— steady  formula¬ 
tion.  The  results  obtained  here  by  the  solution  of  the  integral 
equation  coincide  with  tne  results  obtained  by  means  of  conformal 
mapping.  When  the  prcolen.  was  solved  in  a  quasi-steady  formulation, 
the  complex  values  of*  the  tangential  velocities  at  profile  points  1 
and  35  an  the  ’Hog  o.igo  (see  Figure  7.14)  were  set  equal  to 
zero. 
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Figure  7. 17.  Relationship  of 
dimensionless  circulations 

,  fj-rj/j/u,'’  to  the  phase 
shift  in  the  case  of  oscilla¬ 
tion  (for  the  cascade  represented 
in  Figure  7.1^),  i-ylt.y  is  the 
oscillation  amplitude,  t  is  the 
cascade  spacing,  is  the  modulus 
of  the  main  stream  velocity  at 
the  exit  from  the  cascade. 
Quasi-steady  problem. 


Figure  7.18.  Distribution  of  the 
real  (with  respect  to  j )  part  of 
tangential  velocity:  1)  — 
quasi-steady  solution,  2)  — 
solution  taking  into  account 
the  influence  of  vortex  wakes. 


The  maximal  supplemental  tangential  velocities  induced  by  oscil¬ 
lations  are  observed  on  the  leading  edge  in  the  vicinity  of  point  25. 
When  added  to  the  main  stream  velocities,  these  supplemental-velocity 
peaks  will  bring  ab^ut  a  shift  of  the  forward  critical  point. 


Figure  7.17  contains  graphs  of  the  real  part  and  the  imaginary 
part  of  dimensionless  circulation  when  tho  cascade  blades  oscillate 
with  different  phase  shifts  in  the  quasi-steady  formulation 


r 


i 


r, 


The  real  part  of  the  circulation  reaches  a  maximum  (with  respect  to 
absolute  value)  with  a  phase  shift  of  a=n,  and  the  imaginary  part  — 
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when  i--al2  ;  this  is  explained  by  the  influence  of  the  adjacent  blades. 

Figure  7.18  shov/s  the  distribution  of  the  real  part  of  the  tan¬ 
gential  velocity  induced  by  oscillation  of  the  profiles  with  a  phase 
shift  of  «=*••/  .  Curve  (1)  was  obtained  when  the  problem  was  solved 
in  a  quasi-steady  formulation;  curve  (2)  was  obtained  with  account 
taken  of  the  influence  of  the  vortex  wakes .  The  calculations  were 
made  with  a  Strouhal  number  of  k=*\b/ t^-0,25  . 

The  distribution  of  the  imaginary  part  of  the  tangential  velocity 
is  shown  in  Figure  7-19.  This  graph  pertains  to  the  second  calcula¬ 
tion  (with  a  quasi-steady  formulation  of  the  problem  and  «=*  the 
imaginary  part  of  the  velocity  is  equal  to  zero) .  For  the  same  condi¬ 
tions  ,  in  Figure  7-20  the  distribution  of  the  supplemental  velocities 
on  a  profile  for  various  moments  of  time  has  been  plotted.  Figure 
7.21  shov/s  the  distribution  of  the  total  velocities  on  a  cascade 
profile.  Curve  (1)  corresponds  to  the  moment  of  time  when,  during 
oscillation,  the  profile  moves  with  the  convex  part  forward  with 
‘maximum  velocity,  and  curve  (2)  corresponds  to  the  moment  of  time 
when  it  does  the  same  with  the  concave  part  forward. 

Recollect  that  these  calculations  were  carried  out  without  taking 
the  displacement  into  account.  Calculations  with  taking  displacements 
into  account  are  carried  out  by  the  same  method,  but  by  considering 
the  supplemental  perturbations  (Section  7-2). 
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FOOTNOTES 


1.  on  page  296.  Here  we  disregard  the  displacements.  In  the 

general  case,  displacements  should  be  consider¬ 
ed  in  accordance  with  Section  1.2. 
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CHAPTER  8 


INTERFERENCE  OF  TWO  CASCADES  MOVING  IN  RELATION 
TO  EACH  OTHER  IN  A  POTENTIAL  STREAM 
( QUASI-STE ADI  PROBLEM) 


§  8.1.  Calculation  of  Flow  About  Two  Moving 
Cascades  by  the  Method  of  Conformal  Transformation 

Let  us  consider,  in  the  plane  of  the  complex  variables  2  =  x  +  iy, 
two  cascades  (Figure  8.1)  which  represent  a  two-dj mensional  model  of 
a  turbomachine  stage.  The  axes  of  the  cascades  are  parallel  to  the 
ordinate . 

Let  us  first  consider  a  special  case  where  the  spacings  of  the 
cascades  are  equal  to  t.  The  cascade  system  is  in  a  stream  of  ideal 
incompressible  fluid.  The  first  (directing)  cascade  i.s  motionless  in 
the  coordinate  system  xy,  the  second  (working)  cascade  is  moving  at  a 
constant  velocity  of  u  in  the  negative  direction  of  the  ordinate  axis. 
Since  interference  will  be  observed  when  the  second  cascade  moves, 
the  circulation  about  the  profiles  must  change  in  time.  This  brings 
about  vortex  wakes  of  variable  intensity,  which  propagate  behind  the 
exit  edges  of  the  two  cascades.  For  the  sake  of  simplification,  we 
shall  not  take  these  vortex  wakes  into  account,  i.e.,  we  shall 
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consider  the  problem  in  a  quasi¬ 
steady  formulation.  It  should  be 
noted  that  the  influence  of  the 
vortex  wakes  coming  from  the  first 
cascade  upon  the  distribution  of 
pressures  and  velocities  along  the 
second  cascade  may  be  particularly 
significant . 

Thus ,  after  disregarding  the 
infli  ^nce  of  the  wakes,  interference 
due-  only  to  the  transmission  of 
perturbations  in  the  potential 
stream  will  be  considered. 

Problems  dealing  with  cascades 
moving  in  relation  to  each  other 
in  such  a  formulation  have  been 
considered  by  Peindt  [10*1-106], 
Oellers  [127],  Kasimierski  [110], 
etc.  Note  that  in  the  simplified 
formulation  (the  absence  of  vortex 
wakes),  the  problem  under  consideration  will  differ  from  the  known 
problem  of  static  flow  about  a  two-stage  cascade  only  with  respect  to 
the  boundary  condition.  The  latter  problem,  under  the  condition  of 
equality  of  the  spacing  of  the  two  cascades,  is  reduced  to  study  of 
the  stream  about  a  biplane  and  is  considered  in  the  monographs  of 
L.  I.  Sedov  [7*i]  and  G.  Yu.  Stepanov  [78]  (for  stationary  cascades). 

Thus,  we  shall  first  consider  the  special  case  where  the  cascades 
have  the  same  spacing  t. 

We  conformally  map  the  exterior  of  the  cascades  onto  a  doubly 
connected  region  by  means  of  the  most  simple  periodic  function 


Figure  8.1.  Cascades  moving  with 
respect  to  one  another,  with 
identical  spacings,  L  is  the 
profile  of  the  stationary 
cascade,  L"  is  the  profile  of  a 
cascade  moving  at  the  velocity 

u,  w°  and  Wg  are  flow  velocities 

(with  respect  to  the  stationary 
cascade)  at  infinity  in  front  of 
and  behind  the  cascades . 


(8.1) 
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This  function  naps  the  infinitely  connected  region  outside  the 
cascade  onto  an  infinite  layered  surface.  A  biconrected  contour  is 
situated  on  each  sheet,  which  corresponds  tc  the  two  adjacent  profiles. 
One  sheet  of  the  surface  corresponds  to  the  strip  of  one  period  of  the 
cascade. 


The  images  of  straight  lines  y.  *  const  and  y  =  const  are  circles 
and  rays  with  the  center  in  the  origin  of  the  coordinates,  where  there 
is  a  logarithmic  singularity,  infinite  points  on  the  left  (>.--») 
correspond  to  the  coordinate  origin,  Infinite  points  on  the  right 
(x  »  +  to  )  correspond  to  the  point  .  The  boundaries  of  a  strip 

of  one  period  cox’respond  to  the  sides  of  a  sheet  section.  This  section 
extends  from  the  coordinate  origin  to  an  Infinitely  remote  point.  The 
profiles  become  closed  spiral  curves.  To  plot  the  flow,  it  is  neces¬ 
sary  to  map  the  doubly  connected  region  onto  a  selected  canonical  bi- 
eonnected  region,  for  example,  an  annulus.  In  view  of  the  fact  that 
the  contour  of  a  doubly  connected  region  In  the  plane  n  has  a  very 
grotesque  shape,  it  is  in  practice  necessary,  before  transformation 
into  the  annulus,  to  perform  a  series  of  smoothing  transformations. 

For  the  transformation  of  biconnected  regions  it  is  expedient  to 
employ  the  method  developed  by  G.  Yu.  Stepanov,  which  is  based  upon 
electrical  simulation  [73]. 

From  the  very  start  it  is  convenient,  particularly  with  the  employ 
ment  of  electrical  simulation,  to  operate  with  a  finite  region. 
Therefore,  in  place  of  Transformation  (8.1)  it  is  more  convenient  to 
employ  the  following  one: 


(8.2) 


jf  the  origin  of  the  coordinates  in  plane  z  is  placed  inside  one 
of  the  profiles,  the  flew  region  will  be  mapped  onto  a  limited  doubly 
connected  region,  since  to  the  point  Z  =  0  corresponds  the  point 
l)c  co  .  The  points  at  infinity  to  the  right  and  to  the  left  of  the 
cascade  (x  *  +  ®  )  pass  into  the  points  n  =  +1.  Let  us  note  that 
Transformations  (S.l)  and  (8.2)  possess  the  substantial  drawback  that 
they  bring  about  a  very  nonuniform  deformation  of  the  contours.  This 
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decreases  the  accuracy  of  the  calculations  and  even  makes  impossible 
the  ite  of  electrical  simulation  prior  bo  preliminary  smootning  of 
the  contours . 


Thus,  -let  us  assume  that  cter  transformation,  the  exterior  of 
the  contour  is  mapped  onto  an  annulus  in  the  plane  r(.  The  infinitely 
remote  points  x  *  +  *  )  correspond  to  points  n^  and  n2.  At  these 
points  the  vortex  source  must  be  situated  as  well  as  the  vortex  sink. 
The  yields  of  the  source  and  of  the  sink  must  be  equal  in  order  to 
satisfy  the  continuity  equation 


Q,  -  -  <?,-  /of  cos  a,  •»/«i^cosar 


(8.3) 


The  circulations  of  the  vortices  are  defined  by  the  formulas 


r,*«  —  •JfsinBj.  (8.^) 

Kere  and  w®  are  moduli  of  the  stream  velocity  at  infinity  before 
and  after  the  cascades,  respectively,  and  o2  are  angles  formed  by 
the  corresponding  velocities  with  respect  to  the  abscissa. 


We  shall  now  dwell  on  the  boundary  conditions  of  the  problem. 

The  first  cascade  is  stationary  and,  consequently,  the  normal  velocity 
on  the  profiles  must  be  equal  to  zero.  The  second  cascade  moves  with 
a  constant  velocity  u  and,  consequently,  the  boundary  value  of  the 
normal  velocity  wn(z)  is  equal  to  a  projection  of  the  displacement 
velocity  onto  a  normal  to  the  profile. 

In  the  plane  n  let  the  contour  of  the  directing  blade  correspond 

to  the  external  circumference.  Then  it  is  obvious  that  the  normal 

component  of  velocity  on  this  circumference  must  be  equal  to  zero, 

i.e.,  the  circumference  will  be  a  streamline.  The  normal  component 

of  velocity  on  the  internal  circumference  is  determined  on  the  basis 

of  the  known  w(z)  and  the  conformal  transformation  condition 
n 
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For  plotting  the  flow  from  the  vortex  source  and  the  vortex  sink 
in  plane  n  it  is  convenient  to  map  the  annulus  onto  a  rectangle  in 
plane  4,  employing  the  transformation 


S  **•  in  tj.  (8.6) 

The  external  circumference  will  pass  into  a  segment  of  the  ima¬ 
ginary  axis  AB  (it  is  always  possible  to  select  the  scale  in  such  a 
manner  that  the  radius  of  the  external  circumference  will  be  equal  to 
unity)  with  a  length  of  fcrf  (Figure  8.2).  The  smaller  circumference 
(r^r2<i)  will,  after  transformation,  pass  into  segment  CD,  and  the 
points  of  the  annulus  will  have  images  in  the  rectangle  ABCD.  In 
particular,  let  the  points  and  n2>  in  which  the  vortex  source  and 
the  vortex  sink  are  located,  pass  into  points  and  ?2* 

The  analytic  function  representing  the  complex  potential  of  flow 
in  the  rectangle  may  be  continued  in  the  entire  plane  €  .  Then,  in 
order  to  express  the  complex  potential,  we  may  use  the  b aperiodic 
functions  with  periods  equal  to 

AB~2.ii.  CC'-2CB=--2lnr>  (8.7) 


The  function  of  complex  velocity  must  have  simple  poles  at  points 
4^  and  4.,,  with  residues  respectively  equal  to  I'i+i'Qi  and  I’j  h iQ3 . 

We  add  simple  poles  at  points  -4-^  and  -4g  with  the  residues  1'i-WQ, 
and  f***7?*  .  Then  four  simple  poles  will  be  situated  within  the  period 
rectangle  with  given  residues,  and  the  complex  velocity  is  expressed 
in  terms  of  tne  Weierstrass  zeta  function  £ 


Tj+iQ,i(l  -  W  +  ~r£‘v’  ;g + 1.)  + 


2 rU 


mr1  ?  a  -  W + zI£r£j-  i  (I + Si) 


v.-lt 


(9.8) 


For  the  plotted  flow  the  straight  lines  AB  and  CD  are  streamlines, 
L.e.,  the  normal  velocities  on  them  are  equal  to  zero.  Consequently, 
the  complex  potential  plotted  In  plane  4  solves  the  problem  of  a 
double  cascade  with  stationary  profiles.  In  order  to  satisfy  the 
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boundary  conditions  with  respect 
to  normal  velocity  on  the  straight 
line  CD  (which  is  an  image  of 
profile  L1'  of  the  movable  cascade), 
we  place  on  it  distributed  sources 
with  the  intensity 


Figure  8.2.  Plotting  a  flow  in  a 
rectangle:  AB  is  the  image  of 
the  profile  of  the  motionless 
cascade,  CD  is  the  image  of  the 
profile  of  the  moving  cascade. 


The  complex  flow  velocity 
induced  by  the  distributed  sources 
may  also  be  expressed  in  terms  of 
the  Weierstrass  function 


M 

*  (8.9) 

Here  x  is  the  integration  variable.  The  integral  must  be  understood 
in  the  sense  of  the  Cauchy  principal  value.  In  view  of  the  symmetry, 
the  flow  described  by  Integral  (8„9)  does  not  change  the  normal 
velocity  on  segment  AB. 


To  the  complex  velocities  represented  by  Formulas  (8.8)  and  (8.9) 
we  may  add  art  arbitrary  imaginary  constant,  and  this  will  not  change 
the  normal  velocities  on  boundaries  AB  and  CD.  The  addition  of  such 
a  constant  in  the  physical  plane  corresponds  to  the  introduction  of 
a  purely  circulational  flow  about  the  two  cascades;  the  total  circu¬ 
lation  about  the  cascades  does  not  change,  i.e.,  the  velocity  circula¬ 
tion  about  an  arbitrary  contour  of  the  first  cascade  is  equal  In  moduli, 
but  is  opposite  in  sign  to  the  circulation  about  an  arbitrary  profile 
of  the  second  cascade. 


The  resultatt  complex  velocity  in  plane  C  is  equal  to 


w  {{)  **  ®  i  (5)  +  wj  {{,)  +  iC. 


(8.10) 
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Let  us  consider  an  arbitrary  closed  contour  in  plane  z  which 
encloses  only  one  profile  of  the  first  cascade  and  one  profile  of  the 
second  cascade.  A  triply  connected  region  is  formed,  which  is  com¬ 
posed  of  the  selected  contour  Lq  and  two  blade  contours  L1  and  L" , 
contained  within  the  first  contour.  The  flow  within  the  isolated 
region  is  potential,  and  therefore,  the  curvilinear  integral  taken 
along  contour  L  =  *  L*  +  L” ,  after  making  *ne  division  (see  Figure 

8.1)  rr.uct  be  equal  to  zero: 

&u,ds-b  &u>,ds+  ls,i/s«o. 

t  £  L’ 

Selecting  as  the  path  of  integration  Lq  the  equidistant  curves 
situated  at  tne  distance  of  the  spacing,  and  two  straight  lines 
parallel  to  the  ordinate,  which  connect  the  curves  at  infinity  in 
front  of  and  behind  the  cascade  (x  +  «  ),  we  obtain 

£v,rfs-rt~r,. 

Here  and  r2  are  defined  by  Formulas  (8.4). 

Taking  the  change  in  the  passage  around  controur  L*  and  L" 
into  account,  we  find 


V  l* 


where  r  ’  and  r,s  are  circulations  of  the  velocity  along  the  profiles 
under  consideration.  Hence,  we  obtain  the  connection  between  the 
velocity  circulations  as  x’ollows 


r'+rr..ra-r,.  (8.11) 

The  value  and  direction  of  the  velocity  at  infinity  in  front  of 
the  cascades  may  be  considered  as  given.  Then  on  the  basis  of 
Conditions  (8.1)  and  (8.4),  Q, ,  Q,, ,  and  r,  are  known.  The  circulations 

X  c.  X 

of  velocities  r'tr"  should  be  selected  in  such  a  manner  as  to  satisfy 
the  Lhukovskiy-Chaplygln  condition  on  the  trailing  edges  of  the 
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fitvt  and  the  second  cascades.  Then,  in  accordance  with  (8.11)  we 

•f'  t*  ?mine  r~  and  by  means  of  (8.3)  and  (8.4)  we  find  the  value  and 

^  0 
direction  of  the  velocity  behind  the  cascades  w2  and  a2-  The  selec¬ 
tion  of  r.r  is  obviously  equivalent  to  the  selection  of  independent 
values  of  1’2  and  C  on  the  basis  of  (8.10).  The  determination  of  1’2 
and  C  proceeds  on  the  basis  of  two  equations,  obtained  from  the  con¬ 
dition  that  the  velocities  at  points  which  are  images  of  trailing 
edges  in  the  plane  £  are  zero. 

Drawbacks  of  the  method  under  consideration  lie  in  the  fact  that 
5u  practice,  such  a  means  of  solution  is  applicable  only  for  cascades 
with  identical  spacing,  and  in  the  fact  that  the  conformal  transfor¬ 
mation  of  a  double. cascade  of  arbitrary  profiles  is  a  very  laborious 
process. 


5  8.2.  Calculation  of  Flow  About  Two  Moving? 

Cascades  by  the  Method  of  Integral  Equations 

Let  us  return  to  the  general  case  where  the  cascade  spacings  are 
not  equal.  This  problem  may  be  reduced  to  the  solution  of  a  system 
of  integral  Fredholm  equations,  as  has  been  shown  by  Kazimierski  [110]. 
With  thts  approach,  the  problem  can  be  solved  only  with  the  aid  of  a 
digital  electronic  computer. 

In  view  of  the  finiteness  of  the  number  of  blades  on  a  turbomachinc 
wheel,  a  least  common  period  always  exists  for  two  cascades  (Figure 
8.3) 


(8.12 

Here  n  and  m  are  natural  numbers.  The  analytic  function  of  conjugate 
velocity  has  no  singular  points  in  the  flow  region 

Let  us  consider  a  multiply  connected  contour  (see  Figure  8,3) 
consisting  of  an  external  contour  L,  which  encloses  the  profiles  of 
the  two  cascades  included  in  the  least  common  period,  and  n  +  rn 
internal  contours  L^,  each  of  which  encloses  only  one  of  the  profiles 
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Figure  8.3.  Cascades  moving  with 
respect  to  each  other,  with 
stages  t^  and  t2i  t  is  the.  least 

common  spacing,  u  is  the  velocity 
of  the  second  cascade. 


Within  this  multiply  connected 
contour,  the  complex  velocity  can 
be  expressed  in  terms  of  its 
boundary  values  by  means  of  Cauchy 
integrals  (point  2  lies  within  L 
and  outside  L^,) 


»(*) 


J  j  B«)« 

SM  J  ~T=ri 

t 

_ LV  f 

2.u  Zi  j  ;-jr  • 


(8.13) 


Here,  the  internal  contours  have 
double  indexation  ,  the  first 
index  k  *  1,  2,  ...,  (n  +  rc) 
corresponds  to  she  profile  number 
in  the  group  of  profiles  belonging 
to  one  period.  The  second  index 
l  denotes  the  number  of  the  group. 


We  sum  the  second  term  in 
groups 


»<*)■ 


1 

■2rt 


—  _ 

11  JW- 


*-l  / — "  Lt, 


(8.1H) 


The  first  integral  in  (8. 13)  is  replaced  by  a  constant,  since  the 
remaining  terms  are  a  function  which  is  bounded  within  the  entire 
region. 


The  complex  velocity  must  be  a  periodic  function  with  a  period 
equal  to  t,  i.e.,  the  condition 


/-  it;  ±2;  ±3;  ... 


(8.15) 


must  be  satisfied. 

From  this,  it  follows  that  the  boundary  values  of  the  velocity 
on  the  corresponding  profiles  in  different  groups  are  identical. 
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Then,  changing  the  order  of  summation  and  integration  in  (8.1*0,  an a 
taking  (8.15)  into  account  as  well  as  the  known  relationship 

>T-Sdl. 


we  obtain 


(8.1 6) 


Up  to  now  it  has  been  assumed  that  the  arbitrary  point  z  does 
not  lie  on  the  integration  contour  and,  consequently,  w(z)  '•/ere  not 
regarded  as  boundary  values  of  the  velocity. 


Let  us  now  assume  that  contours  L^  coincide  with  the  contours 
of  the  blades,  and  we  let  z  approach  the  contour  r.  Utilizing  Yu.  V. 
Sokhotskiy's  formula  for  the  limit  value  (the  contour  contains  no 
angular  points),  we  obtain 


- 

2  J  »  ft)  ct*-y- (£-*)<£• 


(8.1?) 


Here  r  =  1,  2,  3,  ...,  (n  +  m). 

Let  us  now  consider  the  boundary  values  for  velocity.  The  normal 
component  of  velocity  on  a  contour  may  be  expressed  in  the  following 
manner : 


(8.18) 


Here,  v  and  v  are  projections  of  the  velocity  in  a  Cartesian  system 
x  y 

of  coordinates  r,  yj  s  is  a  cuvillnear  coordinate,  read  off  counter¬ 
clockwise  along  the  contour.  We  represent  the  same  expression  in 
terms  of  complex  variables: 


»n(s)^Im(z/(s)t»(s)l. 


(8,19) 
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Fo.*  the  profiles  of  the  stationary  directing  cascade,  wn  =  0 
and  the  condition  of  streamline  flow  may  be  expressed  in  the  following 
meaner 


(8.20) 


Here,  »*(*)  is  the  tangential  velocity  on  the  profile;  it  is  a  real 
value,  which  has  a  plus  sign  or  a  minus  sign,  depending  upon  whether 
or  not  its  dfrection  coincides  with  the  direction  along  the  contour 
arc. 


For  the  profiles  of  the  movable  working  cascade,  *  -u  dx/ds 
and  the  condition  of  streamline  flov;  require  satisfaction  of  the 
condition 


vi  (s)  «•  w*  (j)z'(s)  —  lu. 


(8.2-1) 


In  the  integral  Expression  (8.17),  a*  is  the  boundary  value  of  the 
velocity  on  a  profile  with  the  number  r,  and  “**(1)  is  the  boundary  value 
of  the  velocity  at  any  one  of  n  +  m  profiles  of  a  fixed  group. 


We  shall  now  obtain  the  system  of  the  integral  equations  of  the 
problem. 

We  shall  replace  in  (8.17)  the  boundary  values  of  the  velocities 
for  stationary  contours  by  mtans  of  Condition  (8.20),  and  for  moving 
contours  —  by  means  of  (8.21).  Then,  if  a  point  fixed  by  coordinate 
s  is  situated  on  a  stationary  contour,  we  obtain  (r  =  1,  2,  3,  - . . ,  n) 

_ __  «*»»  . 

z'(s)  oJ(s)~2®0--~  J]  j  ui*(o)cth-y(C-2;d0.  (8.22) 

*-l  L„ 

Analogously,  for  a  point  lying  on  a  moving  contour,  we  find  (r  =  n  +  1, 
n  +  2,  . . . ,  m) 

n+m 

Z'is)  uj  (s)  -  2  (tf,  +  lu)  -  2 

*••1 


J  *  V)  Cth  yfc~2)rf<T.  (8.23) 

h 
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In  the  derivation  of  (8.22)  and  (8.23),  use  was  made  of  the  condition 
that  for  and  *<«n 

should  hold.  Use  was  also  made  of  the  expression  for  the  principal 
value  of  the  integral  in  the  sense  of  Cauchy.  Finally,  we  used  the 
obvious  fomulas: 


—  a  ({)  c£  —  «»*(*)  s' (a)  d<x  * 

Expressions  (8.22)  and  (8.23)  define  a  system  of  n  +  m  integral 
equations.  The  unknown  functions  are  the  boundary  values  of  velocity 
on  n  +  m  profiles  of  the  group.  Let  us  note  that  for  moving  profiles 
of  the  working  cascade,  the  relative  velocity  enters  into  the  equations. 
To  determine  the  hydrodynamic  meaning  cf  the  constant  wQ,  let  us  con¬ 
sider  the  limit  values  of  Expression  (8.16)  an  infinite  distance  from 
the  cascade  ,r-±oo  .  The  velocity  at  infinity  behind  of  and  in  front 
cf  the  cascade  will  be  equal  to 

»-•  **  (8.2*0 

Here,  I*  is  the  velocity  circulation  around  profile  number  k  in  a 
group  of  one  period.  Utilizing  (8.24),  we  obtain 

(8.25) 

Consequently,  wQ  is  the  velocity  of  the  main  circulationless 
stream,  and  the  expression 


*+m 


2r* 


*-■ 


represents  the  velocity  induced  by  the  cascades  at  infinity. 


Returning  to  the  integral  equations,  we  note  some  special  ^as ss. 
If  the  working  cascade  is  discarded,  (8.22)  passes  into  the  known 
integral  equation  used  in  the  jalculation  of  an  isolated  cascade.  If 
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the  directing  cascade  is  discarded,  (8.23)  passes  into  an  analogous 
equation,  but  with  a  main  stream  velocity  equal  to  wQ  +  iu,  since  the 
second  cascade  is  in  relative  motion. 

Let  us  note  (this  is  important  for  practical  applications)  that 
the  basic  integral  equation  is  applicable  to  problems  of  flow  about 
vibrating  profiles  in  a  cascade  with  displacements  taken  into  account 
and  in  a  quasi-steady  formulation.  For  solving  the  problem  of  the 
vibration  of  profiles  in  counterphase  with  displacement,  it  should  be 
assumed  that  the  shape  of  the  profile,  its  incidence  in  the  cascade, 
and  the  spacings  of  the  two  cascades  are  identical.  Further,  it  may 
be  assumed  that  one  cascade  is  located  inside  the  other  and,  in  the 
general  case,  is  displaced  along  the  axis.  From  this,  it  is  clear 
that  in  this  case  the  problem  may  be  considered  without  being  restricted 
tc  small  displacements.  Generalizations  are  possible  in  principle,  if 
n  cascades  with  identical  profiles  and  identical  spacing  located 
inside  one  another  are  considered.  The  spacing  of  each  of  the  inserted 
cascades  is  equal  to  nt.  where  t  is  the  true  spacing  of  a  cascade  of 
the  vibrating  prc files.  The  problem  considered  in  this  section,  as 
well  as  the  corresponding  generalizations,  is  restricted  only  by  com¬ 
putational  difficulties.  In  practice,  the.  calculations  become  very 
much  more  complicated  if  the  spacings  of  cascades  moving  with  respect 
to  each  ocher  are  not  equal. 

Let  us  consider  the  results  obtained  by  Kazimierski  [110]  In  a 
calculation  of  interference  of  the  two  cascades  presented  in  Figure 
8.4.  The  cascades  consist  of  identical  profiles  and  have  an  identical 
spacing.  The  shape  of  the  profile  with  an  indication  of  the  points 
is  presented  in  Figure  8.5.  The  theoretical  turn  of  che  velocity 
distribution  along  the  profile  for  a  single  cascade  (A6//-»oo)  coincides 
with  the  experimental  v-alues  (Figure  8.6).  An  involute  of  the  profile 
with  inu?catiun  of  the  points  in  accordance  with  Figure  8.5  is  shown 
along  the  abscissa.  Along  the  ordinate  the  ratio  of  the  velocity  on 
the  profile  to  the  velcc'ty  at  the  entry  into  the  cascade  is  plotted. 
The  calculation  of  simultaneous  flow  about  the  first  stationary 
cascade  arid  the  second  moving  cascade  by  a  potential  stream  in  a 
quasi-steady  formulation  was  carried  out  for  the  following  values  of 
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Figure  8.4.  Cascade  for  the  Figure  8.5.  Profile  of  directing 

calculation  example.  plate  and  working  plate.  Points 

on  profile  correspond  to  points 
Figures  8.6  —  8.8. 


the  geometrical  parameters:  relative  density  2b /t  =  1.265,  the 
incidence  of  the  profile  the  relative  axial  gap  between  the 

cascade  AA/-' -0.051  .  The  stream  enters  the  directing  cascade  at  an 
angle  of  a1  ■  0. 

Figures  8.7  and  8.8  show  the  distribution  of  velocity  along  the 
profiles,  respectively,  of  the  directing  cascade  and  the  working 
cascade.  Curve  (1)  pertair.3  to  the  case  of  flow  about  an  Isolated 
cascade.  The  remaining  curves  correspond  to  various  positions  of  the 
working  cascade  with  respect  to  the  directing  cascade;  this  is  fixed 
by  the  coordinate  h/t  (see  Figure  8.4).  The  curves  correspond  to: 

(2)-A//« 0.  (J)  -  A//- 0,25,  (4)-hfi-0,o0,  ,5)-*//=0.75. 

From  the  calculation  graphs  it  can  be  seen  that  on  the  directing 
cascade,  considerable  velocity  perturbations  exist  at  the  trailing 
odge.  Analogous  perturbations  at  the  working  cascade  naturally  ori«- 
ginate  in  the  region  of  the  leading  edge,  a  shift  of  the  stream 
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Figure  8.6.  Comparison  of  calculated  (solid 
line)  and  experimental  distribution  of 
velocities  in  an  isolated  cascade,  w  is  the 
velocity  on  the  profile,  -i  is  the  velocity 
at  infinity  in  front  of  the  cascade. 


Figure  8.7.  Distribution  of  velocity  on  the 
profile  of  a  stationary  cascade  for  various 
positions  of  the  moving  cascade.  The  figures 
on  the  curves  correspond  to  the  following 
conditions  (see  Figure  8.4): 

1)  the  moving  cascade  is  absent 4W-0: 

'} \'l  —  Gt<S.  i/I “3,55;5yA(( '•0,13. 

In  cases  2)  to  5)  2b/t  =  0.051. 
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Figure  8,8.  a)  Distribution  of  velocities  on 
the  profile  of  a  moving  cascade  at  various 
positions  'with  respect  to  the  stationary 
cascade.  Numbers  on  curves  correspond  to: 

1)  the  directing  cascade  has  been  removed  to 
infinity;  sf  kft-vs,  4}  hji~o&;S) 

In  cases  of  2 )  —  5),  2b/t  *  0.051. 

b)  Distribution  of  velocities  on  the  profile 
of  a  moving  cascade  for  various  positions  with 
respect  to  the  stationary  cascade  in  the 
vicinity  of  the  leading  edge.  The  numbers 
on  the  curves  correspond  to  Figure  8.8a. 
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branching  poLnt  being  observed.  In  the  example  under  consideration, 
the  cascades  had  rather  thick  edges.  With  sharper  edges,  the  per¬ 
turbations  brought  about  by  cascades  in  a  potential  stream  will  decrease 
however,  the  sharp  leading  edge  of  the  working  cascade  will  be  more 
sensitive  to  a  change  of  the  entry  angle.  Since  velocity  perturhations 
in  some  cases  increase  the  diffusion  action  of  the  flow,  in  a  viscous 
fluid  the  appearance  of  boundary-zone  separation  is  possible,  which 
must  be  kept  in  mind  when  calculating  turbomachine  cascades. 

The  effect  brought  about  by  edge  wakes  will  also  be  very  signi¬ 
ficant  in  a  viscous  liquid.  Let  us  note  that  the  perturbations 
transmitted  in  a  potential  stream  will  rapidly  decrease  with  an  in¬ 
crease  of  the  axial  gap  betv/een  the  cascades.  However,  the  influence 
of  an  edge  wake  upon  the  conditions  of  flow  about  the  working  cascade 
will  be  felt  at  a  large  distance. 

The  problem  of  the  mutual  influence  of  cascades  with  account 
*,ake n  of  vortex  wakes  has  been  solved  for  >  hin  profile^  in  a  linear¬ 
ized  formulation.  In  the  latter  case,  the  vortex  wakes  trtiiling  from 
a  directing  cascade  may  be  considered  rectilinear,  in  spite  of  the 
fact  that  they  are  cut  up  by  thin  blades  of  a  working  cascade. 

5  8.3.  Calculation  of  Flow  About  Two  Moving 
Cascades  by  the  Method  of  Successive  Approximations 

Let  us  consider  the  question  of  the  mutual  influence  of  cascades, 
employing  a  different  approach. 

Let  there  first  be  a  single  cascade.  The  complex  velocity,  re¬ 
garded  as  an  analytic,  bounded  ar.d  single-valued  function  along  the 
entire  exterior  of  the  profile  cascade,  may  be  represented  by  the 
integral 


-  ^7  i  a  ©  clhT7  (z  "0  *  + 


Iff  (—«>)  + W  (  +  «) 

2  * 


(8.26) 


Here,  w  (-  «>)  and  w  (+  ®)  are  constant  values  of  w(z)  when  x-++ao  . 
This  expression  has  been  given  by  M.  Ye.  Kochin  [31.. 
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The  integral  Formula  (8.26)  may  be  replaced  by  the  series  E56] 


w 


(- iy 

a! 


^♦D-jprcth^  +  Co. 


(8.27) 


The  coefficients  of  this  series  are  found  on  the  basis  of  the 
theorem 


c»  "  "S7  ^  *  &)  t*'1  C#  -  -j  (to  (-  °o)  +  w  (+  cc)l. 


The  constant  CQ  is  equal  to  the  velocity  of  a  circulation Jess  stream. 
We  take  advantage  of  the  expansion: 


cth 1*2  J  ***+. 


(8.28) 


Here,  the  upper  sign  pertains  to  the  case  of  jt>0  ,  and  the  lower  sign 
pertains  to  the  case  of  *<0  . 

By  means  of  (8.26)  and  (8.28)  we  obtain  an  expansion  of  the 
perturbed  velocity  into  a  series 

n-  1,2,3...  (8.29) 

it 

Let  the  velocity  distribution  on  the  profiles  of  cascade  o»(t)  be 
known.  Then  Series  (8.29) >  the  coefficients  of  which  can  be  computed, 
yields  the  value  of  the  perturbed  velocity  w(z)  at  point  z.  This 
perturbation  is  brought  about  by  a  cascade  situated  in  a  plane-parallel 
homogeneous  stream.  Thus,  the  perturoations  Induced  by  the  cascade 
are  represented  by  a  sum  of  periodic  functions.  The  greatest  period 
is  equal  to  the  spacing  of  the  cascade. 

If  a  second  cascade  is  placed  next  to  the  first  one,  the  velocity 
distributions  on  the  profiles  of  both  cascades  will  change  as  a  result 
of  interference. 

Let  the  least  common  period  of  the  cascades  be  equal  to  t  = 

*  mt2-  Then,  the  perturbation  field  induced  by  the  first  cascade. 
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having  periods  /i/A(£~l.2,3  ...)  ,  will  bring  about  perturbed  flow  about 
the  second  cascade  with  phase  shifts  in  the  general  case. 


In  flow  about  the  second  cascade,  the  phase  shift  will  be  equal 


r1- 


or,  discarding  the  trivial  term  2ir,  we  obtain 


<■  ink  — -  “  2nJt  - 


Here,  for  k  =  1,  2,  3,  _ _  (m-1)  there  will  be  m-1  different  phase 

shifts. 

Tries ,  the  perturbation  waves  induced  by  the  first  cascade,  which 
have  a  length  equal  to  or  greater  than  t,/(m-l) ,  induce  perturbed 
flow  the  second  cascade  with  corresponding  phase  shifts  a0. 

Perturbation  waves,  the  length  of  which  is  less  than  t-j/(m-l),  induce 
perturbed  flow  about  the  second  cascade  only  in  phase. 

Analogously,  the  presence  of  the  second  cascade  will  induce  per¬ 
turbations  on  the  first  cascade.  The  corresponding  values  of  the 
phase  shift  in  the  case  of  streamline  flow  will  be  equal  to 

fi  n 

In  this  case  there  will  be  n-1  different  phase  shifts. 

It  has  been  shown  in  Chapter  2  that  the  shorter  the  perturbation 
wavelength  induced  by  the  cascade,  the  more  rapidly  its  amplitude 
diminishes  with  increasing  distance  from  the  cascade  axis.  Consequently, 
in  the  case  of  mutual  influence  of  cascades,  perturbations  with  a 
wavelength  equal  to  the  spacings  «.f  the  cascades  will  be  the  most 
significant  ones. 
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With  the  approach  described  above,  the  method  of  successive 
approximation  can  be  applied  to  the  most  difficult  problem  of  the 
mutual  influence  of  cascades  with  different  spacings.  Each  of  the 
approximations  consist  in  solving  a  problem  of  flow  about  an  isolated 
cascade  with  a  given  perturbation  on  the  profiles.  The  value  of  the 
perturbation  changes  from  profile  to  profile  by  the  multiplier 
exp  (/a)  .  The  latter  has  been  considered  in  Chapter  7. 

The  following  way  of  carrying  out  the  successive  approximations 
is  expedient. 

The  problem  of  flow  about  two  isolated  cascades  by  a  uniform  stream 
is  solt'ed  as  the  zero  approximation.  In  this  case,  if  one  of  the 
cascades  moves,  the  flow  about  it  is  considered  in  terms  of  relative 
motion.  Then  the  mutual  perturbations  induced  by  the  influence  of 
one  cascade  upon  the  other  are  computed.  After  this,  rhe  problems  of 
flow  about  isolated  cascades  with  given  perturbations  and  constant 
phase  shifts  are  solved.  The  sum  of  the  solution  for  each  cascade 
yields  the  value  of  the  perturbations  in  the  first  approximation.  If 
necessary,  a  refinement  of  the  mutual  influence  is  obtained,  since  the 
velocity  distribution  along  the  cascades  has  changed,  and  the 
calculation  cycle  is  repeated. 

We  shall  mention  one  practical  circumstance  which  can  greatly 
decrease  these  calculations/1^ 

In  many  cases,  determination  of  the  perturbation  velocities  is 
not  required.  All  that  is  necessary  is  the  computation  of  the  force 
due  to  interaction  of  the  cascades.  In  the  determination  of  the 
force,  only  a  single  harmonic  is  of  interest  with  e  wavelength  equal 
to  the  spacing  of  the  perturbing  cascade.  This  problem  is  of  practical 
interest  in  turbines,  for  example,  when  estimating  the  danger  of  blade 
oscillation  which  may  be  induced  by  a  cascade  of  blades  (situated 
dew u>trc im)  with  thick  leading  edges. 

Footnote  (I)  appears  on  page  345. 
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FOOTNOTES 


1.  or*  page  3M.  The  velocity  perturbations  are  assumed  3mall  in 

comparison  with  the  main  stream  velocity. 
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PART  III 


OSCILLATIONS  OF  TURBOMACHINE  BLADES 


CHAPTER  9 

FORCED  BLADE  OSCILLATIONS  IN  A  NONUNIFORM  FLOW 


5  9.1  Trailing  Wake  and  Its  Characteristics 

The  stage  of  a  turbine  (Figure  l.l)  and  the  stage  of  an  axial 
compressor  (Figure  1.4)  were  examined  in  Chapter  1.  Now  let  us  look, 
for  example,  at  the  stage  of  an  axial  flow  compressor,  consisting  of 
a  directing  and  operating  cascade.  We  shall  examine  the  two-dimen¬ 
sional  case  by  looking  at  the  annular  cross  section  of  the  stage. 

In  this  case,  let  the  second  cascade  move  with  respect  to  the 
directing  cascade  at  a  velocity  u  (circumferential  velocity)  and 
intersect  the  vortex  wakes  forming  behind  the  edges  of  the  blades 
of  the  directing  cascade  when  a  viscous  liquid  flows  around  them. 

The  moving  cascade  operates  in  a  nonuniform  flow.  A  similar 
picture  is  observed  in  all  turbomachines,  l.e.,  steam  and  gas  turbines. 
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axial  and  centrifugal  compressors,  hydraulic  turbine  pumps  and  water 
turbines. 

At  the  present  time,  the  circumferential  nonuniformity  of  the 
fio w,  produced  by  the  trailing  wakes  has  been  studied.  Such  a  non¬ 
uniformity  may  also  be  caused  by  technical  errors  in  the  manufacture 
of  the  blades,  by  the  presence  of  rotary  inlet  or  outlet  nozzles,  the 
edges,  etc. 

Several  problems  arise  which  are  of  interest  for  purposes  of 
mill  rolling. 

The  first  problem  is  that  circumferential  nonuniformity  leads  to 
the  appearance  of  nonstationary  forces  and  moments  producing  dynamic 
stresses  in  the  blades.  It  is  essential  to  be  able  to  evaluate  the 
dynamic  stresses  from  the  given  nonuniformity. 

rhv.  second  problem  is  that  the  nonstationary  flow  around  the 
cascade  produces  a  supplr  mental  dispersion  of  the  energy  in  compari¬ 
son  with  that  found  in  a  uniform  flow. 

The  third  problem  is  that  operation  of  the  cascade  undier  the 
conditions  of  a  periodically  varying  angle  of  attack  may  cause  the 
earlier  appearance  of  cavitation  in  the  hydraulic  machines  than  would 
follow  from  computation  according  to  the  mean  velocity . 

Let  us  look  rIrst  at  the  characteristics  of  the  trailing  wake 
and  the  possible  ways  of  simplifying  the  problem. 

In  cascades  in  which  a  viscous  liquid  flows,  turbulent  trailing 
wakes  are  propagated  behind  the  blades;  this,  is  shown  schematically  on 
Figure  9.1.  The  wake  may  be  divided  into  three  zones:  1)  a  zone 
which  Is  directly  adjacent  to  the  trailing  edge,  where  a  large  non- 
uniformity  is  observed  in  the  velocity  and  static  pressure  fields. 
Significant  surges  are  observed  here;  2)  a  basic  zone  where  the  static 
pressure  is  practically  constant  and  the  wake  has  the  characteristic 
properties  of  a  turbulent  jet;  3)  a  zone  following  joining  of  the 
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Figure  9.1.  Trailing  wake  behind  the  cascade. 

wakes,  which  is  characterized  by  a  periodicity  in  the  velocity  distri¬ 
bution  and  a  relatively  small  degree  of  nonuniformity  in  the  flow. 

The  next  cascade  is  usually  located  in  the  second  zone,  which  Is 
therefore  of  the  greatest  Interest.  For  details  we  cite  the  books 
of  L.  G.  Loytsyanskiy  [42]  and  G.  N.  Abramovich  [2]  where  the  gen¬ 
eral  questions  are  discussed  and  also  the  books  of  G.  Yu.  Stepanov 
[78],  M.  Ye.  Deych  and  G.  S.  Samoylovich  [fO]  where  a  more  detailed 
discussion  is  given  relative  to  the  theory  of  cascades. 

Here  we  shall  cite  the  essential  qua.  citatlve  characteristics 
by  examining  the  flow  only  in  the  second  zone.  We  know  that  in  this 
zone  we  can  use  the  methods  employed  in  the  theory  of  turbulent  jets 
for  studying  a  wake. 

Let  us  arrange  the  coordinate  axes  as  shown  on  Figure  9.1  and 
denote  them  by:  cQ  is  the  maximum  velocity  in  the  center  of  the  flow 
(outside  the  zone  of  the  trailing  wake);  c  =  c(n)  is  the  instantaneous 
velocity  in  the  trailing  wake  with  the  fixed  coordinate  £,  2a  is  the 
width  of  the  wake  for  measurements  along  the  n  axis.  Figure  9.1 
shows  the  velocity  profile  in  the  wake  on  the  base  segment. 

Let  us  introduce  the  concept  of  a  supplemental  velocity  in  the 
wake  ,  which  is  used  in  the  theory  of  turbulent  jets. 
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Figure  9*2.  Dimensionless  universal  profile  of  the 
supplemental  velocity  in  the  trailing  wake. 

•  Turbine  cascades  at  various  distances,  M  up  to 
0.9  (Experimental  data  of  G.  Yu.  Stepanov  [76 j. 

0  Rods  of  circular  cross  section  at  various 
distances,  M  =  0.3  -  0.8,  Re  ~  10^. 

o  Plate  with  rectangular  trailing  edge,  relative 
width  5/2b  =  0.12,  relative  spacing  t/2b  =  1.5  - 
1.8,  when.M  =  0.3  -  0.75  and  various  distances; 
Re  ~~  2 *10 (in  thickness). 

x  Compression  blades  (including  symmetrical  and 
strongly  bent) 

M  =  0.4  -  0.8;  Re  ~  6'105. 


The  dimensionless  profile  of  the  supplemental  velocity  in  the  wake 
is  given  on  Figure  9.2.  The  ratio  of  the  supplemental  velocity  to 
the  maximal  supplemental  velocity  “  e9  ~  Cmla  tn)  is  plotted  along  the 

ordinate  axis;  here  is  the  magnitude  of  the  supplemental 

velocity  on  the  5  axis.  The  ratio  n/A»  is  plotted  along  the  ordinate 
axis;  2A.  is  the  width  of  the  wake  at  a  supplemental  velocity  equal 
to  half  the  maximal  value .  For  comparison  we  have  chosen  the  quantity 
21,  rather  than  the  physical  width  of  the  wake  <&,  in  order  to 
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eliminate  the  error  which  arises  in  an  experimental  determination  of 
the  diffused  wake  boundary. 


Experimental  points  are  plotted  on  Figure  9.2  that  were  obtained 
in  numerous  measurements  conducted  in  the  wakes  of  turbulent  and 
compressor  cascades.  The  graph  also  shows  the  points  which  correspond 
to  the  turbulent  wakes  behind  circular  rods  and  flat  plates,  obtained 
in  the  experiments  of  N,  Neruda  [50].  The  importance  of  these  latter 
measurements  will  be  discussed  below.  It  is  obvious  from  Figure  9.2 
that  the  experimental  points  are  grouped  sufficiently  close  together 
and  agree  well  with  the  familiar  law  from  the  theory  of  turbulent  jets 


mix 


COS' 


t 


(9.D 


Since  we  must  have  «*/<£«,“  1/2  when  ,  then  In  using  this  expression 
we  must  assume  24,«A  ,  i.e.,  A*  is  equal  to  one  fourth  of  the  wake 
width. 


We  know  from  the  theory  of  turbulent  jets  that  in  a  two-dimen¬ 
sional  flow  the  coefficient  of  nonuniformity  is  inversely 

proportional  to  n .  For  turbine  cascades  G.  Yu.  Stepanov  cites  the 
semi-empirical  formula  (a  coefficient  0.66  was  experimentally  deter¬ 
mined) 


x  *»  0,66 


/ 


fit*,  Jin  o, 
- 1 - 


(9.2) 


Here  t^  is  the  cascade  stage,  cpr  is  the  coefficient  of  profile  3 oe-ses , 
a.^  is  the  angle  of  departure  of  the  flow  from  the  cascade. 


The  width  of  the  wake  can  be  established  using  the  .-quation  of 
continuity  and  for  the  assumed  conditions  is  equal  to 


2A 


;inai 

0/9* 


(9.3) 


The  formulas  obtained  fully  describe  the  base  segment  of  the 
trailing  wake;  experimental  proof  has  been  made  and  they  may  be 
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assumed  to  be  reliable.  A  similar  type  of  expression  must  be  .valid  for 
cascades  of  any  type  because  of  the  universal  nature.  There  may  be 
some  slight  difference  only  in  the  numerical  coefficients  that  depend 
on  the  turbulent  mixing. 

In  the  selected  coordinates  the  trailing  wake  is  symmetrical  in 
the  base  zone  in  the  cross  sections  5  =  const.  The  coordinates  which 
have  been  used  in  the  past  are  convenient  for  describing  a  single 
wake,  but  not  for  a  system  of  wakes  for  the  entire  cascade;  therefore, 
let  us  proceed  to  new  coordinates  r.y  and  set  the  axes  parallel  and 
normal  to  the  axis  of  the  cascade  (see  Figure  9.1).  The  blades  of  the 
second  cascade  Intersect  the  trailing  wakes  along  the  line  x  =  const 
and  for  this  case  the  flow  is  not  symmetrical.  The  velocity  distri¬ 
bution  function  is  periodic, and  therefore  the  nonuniformity  in  the 
velocity  distribution  may  be  characterized  by  the  relative  magnitude 
of  the  coefficients  of  the  Fourier  series  a  /an  (a  is  the  coefficient 
of  the  n  harmonic). 

In  the  past  we  have  been  speaking  about  the  velocity  distribution 

and  the  degree  of  nonuniformity  in  the  absolute  flow  of  a  liquid,  i.e., 

a  liquid  described  in  an  absolute  coordinate  system  associated  with 

a  moving  cascade.  In  a  nonuniform  flow  we  will  find  that  the  moving 

cascade  and  the  characteristics  of  the  nonuniformity  for  it  will  be 

different,  since  the  variation  in  velocities  in  the  basic  flow  ar.d 

wake  will  not  be  proportional.  Only  the  modulus  of  the  velocity 

varies  in  the  absolute  motion, but  the  direction  remains  constant. 

Let  us  associate  the  coordinate  system  x-jy^  with  the  moving  blades. 

In  this  moving  coordinate  system  (In  relative  motion)  the  nonuniformity 

of  the  flow  is  characterized  by  nonuniformity  of  the  normal  wn  and 

tangential  w  velocity  components  which  are  supplemental  to  the  con- 
s  0 

stant  relative  velocity  of  the  flow  approaching  the  operating 
blades . 

The  physical  problem  could  be  postulated  by  examining  the  picture 
of  the  flow  of  a  viscous  liquid,  the  formation  of  wakes  and  the  over¬ 
flowing  of  the  nonuniform  nonstationary  flow  onto  the  moving  operating 
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cascade.  However,  ifc  is  30  complicated  that  before  mathematical  for¬ 
mulation  is  possible  we  must  suggest  a  simpler  model  that  would  re¬ 
tain  the  basic,  characteristics  of  the  phenomenon. 

First  of  all  let  us  look  at  a  schematization  of  the  edge  wakes. 

A  vortex  flow  of  viscous  liquid  is  observed  in  real  wakes .  The  flow 
outside  the  wakes  is  a  potential  flow.  This  will  already  bo  a  sim¬ 
plification  based  on  boundary  layer  theory.  Let  us  Introduce  a  fur¬ 
ther  simplification,  i.e.,  we  shall  assume  the  liquid  to  be  ideal. 

In  other  words  we  assume  linear  viscosity.  The  wakes  can  be  replaced 
by  a  free  vorticity,  transported  by  the  basic  flow.  We  can  select 
the  distribution  of  free  vorticity  such  that  the  velocity  distribu¬ 
tion  in  a  fixed  control  cross  section  will  be  the  same  for  a  real  or 
an  idealized  wake.  As  a  result  of  such  substitution  we  do  not  have 
to  allow  for  diffusion  of  the  vortex  as  a  result  of  turbulent  exchange. 
Consequently,  in  a  free  flow  (in  the  absence  of  a  second  cascade) 
the  trailing  wake  will  have  a  constant  width  of  a  linear  formulation. 
This  scheme  retains  the  basic  characteristics  of  the  real  process  and 
must  not  strongly  distort  the  final  result, since  the  process  of  inter¬ 
action  between  the  nonuniform  flow  and  the  second  cascade  takes  place 
over  a  short  path  segment.  We  can  of  course  never  expect  to  describe 
tHe  flow  inside  the  channels  of  a  strongly  curved  cascade  in  this 
way.  We  must  emphasize  that  the  overall  scheme  of  the  vortex  wakes* 
in  an  ideal  ^tquid  and  the  conversion  to  relative  motion  are  admissible 
for  arbitrary  cascades.  This  is  complicated, since  it  is  difficult  to 
describe  the  motion  of  an  eddying  liquid  in  a  strongly  curved  channel. 

Furthermore,  let  us  look  for  determinancy  at  the  cascade  of 
thin  profiles  and  arrange  the  coordinate  system  f,n  such  that  the  r 
axis,  as  previously,  is  parallel  to  the  vector  of  the  absolute 
velocity  of  the  unperturbed  flow  c  and  consequently  is  directed  along 
the  vortex  wake  (Figure  9.3).  In  this  coordinate  system  the  vorti¬ 
city  is  a  periodic  function  only  of  the  coordinate  n.  The  period  of 
this  function  is  equal  to  t^sln  a,  i.e.,  the  least  distance  between 
axes  of  neighboring  wakes  (t^  is  the  stage  of  the  stationary  cascade, 
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Figure  9-3.  Movement  of  the  cascade  in 
vortex  wakes,  excited  by  the  previous 
cascade. 

^  is  the  angle  between  fch-.  axis  of  the  cascade  and  the  vector  of  the 
absolute  velocity).  Tne  law  of  vorticity  distribution  may  be  repre¬ 
sented  by  a  Fo  Tier  series.  Since  in  the  coordinates  £n  the  vorticity 
is  connected  with  the  supplemental  velocity  in  the  wakes  by  the 
trivial  equation  •t=lf2dv0/dr\  ,  then  is  expressed  by  the  analogous 

series 

•  (9.  *0 

In  order  to  study  the  flow  around  a  moving  cascade  by  a  nonuni¬ 
form  vortex  flow,  let  us  transfer  to  a  movable  system  of  coordinates. 
The  system  xy  is  connected  to  one  of  the  profiles  of  the  second  cas- 
case;  the  abscissa  axis  Is  parallel  to  the  relative  unperturbed 
velocity  of  the  inlet  flow  onto  the  second  cascade  w^. 

Let  us  make  the  transition  to  the  new  coordinate  system  by  first 
rotating  by  the  angle  (the  angle  betv/een  the  absolute  and  the 

relative  velocities): 

5  “  ii.cos  (Pi  -  «,) -'n,  sin  (p,  -  n,), 
rj  =  sin  (p,  -  «,)  +  m  cos  (p,  -  a,). 


3T>*1 
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Thus,  let  us  first  convert  to  a  stationary  system  of  coordinates 
C^np  whose  axes  are  parallel  to  the  movable  system  xy;  then  let  us 
make  the  Galilean  transformation 

|i**x  +  htcosPi,  «),  =*y— arslr.?,. 


Here  6-^  is  the  angle  between  the  transport  velocity  of  the  second 
cascade  u  and  the  axis  Cp  t  is  the  time.  The  final  relationship 
between  the  movable  and  the  stationary  systems  of  coordinates  is  given 
by  the  formulas 

{  -  x  cos(Pi  -  a,)  -  y  sin  0,  —  «,)  +  ux  cos  a,,  1 

ij-xsintf, -a,)  +  ycos(P, - at) - sin o,.  J  (9.5) 


In  the  final  transformation  we  can  drop  the  nonessential  constant 
which  is  connected  with  the  parallel  shift  of  the  coordinates.  Prom 
(9. 4)  and  (9.5)  it  follows  that  the  field  of  supplemental  velocities 
in  the  movable  system  may  be  represented  by  the  expression  (let  us 
further  write  only  the  value  proportional  to  the  first  harmonic) 

o°(jr,  y,  t)~ o’txpfoy-^T- 


The  expression  2 is  a  circular  frequency  of  the  advance  of 
the  wakes  to  the  operating  cascade.  We  can  use  the  equation  u  sin 
al  =  W1  sin  "  ai^  which  is  obvious  from  the  velocity  triangles, 
and  find 


o’(x,  y,  t)  =  o’ exp 


*  +  ycif;  t3|  —  <Ji) 

W ?  J/ 


(9.6) 


The  final  scheme  of  flow  around  the  second  cascade  in  the  coordi¬ 
nate  system  xy  is  given  on  Figure  9.*».  The  flow  at  the  basic  velocity 
w°  approaches  the  cascade  and  brings  the  waves  of  the  free  vorticity. 
The  arrow  inside  the  vortex  wakes  shows  the  direction  of  the  supple¬ 
mental  velocity.  The  vortex  wakes  which  arise  with  periodic  vari¬ 
ation  in  the  circulation  are  shown  schematically  behind  the  profiles. 
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Figure  9.4.  Operating  cascade  in  a  non¬ 
et  ationary  vortex  flow. 

The  front  of  the  advancing  waves  is  described  by  the  equation 

(9.7) 

The  process  of  flow  around  each  blade  of  the  cascade  is  the  same; 
however,  in  the  general  case  it  is  shifted  in  time  by  the  phase  angle 
a.  For  flow  around  a  moving  cascade  each  subsequent  blade  encounters 
a  fixed  trailing  wake  with  a  shift  in  time  T  *  t/u  (t  is  the  stage  of 
the  second  cascade).  The  phase  shift  is  detex*mined  from  the  known 
period  of  the  flow  process,  equal  to  Tq  =  t^/u,  and  consequently, 

n£.  (9-8) 

Thus,  the  problem  is  reduced  to  the  problem  of  flow  around  the 
cascade  in  the  system  of  periodic  vortex  waves,  advancing  to  the 
neighboring  profiles  with  the  phase  shift.  This  problem  was  studied 
in  5  4.5  in  a  linear  formulation. 

Before  we  look  at  the  total  characteristics,  the  force  and  the 
moment  which  are  necessary  in  computing  blades  for  dynamic  stability, 
let  us  turn  our  attention  to  the  distribution  of  pressure  on  the 
blades.  In  the  specific  case  (angle  of  departure  ^b  =  0,  phase  shift 
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a  «  0)  the  distribution  of  pressure  along,  the  profile  of  the  cascade 
may  be  expressed  by  the  formula 


•/?(*,  q)  e1" 


/sh|»(l-x)| 

ihfirtmn  * 


This  solution  was  found  for  one  wave  *)- *#exp/v(T -*/«>«)  .  For 
the  profile  of  the  supplemental  velocities  in  the  wake  given  arbitrar¬ 
ily,  the  solution  is  found  by  summation.  We  must  only  take  into 
account  the  change  R(k,  q)  due  to  change  in  the  Strouhal  number  k. 

In  particular,  for  the  cascade  with  extremely  low  density  (q  +  0)  the 
graph  of  a  typical  dimensionless  perturbed  velocity  and  dimensionless 
nonstationary  force  is  given  on  Figure  9.5.  The  dependence  is  shown 


Figure  9.5.  Dependence  of 
dJ/s?  and  JfJJS' «  on  the  number 
of  the  harmonic  ( «£  is  the 
modulus  of  the  nth  harmonic 
of  the  supplemental  velocity 
in  th6  wake,  -5**  is  the  mod¬ 
ulus  of  the  nfch  harmonic  of 
the  lift  power)  for  a  very 
thin  cascade. 


as  a  function  of  harmonic  number.  It 
,1s  obvious  that  with  an  increase  in 
the  number  of  the  harmonics  the  force 
is  diminished  more  strongly  than  the 
perturbing  velocity. 

Since  in  a  compressor-type  cas¬ 
cade  the  supplemental  velocities  in 
the  wake  are  directed  to  the  curved 
side  of  the  blades,  the  lift  power 
will  be  increased.  The  opposite 
picture  is  observed  in  turbine  cas¬ 
cades.  Let  us  remember  that  the 
velocity  distribution  in  vortex  wak^s 
is  described  by  a  universal  function. 

Let  us  expand  the  perturbed 
velocities  normal  to  the  blade  chord 


produced  by  the  trailing  wakes  into  a  Fourier  series  of  the  variable  x. 
This  is  equivalent  to  the  Expansion  (9.1)  into  a  Fourier  series  for 
the  variable  n  and  multiplication  of  the  result  by  sin  y,  where  y  = 

-  a-^  is  the  inclination  angle  of  the  wakes  with  respect  to  the 
chord.  In  the  expansion  we  must  bear  in  mind  that  the  Function  (9-1) 
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gives  the  value  of  che  perturbed  velocity  over  the  segment  2a ,  and 
on  the  segment  -  2A  the  velocity  is  equal  to  zero. 


Let  us  write  the  Fourier  coefficient  of  the  nfc^  harmonic  of  the 


series 


clo  yo,<jiiYn  +  - 1  *»— .Lin-Sal. 

*  n  [  it  rj  sin  Uj  l  -  ■trr  A'/Vj  siiru,  J  /,sina 


Here  .11  symbols  correspond  to  those  used  above. 


In  view  of  the  linearity  of  the  problem  each  harmonic  in  the 
velocity  distribution  corresponds  to  the  harmonic  of  the  nonstationary 
force  expansion  into  a  Fourier  series. 


In  axial  flow  compressors  the  practical  danger  involves  resonance 
with  the  first  harmonic  from  the  trailing  wakes.  Usually  torsional 
vibrations  occur,  since  the  natural  frequencies  for  bending  vibrations 
are  t -'o  lo«  Tf,  »*■»  ^dit-ion,  the  wakes  are  sufficiently  narrow 
(2.V/i<«J)  ,  tuen  we  can  ignore  the  terms  of  higher  order  of  smallness, 
and  we  find 


*1  sill  a,-  • 


(9.9) 


After  using  Formula  (9.9)  under  the  condition  k«=h®/c>  we  obtain 


This  value  is  proportional  to  the  nonstationary  force.  This 
means  that  the  influence  of  distance  between  cascades  on  the  nonsta¬ 
tionary  force  in  this  case  will  be  expressed  only  by  higher  order 
terms.  This  comment  refers  to  the  basic  zone  of  the  boundary  wake 
and  is  valid  of  course  when  the  problem  is  linearized. 


Let  us  look  at  the  motion  of  trailing  wakes  through  an  aero¬ 
dynamic  cascade  in  greater  detail.  In  5  3.5  we  discussed  the  problem 
of  rotation  of  trailing  wakes  with  passage  through  the  cascade  where 
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the*  static  circulation  was  not  equal  to  zero;  however  we  assume  that 
the  pitch  of  the  blades  is  infinitely  small.  If  we  examine  the  cas¬ 
cade  of  the  final  stage,  it  will  then  cause  not  only  a  rotation  of 
the  wakes,  but  also  their  breakup. 


Figure  9.6  shows  the  schematic 
of  the  breakup  of  the  trailing 
wake  in  the  stages  of  the  axial 
flow  compressor.  The  trailing 
wake  (0-1)  which  emanates  from 
the  guide  blade,  is  Intersected  by 
the  operating  blades.  The  particles 
of  the  liquid,  belonging  to  the 
wake,  move  in  the  interblade 
channel  at  different  velocities. 

The  particles  moving  along  the  edge 
of  the  blades  have  a  higher  mean 
velocity  than  the  particles  of  the 
liquid  flowing  along  the  concave 
sides.  This  results  in  the  wake 
being  broken  down  into  individual  segments  (2  -  3),  since  the  ends  of 
the  vortex  sheet  which  intersect  the  blade  are  not  connected.  This 
phenomenon  was  noted  by  Smith  [76‘J  and  other  authors. 

Thus,  the  trailing  wake  of  one  blade  is  located  inside  the  band, 
whose  boundaries  are  shown  in  Figure  9.6  by  the  broken  lines.  The 
width  of  this  band  may  be  estimated  by  determining  the  mean  veloci¬ 
ties  on  the  edge  and  the  concave  side  of  the  operating  blade. 

Above,  in  the  theoretical  examination  of  the  problem  on  advance 
of  the  wakes  to  the  aerodynamic  cascade,  we  assumed  that  the  velocity 
diagram  In  the  traveling  wave  does  not  vary.  In  fact  there  are 
several  reasons  why  the  shape  of  the  traveling  wave  is  distorted. 

First  of  all,  the  blades  do  not  intersect  wakes  of  constant  width, 
but  those  diffused  along  the  path  of  the  basic  flow  in  absolute 


Figure  9.6.  Schematic  of 
intersection  and  revolution 
of  the  trailing  wake  in  an 
aerodynamically  loaded  cas¬ 
cade. 
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motion.  Thus,  In  t roportion  to  the  displacement  oT  the  wave  in 
relative  motion  to  the  trailing  edge  the  width  of  the  wave  is  in¬ 
creased,  and  the  values  of  the  forced  v.  “ ^cities  are  diminished. 

The  influence  of  distortion  of  the  s'  ape  of  the  traveling  wave 
on  the  variable  lift  should  then  be  studied  only  for  the  occasional 
cascades  where  the  aftereffect  is  high.  In  thick  cascades  the  value 
of  the  variable  force  is  determined  basically  by  the  shape  of  the 
wave  intersected  by  the  leading  edges  of  the  moving  cascade.  In 
general  it  is  more  correct  to  speak  about  the  "transmissivity"  relative 
to  the  traveling  waves  of  a  given  orientation  instead  of  the  thick¬ 
ness  of  the  cascade.  To  evaluate  the  transmissivity  let  us  introduce 
the  dimensionless  quantity  which  has  a  simple  geometric  meaning 

j  <  slntgi  +  y) 

"  2b  siny 

The  single  profile  nas  infinitely  high  transmissivity.  The 
transmissivity  of  the  cascade  for  any  possible  orientation  of  the 
wakes  may  be  very  small  with  a  sufficiently  large  thickness.  The 
rate  of  change  of  circulation  around  the  profile  with  advance  of  the 
vortex  wakes  onto  the  cascade  must  depend  on  the  transmission 
coefficient. 

Let  us  examine  the  second  cause  for  distortion  of  the  traveling 
wave.  When  the  vortex  wake  is  intersected  by  the  profile, the  liquid 
begins  to  move  in  the  direction  shown  by  the  arrows  on  the  side 
(Figure  9.7).  The  appearance  of  these  flows  leads  to  a  narrowing  of 
th*  wake  from  one  side  (in  this  case  over  the  profile)  and  to  its 
expansion  from  the  other  side  (in  this  case  under  the  profile).  The 
influence  of  these  flows  must  be  diminished  in  the  cascades  with  a 
small  transmissivity, since  deceleration  of  the  particles  moving  at  the 
supplemental  velocities  inside  the  wake  will  take  place  very  rapidly 
and  only  in  the  region  of  the  leading  edges. 

The  order  of  the  time  of  the  wake’s  passage  along  the  profile 
is  equal  to  2o/w°.  The  wake  is  diffused  at  a  velocity  having  the 
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PI  cure  9.7.  Distortion 
of  the  shape  of  the 
wake  with  movement 
along  the  profile.  The 
arrows  vO  show  the  di¬ 
rection  of  the  supple¬ 
mental  velocity  in  the 
wake.  The  arrows  1-1 
and  2-2  show  the  direc¬ 
tion  of  movement  of 
the  liquid  with  inter¬ 
section  of  the  wake. 


order  of  the  ^vcr.lemental  velocity  in 
the  wake.  Then  the  ratio  of  change  in 
wake  width  to  its  original  width,  as 
Mayer  [119J  noted,  is  on  the  order  of 
For  axial  flow  compressors 
;  hence,  it  follows  that  linear 
theory  will  give  erroneous  results  for 
the  pressure  and  velocity  distribution.1 
near  the  traveling  wake.  If  the  wake 
were  assumed  narrow,  then  this  effect 
would  be  analogous  to  the  effect  of  a 
singular  point,  traveling  along  the 
leading  edge  of  an  absolutely  thin  pro¬ 
file.  At  some  distance  from  the  wake, 
linear  theory  will  give  the  correct 
result;  the  total  characteristics  will 
also  be  determined  with  sufficient 
accuracy. 


More  precise  computations  using  the  nonlinear  equation  (given 
by  Mayer  who  used  a  numerical  method)  for  the  wake  which  travels 
along  a  free  blade  will  lead  to  the  results  shown  on  Figure  9.8. 
Computation  Is  plotted  on  the  schematic  corresponding  to  the  sudden 
intersection  of  the  two-dimensional  jet-  by  the  plate. 


Figure  9.8  a  shows  distribution  of  the  dimensionless  pressure 
gradient  along  the  plate.  Here  is  the  integral 

mean  of  the  supplemental  velocity  in  the  wake: 

tk 

*-7*1  °Wdx- 

Figure  9»8  b  shows  distribution  of  the  dimensionless  perturbed 
tangential  velocity  The  broken  line  shows  the  results  of 

linear  theory;  the  solid  line  that  of  the  refined  computation.  We 
assumed  in  the  computations  that  y=»V2,  A/lM"o,i5,  .  The 
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Figure  9.8.  Comparison  of  the  results  of  com¬ 
putations  according  to  linear  (broken  line) 
and  nonlinear  (solid  line)  theories;  (a)-dis- 
tribution  of  the  dimensionless  pressure 
gradient;  (b)-distribution  of  the  dimension¬ 
less  perturbed  velocity. 


schematics  of  the  perturbed  velocities  agree  well  for  b-;th  computation; 
As  far  as  the  pressure  gradient  is  concerned,  linear  tneory,  as  men¬ 
tioned  above,  gives  the  same  law  for  the  change  in  pressure,  irres¬ 
pective  of  the  shape  of  the  wake  and  its  frequencies. 


Experimental  research  on  the  distribution  of  nonstationary  pres¬ 
sure  along  the  thin  profile  when  the  wake  is  intersected  was  conducted 
by  Lefcort  [115].  The  research  was  carried  out  on  a  water  trough. 

The  pressure  was  recorded  at  several  points  along  the  profile. 

Similar  research  on  the  nonstationary  flow  around  a  turbine 
cascade  was  conducted  by  I.  I.  Kirillov  and  A.  S.  Laskln  [30].  The 
investigations  were  made  on  a  radial  inverted  turbomachlne ,  whose 
flowing  part  is  shown  on  Figure  9.9,  where  the  basic  geometric  char¬ 
acteristics  of  the  cascade  are  depicted.  The  operating  blades  wer-e 
drawn  off  in  average  cross  section, and  quick-response  censors  were 
installed  on  them.  The  schematic  of  the  drainage  arrangement  is 
shown  on  Figure  9.10.  r  r  technical  reasons  the  sensors  were  not 
installed  on  one  blade;  however,  the  experimental  data  cited  below 
were  shifted  in  time  so  that  tne  sensors  would  appear  to  be  located 
on  one  blade. 
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Figure  9.11  shows  oscillo- 

Figuro  9.9.  Flowing  part  of  the  grams  with  the  recording  of  the 
Inverted  radial  turbine.  The  ^  ..  ,  , 

guide  cascade  is  composed  of  stafcic  Pressure  on  the  surface  of 

blades  TN-2-40,  2bT.  =  59  mm,  the  blade  located  behind  the  ro- 

^1  “  -  0.8;  81  -  46.5°.  fcating  nozzle  cascade.  The  number 

The  operating  cascade  is  com-  _  .  ,  ,  .  .  .  .  . . 

posed  of  blades  T-3-40,  2b2  «  on  the  right-hana  sxde  of  the 

41  mm,  ~  78°.  oscillograms  represent  the  loca¬ 

tion  of  the  drainage  on  the  sur¬ 
face  of  the  blade  according  to  Figure  9*10.  A  network  of  straight 
lines  is  plotted  on  the  oacil'.ograms  and  denoted  by  the  numbers  which 
determine  the  mutual  arrangement  of  the  cascades.  The  respective 
positions  of  the  cascades  are  denoted  on  Figure  9.9  by  the  same  num¬ 
bers.  The  width  of  the  band,  occupied  by  the  lines,  corresponds  to 
the  time  of  shift  of  the  guide  cascade  by  one  stage  tQ  =  t-^/u,  where 
u  is  the  circumferential  velocity  of  the  cascade,  t-^  is  its  stage. 

The  oscillograms  also  show  the  direction  of  the  time  axis  t,  and  the 
readings  from  the  time  marker  (TM)  are  plotted  from  the  top  at  inter¬ 
vals  of  2  nsec.  The  investigations  were  made  with  an  axial  clearance 
of  Ab  *  4  mm. 


The  pressure  surges  have  a  periodic  character  with  the  basic 
frequency  of  nz^  (n  is  the  number  of  revolutions  of  the  turbomachine; 
z^  is  the  number  of  guide  blades).  Turbulent  surges  are  simultane¬ 
ously  observed  with  a  higher  frequency.  Especially  turbulent  surges 
are  observed  at  points  8,  9  and  10,  on  the  convex  side  behind  the 
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minimum  pressure  point .  With 
incidence  of  the  wake  onto  the 
inlet  edge  of  the  blade  at  point 
six  the  pressure  is  increased  and 
drops  at  point  five.  This  is 
denoted  on  the  oscillograms  by  the 
arrow  c.  Such  a  rule  can  be 
explained  in  that  the  supplemental 
velocity  in  the  wake  for  a  turbine 
stage  is  directed  to  the  side  of 
the  convex  surface  of  the  blade. 
Consequently,  intersection  of  the 
wake  produces  a  local  increase 
in  the  angle  of  attack  of  the 
second  cascade. 

The  measurements  show  also 
that  the  perturbations  produced 
by  the  trailing  wake  arise  on  the 
entire  blade  almost  simultaneously, 
since  the  signal  is  propagated  at 
a  velocity  on  the  order  of  the 
speed  of  sound. 


Figure  9.11.  Surges  in  pres¬ 
sure  at  various  points  of  the 
operating  blade,  found  in  the 
vortex  wakes  of  the  guide 
cascade. 

the  perturbing  force  is  equal  to  n 
lutions  of  the  turbomachine  rotor. 


We  assumed  above  that  all  the 
trailing  wakes  are  identical.  In 
this  case  the  lowest  frequency  of 
,  where  n  is  the  number  of  revo- 
nd  z  is  the  number  of  guide  blades. 


We  know  that  resonance  vibrations  of  the  blades  are  also  observed  in 


turbomachines  at  frequencies  of  knn,  k  =  1,  2,  3  ....  One  of  the 
reasons  for  onset  of  the  low-frequency  perturbing  forces  is  the 


different  intensity  of  the  trailing  wakes  in  the  vicinity  of  the 


impeller.  The  reason  for  such  an  aerodynamic  heterogeneity  may  be 


the  structural  heterogeneity  of  the  cascade. 


Fupthspinops , 
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ar*.*  turbulent  jets  for  which  random  surges  are  characteristic  and 
obey  statistical  laws.  A  zone  of  intermittence  exists  at  the 
boundary  of  the  jet  where  large-scale  surges  are  observed.  In  view 
of  the  fact  that  the  large-scale  spectrum  of  turbulence  may  be  very 
dense,  it  is  possible  that  resonance  oscillations  will  occur  under  the 
Influence  of  random  forces.  Such  oscillations  of  the  blades  have  been 
observed  in  turbomachines. 

In  the  work  of  I.  N.  Pis 'min  and  the  author  [693,  experimental 
Investigations  of  the  trailing  wakes  behind  the  rotating  wheel  of  an 
axial  flow  compressor  were  carried  out .  The  measurements  were  made 
in  relative  motion  using  quick-response  strain  gauges  [70,  71]. 

The  design  of  one  such  gauge  is  shown  in  Figure  9.12.  The  probe  can 
measure  both  the  constant  and  the  variable  component  of  the  pressure . 
The  thickness  of  the  gauge  head  (Type  B)  is  equal  to  1.8  mm  which 
permits  using  it  for  measurements  in  turbomachines . 

The  measurement  Installation  is  shown  in  Figure  9-13.  A  co¬ 
ordinate  apparatus  (2)  which  is  actuated  by  a  special  electric  motor 
(3)  is  placed  behind  the  rotating  wheel  of  the  axial  flow  compressor 
(1),  A  strain  gauge  (4)  is  placed  on  the  coordinate  apparatus.  The 
nuiimer  of  revolutions  of  the  electric  motor  (3)  may  be  regulated  and 
kept  equal  to  or  almost  equal  to  the  number  of  revolutions  of  the 
compressor  wheel.  In  measuring  trailing  wakes  a  system  may  oe  con¬ 
structed  such  that  the  relative  speed  of  rotation  of  the  probe 
relative  to  the  compressor  wheel  is,  for  example,  200  times  less 
than  the  absolute  speed  of  rotation.  When  the  wheel  revolves  at 
150  rev/sec.  the  probe  makes  0.75  rev/sec  relative  to  the  wheeJ , 
which  permits  making  reliable  measurements.  The  signals  emitted 
b  y  the  probe  are  transmitted  through  a  contactless  current  collect-- 
(5)  to  the  strain  gauge  amplifier  (6)  and  to  the  cathode  (7)  or 
loop  (3)  oscillograph.  The  circuit  has  a  system  for  self-adjustment 
of  the  rotation  rate  of  the  coordinate  apparatus  (9).  To  interpret 
the  results  of  the  observations  we  included  in  the  circuit: 
inductive  sensors  for  the  number  of  revolutions  of  the  coordinate 
apparatus  (10),  a  compressor  (11)  and  a  tuning  fork  time  marker  (12). 
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type  B  along  A-A 


In  front  of  and  behind  the 
guide  cascade  (13)  we  set  up  the 
usual  probes  (1*0  and  the 
stationary  quick  response  strain 
guages  (15)  •  The  circuit  also 
contains  a  voltage  stabilizer 
(16)  and  a  resistance  box  (17). 

The  results  of  measuring 
the  flow  behind  the  rotating 
wheel  of  the  axial  flow  compres¬ 
sor  stage  are  given  on  Figure 
9.1**.  The  figure  shows:  (1)  the 


Figure  9.12.  Quick-response 
strain  gauge:  1-  casing  of  the 
probe;  2-  active  membrane  ;  3- 
compensation  membrane ;  4-  mem¬ 
brane  support;  5-  barrier  between 
membranes;  6,7-  covers  of  the 
casing;  8,9-  strain  guage  sen¬ 
sors  . 


recording  of  responses  from  the 
probe  ’which  registers  the  total 
pressure,  (2)  the  recording  of 
the  marker  of  the  number  of 
revolutions  of  the  compressor 
wheel,  (3)  the  recording  of  the 


marker  of  the  number  of  revolu¬ 


tions  of  the  rotating  probe- 


Figure  9.13-  Schematic  for  measuring  the  flow  In  a 
turbomachine  in  relative  motion. 
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Figure  9*14.  Recording  of  the  pressure  of 
deceleration  behind  the  revolving  wheel  of 
the  axial-flow  compressor  in  relative  motion. 

Vi«=>  dips  in  the  curve  for  the  total  pressure  correspond  to  the  moment 
of  passage  of  the  trailing  wakes.  The  experiment  shows  that  all 
trailing  wakes  vary  in  width  and  shape.  Two  of  the  middle  trailing 
wakes  have  a  normal  width  agreeing  with  the  static  tests.  Tne  extreme 
right  hand  wake  on  the  oscillogram  is  very  wide  and  spikes  and  dips  in 
the  total  pressure  are  observed  in  it,  which  obviously  indicates  a 
separation  of  the  flow  from  the  blade.  Between  the  wakes  we  can  see 
a  large-scale  surge  in  total  pressure.  The  intensity  of  this  surge 
varies  according  ro  the  height  of  the  blade  and  depends  on  the  perfor¬ 
mance  of  the  stage. 

Let  us  also  note  the  basic  problem  which  is  associated  with  the 
trailing  wakes  forming  during  the  flow  of  wet  steam  in  subsequent 
stages  of  the  condensation  steam  turbines.  It  is  obvious  that  the 
water  which  forms  in  the  condensation  of  the  steam  is  separated  into 
curvilinear  channels  of  the  nozzle  cascade  and  moves  along  the  surface 
of  the  guide  blades.  It  enters  the  trailing  wake  from  the  boundary 
layer.  The  rate  of  motion  of  the  drops  is  less  than  the  rate  of  motion 
of  the  steam, and  therefore  the  drops  strike  the  operating  blade  at  a 
significant  angle  of  attack.  The  forces  which  set  in  here  may  pro¬ 
duce  not  only  erosion  of  the  blades  but  also  vibrations .  Since  the 
operating  blades  have  a  low  natural  frequency  of  vibrations,  for 
dangerous  vibrations  to  set  in  it  is  necessary  to  have  a  circum¬ 
ferential  nonuniformity  of  the  wakes . 
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Let  us  pose  the  problem  of  determining  dynamic  stresses  in  the 
blades  of  a  turbomachine  operating  in  a  nonuniform  flow. 

We  shall  look  at  the  stage  of  an  axial  flow  turbomachine  con¬ 
sisting  of  two  ring  cascades.  The  wakes  are  induced  by  the  first 
cascade;  the  second  rotates  in  a  nonuniform  flow.  Nonstationary  forces 
and  moments  producing  the  dynamic  stresses  influence  the  blades  of 
the  second  cascade.  Let  us  assume  that  the  blades  have  a  constant 
cross  section  profile  and  are  not  bound  into  packets.  This  assumption 
is  made  for  simplicity  of  discussion. 

Let  us  set  the  origin  at  the  root  cross  section  of  the  blade  and 
combine  it  with  the  center  of  the  bend.  The  absicissa  axis  is 
directed  along  the  blade  and  the  ordinate  axis  along  the  axis  of 
minimum  inertia.  Let  us  represent  the  blade  of  the  turbomachine  as 
an  elastic  rod  of  constant  profile  fixed  at  the  base  and  free  at  the 
top  which  may  carry  out  small  bending  and  torsional  oscillations.  The 
rigidity  of  the  rod  in  the  direction  of  the  flow  is  quite  high. 

We  can  write  the  equations  of  the  forced  rod  oscillations  subjected 
to  the  moment  M  and  the  force  ,  applied  to  the  center  of  the  bend. 

The  deformations  are  determined  by  the  shift  in  the  centers  of  the 
bend  y(x,  x)  and  the  angles  of  rotation  of  the  cross  sections  8(x,  x): 

El -j?r + m  -§£ + m, x, +  2hm 

r i  vq  ,  »  a:a  .  ^  ov  (9.10) 

Here  El  and  3J  are  the  bending  and  torsional  rigidities,  m  is  the  mass 
of  the  blade  per  unit  length,  Zq  is  the  mass  irioirient  of  inertia  around 
the  elastic  axis  per  unit  cf  length,  xQ  is  the  distance  of  the 
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bending  center  from  the  center  of  mass,  and  h  represents  the  damping 
factors. 


In  the  general  case  the  blade  oscillations  are  limited  bending 
torsional  vibrations.  In  this  case,  if  the  center  of  the  masses 
coincides  with  the  Landing  center,  the  differential  Equations  (9*10) 
are  separated  into  two  independent  equations 

EI7[jr+ =*  -s’’ 

j  <9-u> 

Consequently  the  bending  and  torsional  vibrations  become  independent 
and  may  be  considered  separately.  If  the  distance  between  the  mass 
center  and  the  bending  center  is  not  equal  to  zero,  but  is  relatively 
small  (which  is  often  satisfied  in  the  blades  of  turbomachines),  then 
although  we  observe  combined  bending-torsional  vibrations,  they  can 
be  referred  to  the  first  two  modes.  One  vibration  mode  will  be 
primarily  bending  and  the  other  torsional.  Accordingly,  the  natural 
frequencies  of  such  bound  oscillations  will  not  differ  much  from  the 
natural  frequencies  of  pure  bending  and  pure  torsional  vibrations . 

In  certain  problems  of  forced  vibrations  of  turbomachine  blades 
we  can,  with  completely  sufficient  accuracy,  ignore  the  relationship 
between  bending  and  torsional  vibrations  and  study  them  separately. 

In  problems  on  classical  flutter  the  coupling  of  the  bending  and 
torsional  vibrations  Is  important  mainly,  since  in  the  absence  of 
coupling,  generally  no  flutter  can  take  place.  In  this  section, 
which  is  devoted  to  forced  vibrations  we  shall  ignore  the  influence 
of  coupling. 

Let  us  [41]  further  consider  the  bending  vibrations.  All  argu¬ 
ments  in  analogy  can  be  extended  to  purely  torsional  oscillations. 
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If  the  exciting  force  is  absent,  then  Equation  (9*11)  is  trans¬ 
formed  into  the  equation  of  free  damped  vibrations 


(9.12) 


We  shall  convert  to  the  dimensionless  coordinate  s  =•'■//  ,  where  l 
is  the  length  of  the  blade,  and  express  the  linear  mass  through  the 
density  of  the  blade  material  pi  and  the  area  P  of  the  cross  section 


m  =  p1F: 


£i  3>»  . 


+  2/i 


djL 

Ox 


0. 


(9.13) 


After  using  the  method  of  separation  of  variables 


2/=AW(t), 


(9.14) 


we  find  two  ordinary  differential  equations: 


S+SA-g+v^O. 


(9.15) 


p 

Here  k  is  a  dimensionless  parameter  and  v  is  a  separation  constant. 


Solution  to  the  first  of  these  equations  is  known: 

Ac-*' cos  {vt  +  e),  v  yV  —  hl,  (9.16) 

where  v  is  the  circular  frequency  of  the  blade  oscillations  with 
damping. 

In  problems  of  turbomachine  blade  vibrations  (as,  by  the  way. 

In  the  vibration  of  other  engineering  designs  with  no  special 

2  2 

dampers)  the  value  of  h  <<  v  ,  so  that  in  the  future  we  can  ignore 
the  influence  of  damping  on  the  natural  frequency  and  set  •  v -v  with 
a  high  degree  of  accuracy. 
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The  second  of  the  equations  in  (9*15)  must  be  solved  for  the 
boundary  conditions  at  the  clamping  point  (there  is  no  bending  or 
rotation  of  the  rod)  and  at  the  free  end  (the  bending  moment  and  the 
intersection  force  are  absent): 


*(0)=0, 

WO 


a.no) 

ft 

wo 

dj* 


o, 

0. 


(9-17) 


The  general  solution  to  this  equation  will  be: 

X=*  flich  xg+B..$h  x£+fljcos  xH-B4  sin  xg. 


Here  are  constants  which  are  determined  with  the  aid  of  the 

boundary  conditions  (9*17) • 

The  obtained  system  of  four  equations  is  a  homogeneous  one.  After 
equating  the  determinant  of  the  system  to  zero,  we  find  the  equation 
for  the  natural  frequencies  of  the  blade  (see,  for  example,  [41]): 


chxcosx** — 1. 


This  equation  has  an  infinite  set  of  roots,  the  first  six  of  which 
are  equal  to 


x- 1,875;  4,694;  7,855;  10,966;  14.137;  17,289. 


The  natural  frequencies  of  the  blade  vibration  are  determined  by 
the  formula 


v. 


(9-18) 


The  general  solution  to  Equation  (9.15)  is  the  sum  of  the  partial 
solutions  and  represents  the  damping  vibration 


y  =  S  Ar.Xne~kt  COS  (vt  +  e„). 


(9-19) 
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Here  Xn  represents  the  so-called  major  forms  of  the  vibrations  and 
satisfies  the  orthogonality  condition 

i 

J.USU„(!)dS-0,  (9  >2( 

which  physically  denotes  the  energy  independence  of  the  oscillation 
modes,  i.e.,  the  impossibility  of  transmitting  energy  from  one  mode 
to  another. 


Since  the  functions  Xn(fi)  may  be  determined  only  with  an 
accuracy  up  to  a  constant  factor,  we  can  subject  them  to  the  condition 
of  normalization 

1  (9.21) 

o 


Now  let  us  look  at  the  forced  blade  oscillations  acted  on  by 
the  perturbing  forces .  Let  us  write  the  vibration  equation  in  the 
form 


0 1» 


•  x). 


(9.22) 


where  by  we  mean  ail  forces  which  may  act  on  the  blade.  If  J2’=0  then 
(9.22)  is  converted  into  the  equation  of  free  vibrations  without 
damping. 


Let  us  write  the  system  of  forces  in  the  following  manner: 


2?  (*.  t)  -  Jr,  w  c'l'  2hFp,  if- . 


(9.23) 


Here  the  first  term  represents  the  distributed  force  which  excites  the 
blaae  oscillations.  In  the  future  we  shall  bear  in  mind  that  this 
force  is  produced  by  the  nonuniformity  of  the  flow.  -The  law  governing 
its  distribution  along  the  blade  is  now  assumed  to  be  arbitrary  and 
is  given  by  the  dimeslonless  function  .2>l(x)  .  We  look  at  only  one 
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a*.*/ 


harmonic  of  the  force  with  frequency  f.  The  second  term  is  the 
aerodynamic  damping  force  of  the  vibrations  due  to  the  transfer 
of  energy  to  the  flow.  Here  we  have  taken  the  fact  that  the  force 
of  damping  is  proportional  to  the  velocity  of  the  vibrations  into 
account.  The  quantity  ^i-const  has  the  dimensionality  of  force; 
the  factor  I///  is  introduced  in  order  to  satisfy  the  dimensionality. 
The  latter  term  was  encountered  above  and  represents  the  force  of 
the  mechanical  damping  (due  to  the  energy  dissipation  in  the 
blade  material  and  at  the  site  of  the  closing).  A  minus  sign  is 
placed  before  the  forces  of  damping  since  they  damp  the  vibrations . 
Let  us  convert  to  dimensionless  coordinates  and  time 

«-f»  n-f.  i-T /.  (9.24) 

After  combining  (9.22),  (9*23)  and  (9.24)  we  find 

El  yri  .  -.)■  an  2*  an  (9-25) 

p ,«•/*■  a*«  W  p ,«;*  *  ?«/*  ax  /  ax  * 


On  the  basis  of  the  Gilbert-Schmidt  theorem,  solution  to  this 
equation  can  be  sought  in  the  form  of  a  series 

•• 

n-Zi  TmXm.  (9-26) 


Here  *,.(|)  represents  the  free  blade  vibration  modes,  7\,(?.)  repre¬ 
sents  the  unknown  functions  which  depend  only  on  dimensionless  time. 
After  substituting  the  Series  (9-26)  in  Equation  (9.25)  and  sub¬ 
stituting  the  derivative  of  fourth  order  with  tne  aid  of  (9.15)  we 
obtain 


il 


A. 

a*» 


44 


-g',  U) 

p,f/p 


cl *•. 


(9.27) 


Here  we  have  introduced  the  symbols  62,  the  aerodynamic  and  6^,  the 
mechanical  logarithmic  decrements  of  the  vibrations. 
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2/m 

v  ’ 


(9-28) 


"pfil" 


'•/.is  the  frequency  of  the  natural  vibrations  for  the  mode  X^. 

To  determine  the  function  T,  we  multiply  the  left-hand  and  the 
right-hand  sides  of  (9.28)  by  Xm(5)  and  integrate  with  respect  to  l 
in  the  limits  0  to  1.  Then  on  the  basis  of  the  condition  of 
orthogonality  (9.20)  only  the  term  with  the  index  m  remains  on 
the  left-hand  side.  On  the  basis  of  the  condition  of  normalization 
(9*21)  the  integral  of  xh(D  is  equal  to  1.  Then  to  determine  the 
time  function  we  find  the  equation 

-5pL+-J(«i+V»%+-]r^t3ir4»eA*  (9.29) 


Here  we  have  introduced  the  concept  of  the  coefficient  of  excitation 


6‘  ) — P&r  ■ 


(9.30) 


Equation  (9.29)  describes  the  process  of  forced  vibrations  and 
its  solution  consists  of  a  sum  of  two  functions,  one  of  which  damps 
out  wi'-h  time  and  the  other  is  a  periodic  function.  In  studying 
the  stationary  forced  vibrations  we  are  interested  only  in  the 
periodic  solution 

r  _  a.*** 

1)+;  (», +w  (9.3D 


We  shalL  confine  ourselves  only  to  one  harmonic  and  shall  not 
examine  the  sum  of  series,  since  it  is  of  practical  interest  to 
study  tne  resonance  or  near-resonance  systems.  In  this  case  all 
the  harmonics  are  negligibly  small  in  comparison  with  the  harmonic 
having  the  frequency  of  the  perturbing  force.  In  this  expression 
the  coefficient  of  excitation  6^  may  be  assumed  to  have  a  real 
(for  ,1)  value,  since  for  stationary  vibrations,  the  phase  shift  of 
the  perturbing  force  has  no  significance .  The  coefficient  of  mecha¬ 
nical  damping  6^  is  also  a  real  value  (for  j)  since  we  took 
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into  account  that  the  mechanical  resistance  is  in  phase  v/ith  the 
velocity  of  the  vibrations.  The  coefficient  of  aerodynamic  damping 
may  be  a  complex  quantity  since  the  aerodynamic  dampting  force  has  a 
phase  shift  with  respect  to  the  velocity  of  the  vibrations. 

However,  in  view  of  the  smallness  of  S2  and  6^  the  maximum 
amplitude  will  be  observed  in  practice  when  f  =  v  and  will  be  equal  to 

I  Tm  |  *»  (9. 3?) 


Here  by  $2  we  mean  its  real  part. 


Now  let  us  determine  the  maximum  stress  in  the  base  section  of 
the  blade.  Using  (9.26)  and  (9*32)  we  can  find  the  bending  moment 
at  the  base  of  the  blade  at  resonance 


The  maximum  dynamic  stress  in  the  base  section  at  resonance  is 
equal  to 


(9.33) 


Here,  W  is  the  minimum  moment  of  resistance  of  the  blade  section. 

The  energy  of  the  coefficients  of  excitation  and  damping  was 
studied  in  the  section  devoted  to  modeling  and  experimental  research. 


Analogous  formulas  may  be  found  for  the  torsional  vibrations . 

We  shall  assume  that  we  can  study  the  purely  torsional  vibrations  of 
blades  subject  to  the  equation 


IF +^•'5^'”^  (*»  ■*)• 


(9.34) 


The  moment  which  acts  on  the  blade  can  be  determined  in  the  following 


manner: 
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(9-35) 


M(*.  «)-M,(x)cV*-Af,  j  S“'2Ai/.-^. 


Here,  the  first  term  is  a  distributed  moment  which  excites  the  blade 
vibrations.  The  second  (M2  =  const)  and  the  third  terms  take  into 
account  the  aerodynamic  and  mechanical  damping  during  torsional 
vibrations.  Let  us  convert  (9.3*0  and  (9-35)  to  dimensionless 
coordinates  and  time  using  (9.24): 


0/  8J8  ,  0’9  M,(t)  dO  2/i,  88 

~  Wi1  +  dST "  ~  /a/1 ' '  JjF  8t  T“3X' 


(9.36) 


To  solve  this  equation,  we  must  first  find  the  vibration  modes. 
Let  us  set  the  right  hand  side  of  (9*36)  equal  to  zero  and  proceed  to 
an  examination  of  the  free  vibrations  by  substituting  v  for  f  (the 
natural  frequency  of  the  torsional  vibrations.  After  denoting 
0=»JT(| )T().)  ,  we  can  separate  the  variables 


-£f+v’r„ 


*0, 


V»v* 

"o/  * 


(9.37) 


After  writing  the  solutions 

-  A„  cos  +  B„  sin  xrt5.  T,  »  C,  cos  p,  6  +  D*  sin  p«0. 

» 


and  using  the  boundary  conditions  in  the  blade  vibration,  which  is 
strictly  restrained  at  the  base  and  free  at  the  top 

.Y„(0)-Q. 

we  .find 

zi,  r*  0,  x„  =  -^-  +  kn. 

The  natural  frequencies  are  determined  by  the  formula 

(9-38) 
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The  constant  B  can  be  determined  from  the  condition  of  normalization 
n 


B\  Jstn’ac.tdg-I,  Bt-Y2 


Equation  (9.36)  for  the  forced  vibration  is  solved  In  the  usual 
manner  and  is  reduced  to  Formula  (9.31). 


The  coefficient  of  excitation  of  the  torsional  vibrations  is 
equal  to 


(£)sinx£</£. 


(9-39) 


The  coefficients  of  Jthe  aerodynamic  and  mechanical  damping  with 
torsional  vibrations  are  respectively  equal  to 


v 


(9.110) 


The  maximum  torsion  of  the  blade  occurs  at  resonance  and  then 
by  using  (9-31)  we  find 

•-STS-1"* 


The  maximum  moment  in  the  base  section  of  the  blade  is  equal  to 

K?6i  *0/ 


•*4n\  _  F26 , 

m  (o)- 


(9.41) 


As  follows  from  Formulas  (9-33)  and  (9.41),  the  dynamic  stresses 
at  resonance  are  proportional  to  the  coefficient  of  excitation  and 
•  inversely  proportional  to  the  total  coefficient  of  damping.  If  the 

coefficient  of  aerodynamic  damping  Is  small, then  the  stresses  are  pro¬ 
portional  to  the  ratio  Ci/6j  .  Since  6i  is  proportional  to  the  density 
of  the  liquid,  in  this  case  then  the  dynamic  stresses  are  proportional 
to  the  density  of  the  liquid  also.  Consequently,  under  this  condition 
(  fij=const )  a  proportionality  will  exist  between  the  dynamic  and  ths 
static  stresses  in  the  blades.  In  the  other  limiting  case,  when  the 
aerodynamic  coefficient  of  damping  is  substantially  greater  than  the 
mechanical  one  (  d2»fo),  the  d„  '.antic  stresses  are  proportional  to  the 
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ratio  5,/ft-  .  Since  bt  and  fi.  are  proportional  to  the  density  of  the 
liquid,  then  in  this  case  the  dynamic  stresses  will  not  depend  on  the 
density  of  the  liquid,  i.e.,  they  are  not  proportional  to  the  static 
stress.  In  fact,  the  mechanical  decrement  of  the  vibrations  is  also 
not  a  constant  value  but  depends  on  the  stress. 

These  comments  have  practical  application,  for  example,  in  con- 
vertlrg  the  dynamic  stresses  in  the  blades,  measured  in  static  tests 
at  reduced  pressure,  into  real  operating  conditions. 

From  these  same  formulas  there  follows  still  one  other  important 
conclusion. 

The  coefficient  of  excitation  (i.e.,  essentially  the  nonstationary 
aerodynamic  force)  depends  on  the  value  of  the  phase  shift  when  the 
vortex  wakes  act  on  the  blades.  This  is  explained  by  the  fact  that 
there  is  a  reciprocal  Influence  of  the  blades  through  the  flowing  gas 
ci  ilq^Ic..  The  circulation  induced  by  the  wake  to  some  blade  creates 
forced  circulations  (and  this  means  forces  as  well)  on  the  neighboring 
blades.  In  curn,  the  vortex  wakes  induce  circulation  also  on  the 
neighboring  blades.  Thus,  the  nonstationary  aerodynamic  forces  de¬ 
pend  both  directly  on  the  effect  of  the  wake  on  the  given  blade  and 
on  a  certain  supplemental  force  produced  on  the  given  blade  (due  to 
Interference  in  the  cascade)  by  the  effect  of  wakes  on  the  neighbor¬ 
ing  blades.  It  is  obvious  that  the  total  nonstationary  force  depends 
on  the  phase  shift  of  the  component  forces. 

The  coefficient  of  aerodynamic  damping  also  depends  on  the  phase 
shift  of  the  blade  vibrations.  In  a  uniform  cascade,  when  all  blades 
are  under  identical  conditions,  the  phase  shift  of  the  blade  vibrations 
is  equal  to  the  phase  shift  of  the  neighboring  exciting  forces.  In 
a  nonuniforin  cascade,  the  phase  shift  of  the  blade  vibrations  depends 
also  on  the  scatter  of  the  natural  partial  frequencies  of  the  blades. 

Thus,  ultimately  the  dynamic  stresses  in  the  blades  must  depend 
on  the  phase  shift  of  the  Influence  from  the  vortex  wakes. 
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§  9*3.  Dynamic  stresses  in  Blades  With  Partial  Input 


Tn  several  stages  of  steam  turbines  it  is  necessary  to  use  the 
so-called  partial  input  of  steam,  i.e.,  an  input  over  only  a  part  of 
the  wheel  rather  than  the  entire  circumference.  The  ratio  of  the 
length  of  the  arc  on  which  the  input  of  the  working  medium  is  carried 
out,  to  the  length  of  the  circumference  is  called  the  degree  of 
partiality,  e.  Thus,  in  the  operation  of  such  a  stage,  the  operating 
blades  are  periodically  subjected  with  a  full  load  and  then  are  com¬ 
pletely  unloaded.  When  the  blades  are  struck  by  a  steam  jet  flowing 
at  a  high  (often  supersonic)  velocity,  and  the  jet  then  leaves,  com¬ 
plicated  nonstationary  phenomena  take  place.  The  lifting  on  a  quite 
small  segment  reaches  the  maximum  value,  is  maintained  constant  on 
some  segment  and  then  with  no  jet  drops  to  zero.  The  precess  of 
change  in  the  lefting  must  be  accompanied  by  the  formation  of  intense 
vortex  wakes  on  which  the  actual  loading  rate  of  the  blades  depends. 

At  supersonic  velocities  the  picture  is  complicated  by  the  forma"/  on 
of  nonstaticnary  schock  waves  and  expansion  waves.  The  physical 
picture  is  so  complicated  that  at  the  present  time  no  methods  can  be 
suggested  for  solving  such  a  problem. 

For  practical  purposes,  it  is  first  of  all  necessary  to  evaluate 
the  maximal  dynamic  stresses  which  occur  in  the  blades.  This  pro¬ 
blem  was  studied  by  U.  Ye.  Rivosh,  A.  Z.  Shemtov,  A.  V.  Levin  [!ll] 
et  al.  At  the  present  time,  it  is  possible  only  to  give  an  upper 
estimate  for  these  stresses  for  the  most  unfavorable  operating 
conditions,  and  also  to  conduct  experimental  proof  of  this  evaluation. 
The  most  unfavorable  load  will  be  the  sudden  application  of  the  total 
power  at  the  blade  inlet  by  a  jet  and  then  also  the  sudden  removal  of 
the  force  on  the  blade  at  the  exhaust. 

Before  we  solve  the  problem,  let  us  mention  several  characterise! 
of  the  conditions  of  blade  oscillations  of  stages  with  partial  input 
of  steam.  The  blades  of  these  stages  have  a  very  high  rigidity  and 
low  height,  such  that  their  natural  vibration  frequency  is  equal  to 
several  kilohertz  (up  to  30*X  -  iJQOO  Hz).  Therefore,  at  a  standard 
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50  Hz  frequency  of  rotation  of  the  turbine  rotor  the  resonance  fre¬ 
quencies  differ  by  1  —  25$.  Along  with  this,  the  scatter  in  natural 
frequencies  of  the  blades  on  the  wheel  is  no  less  than  105$  as  measure¬ 
ments  show.  Therefore,  in  evaluating  the  incipient  stresses  it  is 
necessary,  as  we  know,  to  assume  that  some  blades  are  always  in 
resonance.  From  the  above,  it  is  clear  that  it  is  impossible  to  get 
rid  of  the  resonance  by  building  up  the  blades. 


Let  us  write  the  equation  for  blade  vibrations  for  a  system  with 
one  degree  of  freedom,  ignoring  the  relationship  with  other  blades: 


y  +  -f  vJy  => 


(M2) 


Here,  v  is  the  natural  frequency  of  the  blade  vibrations,  5  is  the 
logarithmic  decrement  of  the  vibrations,  m  is  the  mass  of  the  blade, 
■S’  (r)  is  the  force  which  acts  on  the  blade;  the  force  is  chosen  in 
the  form  of  a  rectangular  load. 

In  general,  since  the  problem  is  a  linear  one,  it  may  be  solved 
by  ordinary  methods „  since  any  periodic  load  may  be  represented  by  a 
Fourier  series.  However,  it  is  simpler  to  represent  it  in  another 
form  which  permits  making  several  simplifications  in  the  course  of 
the  conclusion  and  confirming  the  characteristics  of  the  problem. 

First,  instead  of  the  periodically  repeating  rectangular  surge, 
let  us  look  at  the  simple  gradual  change  in  the  load  t)»^0a(T), 


wh^re  I  °'t)  “  0  when  T<0* 
l  I  when  *><>. 

Here,  c(r/  is  the  unit  function.  Let  us  assume  that  we  know  the  initial 
conditions:  y(0)  is  the  bend  and  y(0)  is  the  rate  of  the  blade 
vibration  just  before  the  load  Is  applied. 

After  applying  the  Laplace  transform  to  Equation  (SM2)  under 
the  given  initial  conditions ,  we  find 
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5*y  +  Y  (0)  4  -  Y  (0)  +  v~  [sf-  y  (0)1  +  v2/  =  “7  > 

’  r 


After  solving  this  algebraic  equation  relative  to  the  Laplace  transform, 
from  the  unknown  function  we  find 


Y(s)- 


-2V 


+  Y(  0) 


,  v« 
*+  2.t 


+  l'(0)- 


s*  + 


2.1 


+  v* 


If  we  expand  the  denominator  into  factors,  we  can  ignore  the 
quantity  (6/2*)*  in  comparison  with  unity,  since  in  these  problems  the 
logarithmic  coefficient  of  damping  is  equal  to  0.01  —  0.03,  i.e., 
we  can  set 


ij.t  —  —  —  (6/2*)*  —  J  »  6v/2.i ±  jv. 

Then  after  taking  the  Inverse  Laplace  transform,  we  find,  with  an 
accuracy  up  to  the  first  power  of  S : 

y  l*)  “  +  tsjJ-  « ■**  ”  (—  sin  vt  -  cos  vr j  + 

+  y(0)e*sTt(~-sln vt +cos vtj  +y(0)<  s'*  •-  sinvt.  (9.^3) 

This  expression  i3  valid  on  the  segment  following  the  jump  in  the 
load  (t>0)  .  As  we  would  expect  after  the  jump  in  the  load,  the  ampli¬ 
tudes  change  and  furthermore  the  vibrations  damp  cut  according  to  an 
exponential  law.  It  is  also  obvious  that  the  vibration  amplitude 
directly  after  the  jump  slightly  depends  on  the  oscillation  decrement 
(6/2*  <  1) . 

Let  us  assume  temporarily  that  the  .vibration  decrement  is  equal 
to  zero  and  we  find 


y(T)-yo+{y(0)-yolcosvt+  ~y(0)slnvr.  (9-W 

To  obtain  this  dependence  we  must  also  take  into  account  that 
the  first  term  in  Expression  (,.'43)  is  a  static  deflection  in  the 
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and  will  be  greater  when  f-*  ,  i.e.,  in  the  case  when  the  blade  en¬ 
counters  the  load  at  zero  velocity  and  with  a  deviation  to  the  side 
opposite  to  the  force.  This  condition  is  obvious,  since  in  this  case 
the  greatest  energy  will  be  introduced  into  the  vibrating  system. 

The  energy  is  introduced  at  half  the  vibration  period.  The  force  then 
remains  constant  and  consequently  does  not  introduce  energy  into  the 
vibrating  system. 


If  the  load  is  removed  suddenly,  then  the  arguments  remain  the 
same,  since  the  jump  takes  place  in  the  opposite  direction.  Thus,  it 
is  obvious  that  the  blade  receives  the  greatest  energy  If  a  whole 
number  of  cycles  and  a  half  is  stacked  up  on  the  segment  where  the 
forces  are  acting.  This  case  leads  to  a  maximum  vibration  amplitude} 
therefore,  it  will  be  the  worst  and  consequently  we  must  take  it 
into  account. 
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Figure  9.15.  Blade  vibrations 
without  damping  with  the  single 
effect  of  a  gradual  load  (the 
sine  curve  is  conventionally 
shown  by  the  broken  line);  y1  is 

the  amplitude  of  the  vibrations 
before  effect  of  the  load;  yQ 

is  the  static  deflection. 


will  be  equal  to  the  input. 


The  graph  of  the  vibration 
(without  damping  and  the  simple 
effect  of  the  load)  is  shr.wn  on 
Figure  9.15.  The  amplitude  of 
the  vibrations  on  the  initial  seg¬ 
ment  is  equal  to  y^;  on  the  active 
segment  according  to  (9.48)  it  is 
equal  to  y-,  +  yQ  and  after  the  load 
is  removed  is  equal  to  y1  +  2yQ. 

If  the  action  of  the  force  is 
repeated  periodically,  then  the 
amplitude  of  the  vibrations  will 
increase  Infinitely.  However, 
this  does  not  take  place  if  we 
take  into  account  the  dissipation 
of  energy  during  the  vibrations. 

In  this  case,  vibrations  occur 
for  which  the  removal  of  energy 
over  one  revolution  of  the  wheel 


If  we  return  to  Formula  (9.43)  and  ignore  the  terms  where  the 
factor  is  a  small  quantity  6,  we  find  the  vibration  law  over  the 
active  segment  (for  the  most  dangerous  case) 

**  (yi  +  yo)cosvt  —  S*'*sinvT.  (9.49) 

Let  the  blade,  being'  in  resonance,  make  kfi  complete  vibrations 
per  one  revolution  of  the  wheel.  We  can  find  the  vibration  amplitude 
at  the  end  of  the  active  segment,  whose  relative  length  is  equal  to 
the  degree  of  partiality 

(yi  +  yo)e',H*.  (9.50) 

This  expression  is  found  ,lng  Formula  (9.49)  by  taking  Into 
account  the  fact  that  on  the  active  arc,  ekn  vibrations  occur* 
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ekn  is  equal  to  the  integral  and  one  half.  Consequently,  the  time  of 
passage  of  this  arc  is  equal  to  Vnikjv  and  .osvr=— !  ,  and  sir,  vr=0  . 


After  x’emoval  of  the  load  the  vibration  amplitude  is  increased 
due  to  the  potential  energy  of  the  static  deformation  and  will  be 
equal  to 


(9.51) 


Furthermore,  on  the  arc,  equal  to  1  -  e,  the  free  damped  vibra¬ 
tions  continue.  On  this  arc  (1  -  e)kn  vibrations  take  place  and, 
consequently,  the  amplitude  at  the  end  of  the  free  arc  is  found  by 
multiplying  the  initial  amplitude  (9.51)  by  the  exponential  factor 
exp  i—  (l —  *;&**]•  The  obtained  expression  in  view  of  the  periodicity 
of  the  process  y(r)-y(T+*,,2i«/v)>  must  be  equal  to  the  amplitude  of  the 
vibrations  directly  before  the  load  is  applied  to  the  blade,  i.e.. 


Hence,  we  find 


It 

v» 


e  *+«  " 


(9.52) 


The  danger  of  the  vibration  process  may  be  evaluated  as  the  ratio 
of  the  maximum  deflection  to  the  known  static  deflection 


X-Jtt±?fc.2  +  il..2  +  ±- 


-« (!-«)»- 


(9.53) 


From  (9.53)  it  follows  that  the  influence  of  the  degree  of  par¬ 
tiality  for  small  6kn  on  the  dynamic  coefficient  X  is  small,  and  the 
worst  case  corresponds  to  the  maximally  possible e  (theoretically) : 


since 


If  we  assume  e  =  1  and  assume  that  6kn  also  has  a  sufficiently 
small  value,  then  from  (9*53)  we  find  the  approximate  dependence 
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Figure  9.16.  Blade  vibration  with 
damping  with  a  gradual  load. 


first  case  is  realized  when  *>dts  , 


ordinarily  used  in  the  theory  of 
turbine  strength  [41], 

(9.5*0 

Figure  9-16  shows  a  graph  of 
the  blade  vibrations  with  trans¬ 
mission  of  a  rectangular  load 
allowing  for  damping.  The  maximum 
amplitude  of  the  oscillations 
takes  place  at  the  inlet  with  the 
load  y^  +  yQ  or  at  the  output 
y0  +  (y1  +  yQ)  exp(-e6kn).  Using 
(9.52)  it  is  easy  to  show  that  the 
and  the  second  when  t<0.5  • 


Analogously,  we  can  find  the  dependences  for  other  types  of  loads. 

It  is  also  interesting  to  compute  the  general  case  when  we  have 
several  input  arcs  of  the  working  body. 


From  the  characteristics  of  the  turbine  operation  [72]  we  know 
that  the  static  deflections  on  all  active  arcs  are  identical,  with 
the  exception  possibly  of  one  arc  whose  valve  is  partially  open. 
However,  if  several  input  arcs  are  open,  then  it  is  of  considerable 
Interest  to  determine  the  dynamic  stresses  with  complete  input  of  the 
working  medium,  i.e.,  under  identical  static  deflections.  From  turbine 
theory  we  also  know  that  the  maximal  static  stresses  set  in  with  one 
completely  open  valve,  supplying  one  input  arc.  When  the  number  of 
input  arcs  is  increased,  the  static  stresses  drop;  however,  the 
dynamic  stresses  may  increase,  since  the  number  of  segments  is  in¬ 
creased  on  which  the  energy  is  introduced  into  the  oscillating  system. 
Usually,  the  maximal  dynamic  stresses  set  in  with  two  fully  open 
valves,  feeding  two  input  arcs.  The  value  of  the  static  pressures 
depends  on  the  turbine  characteristics;  the  method  of  determining 
them  for  any  process  has  been  -eveloped,  and  therefore  they  may  be 


FTD-H  C-  2  3-  2  42-  70 


385 


Figure  9.17. 
inout  arcs . 


Distribution  of  the 


assumed  to  be  known.  Therefore, 
we  are  concerned  only  with  the 
problem  of  evaluating  the  maximal 
dynamic  coefficient. 

Let  the  circumference  of  the 
wheel  be  divided  into  an  even 
number  of  arcs  equal  to  n.  Let 
the  input  arcs  be  all  the  odd  arcs 
(Figure  9  17).  We  can  denote  the 
the  relative  length  of  the  arcs 
,  and  obviously 


*  enJ 


el  +  e2  + 


+  e„  =  1. 


Let  us 


denote  the  amplitude  of  the  oscillations  at  the  beginning  of  each 
active  odd  arc  by  y  .  We  assume  that  on  each  arc  the  most  dangerous 
case  is  realised  on  each  arc, and  the  numbers  e  k  are  whole  numbers 
plus  one  half,  where  kn  is  a  whole  number  of  blade  oscillations  with 
passage  around  the  entire  circumference. 


From  these  conditions,  on  the  basis  of  the  previous  computations 
it  follows  that  first  of  all  at  the  site  of  the  transition  from  one 
arc  to  another  the  amplitude  of  the  oscillations  increases  by  the  value 
cf  the  static  deflection  y^,  which  the  blade  had  with  passage  of  the 
active  arc.  Secondly,  with  passage  of  the  blade  along  any  arc, either 
ever  ox1  odd,  damping  oscillations  are  observed.  This  latter  comment 
permits  us  to  relate  the  amplitude  of  the  blade  oscillations  at  the 
end  of  the  arc  with  the  amplitude  of  the  oscillations  at  the  beginning 
of  the  arc. 


In  view  of  the  linearity  of  the  problem,  we  can  use  the  principles 
of  superposition.  Thus,  at  the  beginning  of  the  first  arc  let  the 
maximum  amplitude  of  the  blade  oscillations  be  equal  tc  y-, .  For  one 
revolution  of  the  wheel  the  blade  completes  kp  oscillations  and  the 
amplitude  is  lowered,  due  to  damping,  to  a  value  of  y^  exp(-6k  ) .  At 
the  end  of  the  first  arc  the  blade  receives  a  supplemental  surge;  its 
amplitude  increases  by  the  quantity  y^.  If  we  look  separately  at  the 
blade  oscillations  with  this  supplemental  amplitude,  we  find  that  tne 
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blade  completes,  up  to  the  moment  of  entry  into  the  first  arc,  a 
number  of  oscillations  equal  to  (e2  +  +  . ..  +  en)kn*  Consequently, 

the  respective  amplitude  is  reduced  to  a  magnitude  y^  exp  I— 

.  Analogous  increases  in  the  blade  amplitude  will  be  obtained  at 
the  ends  of  the  arcs  e2,  •••*  en*  Each  of  these  vibration  ampli¬ 

tudes,  initially  equal  to  yQ,  will  be  lowered  due  to  damping  at 
frequencites  equal,  respectively  to  the  lengths  of  the  arcs  (r^  +  + 

•  ••  en)>  +  ...  en) ,  0.  In  view  of  the  fact  that  we 

are  looking  at  the  worst  case,  each  of  these  oscillations  takes  place 
in  the  same  phase.  Consequently,  the  full  amplitude  at  the  beginning 
the  first  arc  must  be  equal  to  the  sum  of  all  the  computed  amplitudes. 
And  this  sum,  in  view  of  the  periodicity  of  the  process,  must  be  equal 
to  the  initially  selected  amplitude  at  the  beginning  of  the  first  arc. 

Consequently,  we  find 

y,  -  +  y&e-»  (W  -  «•->•-  +  (W  -  +  y#. 


Hence  we  find 


r.  «**  (VV  •"  "«>  ** + *"*  <V  V  ••«*«)*«+  ...  +, 


(9.55) 


For  the  cyclical  permutation  we  may  find  the  amplitudes  of  blade 
vibrations  at  the  beginning  of  each  segment.  Usually,  it  is  of  prac¬ 
tical  interest  to  know  only  the  maximum  amplitude.  Since  the  blades 
receive  surges  only  at  the  ends  of  the  arcs,  then  the  position  of  the 
maximum  amplitude  is  determined  by  the  distance  between  arc  ends.  Lat 
the  numeration  of  the  segments  be  selected  such  that  the  amplitude  y, 
is  a  maximum. 


Then  the  dynamic  coefficient,  allowing  for  the  fact  that  on  the 
active  segment  there  is  also  a  static  bend  yg,  will  be  equal  to 


(9-56) 


If  6kn  is  such  a  small  value  that  in  the  expansion  it  is  suffi¬ 
cient  to  retain  onlv  the  first  power,  then  va  find  the  approximate 
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formula 


1  .  /»-ft>  +  3e.+  ...  +  (n-l)t,]6k, 
‘ T  6k, 


(9.57) 


The  maximum  dynamic  coefficient  will  be  for  that  arc  for  which 
the  expression  in  brackets  has  a  minimal  value.  Therefore,  the  proof 
is  easily  carried  out  by  computing  this  sum  with  the  origin  on  the 
arc  being  examine.  Here  we  look  at  the  worst  case,  v/hich  may  also 
not  be  realized.  The  comments  on  this  input  are  given  in  Chapter  11, 
where  we  shall  look  at  the  experimental  results. 


To  decermine  the  dynamic  forces  and  also  to  study  the  operation 
of  the  cascade  with  partial  input  of  the  working  medium,  it  is  of 
interest  to  measure  r.onstationary  pressures  on  the  surface  of  the  blade. 
Several  experimental  investigations  in  this  direction  were  made  by 
V.  T.  Yurinskiy  and  I.  Ya.  Shestachenko.  The  experimental  turbine  had 
six  nozzles  with  barriers  between  them  that  are  unequal  in  thickness, 
Chan§  i  the  nonstationary  pressures  on  the  surface  of  the  rotating 
blades  was  carried  out  using  piezoelectric  sensors  with  the  signal 
transmitted  through  a  mercury  current  collector.  The  schematic  of 
the  measurements  and  the  measuring  equipment  are  described  in 
[91,  92]. 

Let  us  look  at  several  experimental  results  Figure  9.18 

shows  the  operating  cascade  with  the  locations  indicated  where  mea¬ 
surements  of  the  nonstationary  pressure  were  made.  Figure  9.19  gives 
typical  oscillograms  with  the  recording  of  pressure  at  points  1,  3, 

6,  7,  9  and  10  (at  the  remaining  measuring  points  an  analogous  picture 
is  observed) .  On  all  oscillograms  we  can  see  six  pressure  peaks  cor¬ 
responding  to  the  moment  of  passage  of  the  blades  past  the  nozzles. 

The  pressure  peaks  are  grouped  in  pairs,  since  the  nozzles  are  also 
thus  arranged.  The  barriers  between  the  nozzles  in  each  pair  are  r.ot 
the  same  (the  thinnest  barrier  is  in  the  second  pair  of  nozzles), 
which  determines  the  value  of  the  trough  in  the  pressure  curve  between 
the  two  peaks . 

Footnote  (1)  appears  on  page  391 
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Figure  9.18.  Aerodynamic 
cascade  with  measuring 
points  of  the  nonsta¬ 
tionary  pressure  shown. 


Figure  9.19a,b,c.  Oscillograms  with 
recording  of  pressure  on  the  blade  of 
the  rotating  cascade  with  partial  in 
input:  a,  b,  c  correspond  to  points 
1,  3>  6  on  Figure  9-18.  The  scale  is 
shown  on  Figure  a. 
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Figure  9.19d,e,f.  Oscillograms 
with  recording  of  pressure  on 
the  blade  of  the  rotating  cascade 
with  partial  input:  d,  e,  f 
correspond  to  points  7,  9,  3.0  on 
Figure  9.18.  The  soa3e  is  shown 
on  Figure  d. 


Figure  9.20. 


On  Oscillograms  9.19a,  b  and 
c,  corresponding  to  the  concave 
side  of  the  blade,  with  entry  into 
the  jet  coming  from  the  nozzles, 
we  observe  an  increase  in  the 
pressure.  At  measurement  points 
10  and  7  (Oscillograms  9.19  and  f) 
the  pressure  is  lowered.  At  point 
9  (Oscillogram  9.1&e)  we  observe 
more  random  oscillations  in 
pressure,  which  obviously  is  pro¬ 
duced  by  the  appearance  of  jumps 
in  density  since  a  supersonic  flow 
approaches  the  operating  blades 
(the  ratio  of  pressures  in  the  state 
is  0.2).  Let  us  note  that  on  the 
convex  side  of  the  blade  with  entry 
into  the  nozzle,  up  to  the  appear¬ 
ance  of  vacuum,  the  pressure  after 
passage  of  the  wide  barriers  is 
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increased  (especially  at  points  9  and  10),  This  is  explained  by  the 
deviation  of  the  gas  jets,  coming  from  the  nozzle  cascade,  to  the  side 
opposite  the  rotation  of  the  wheel,  i.e.,  by  the  appearance  of  a 
negative  angle  of  attack. 

The  observed  process  influences  the  efficiency  of  operation  of 
the  cascade  and  also  is  of  interest  from  the  viewpoint  of  dynamic 
strength  of  the  blades.  The  direct  experiment  on  weighing  the  force 
acting  on  the  rotating  blade  confirms  this  phenomenon.  Figure  9.20 
(where  the  force  which  acts  on  the  blade  in  this  stage  is  described) 
clearly  shows  that  until  a  positive  force  directed  to  the  side  of 
the  rotation  of  the  wheel  occurs,  a  negative  force  is  observed.  An 
analogous  picture  is  also  observed  in  the  partial  stages  with  suboonic 
velocities  of  the  flow. 

The  appearance  of  a  negative  force  with  the  given  relationships 
of  loading  time  and  period  of  natural  oscillation  of  the  blades  may 
lead  to  an  increase  in  the  dynamic  stresses.  However,  we  must  mention 
that  these  preliminary  investigations  have  primarily  a  qualitative 
character. 
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FOOTNOTE 


1 .  on  page  387  Analogous  investigations  on  a  large  stage  were 

made  in  the  Moscow  Power  Institute  (MPI)  using 
strain  gauge  measurements. 
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CHAPTER  10 


OSCILLATION  OF  A  COUPLED  SYSTEM  OF  BLADES 


§  10.1.  The  Blade  Ring  as  a  Coupled 
System  of  Blades 

In  the  preceding  sections,  each  blade  was  regarded  as  a  separate 
elastic  system,  not  coupled  with  the  other  blades.  Account  was 
taken  of  the  aerodynamic  interference  of  the  blade  in  a  cascade;  how¬ 
ever,  no  consideration  was  given  as  to  how  this  affects  the  oscilla¬ 
tion  of  the  entire  system.  In  actuality,  in  many  cases  it  is  nec¬ 
essary  to  regard  the  blade  ring  as  a  single  elastic  system.  In  the 
general  case,  coupling  between  the  blades  is  effected  through  the 
elastic  disk,  through  elastic  couplings  (tape  bindings  and  wires)  and 
through  a  fluid  flow. 

Consideration  of  the  oscillation  of  a  set  of  blades  as  a  slngi-* 
system  shows  that  new  phenomena  can  originate  in  it,  -which  are  not 
manifested  in  a  single  blade.  It  turns  out  that  under  specific 
conditions,  dynamic  instability  of  the  blade  can  appear,  and  self¬ 
oscillations  can  originate.  Interesting  problems,  which  are  of 
practical  importance,  arise  during  a  study  of  the  oscillations  of  a 
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cascade  consisting  of  nonuniform  blades^.  The  basic  feature  of  the 
oscillation  of  a  blade  ring  in  comparison  to  the  oscillation  of  an 
indi vidua:  blade  consists  in  the  exchange  of  energy  among  the  blades 
themselves  and  between  the  flow  and  the  blades. 

Practical  interest  is  afforded  by  two  problems.  The  first  con¬ 
cerns  the  forced  oscillations  of  blades  situated  in  an  unsteady 
stream,  and  the  second  one  concerns  the  stability  loss  of  an  elastic 
system  in  a  uniform  flow. 

Let  us  consider  a  system  of  uniform  blades  fixed  on  an  elastic 
disk.  A  stream  of  gas  flows  around  the  blade  system. 

For  the  analysis  of  specific  problems,  we  introduce  some  simpli¬ 
fying  assumptions.  We  shall  replace  a  blade  which  is  an  elastic 
blade  with  an  infinite  number  of  degrees  of  freedom  by  an  oscillator 
having  only  one  degree  of  freedom.  The  possibility  of  such  a  replace¬ 
ment  is  explained  by  the  fact  that  the  greatest  interest  is  afforded 
by  the  study  of  near-resonance  regimes,  while  loss  of  blade  stability 
in  a  cascade  takes  place  considerably  more  easily  in  the  case  of 
purely  bending  or  purely  torsional  oscillations.  Velocities  usually 
unattainable  in  turbpmachines  are  required  for  inducing  bending- 
torsional  flutter.  In  most  cases  it  is  also  possible  to  consider 
these  oscillations  separately  when  studying  forced  oscillation. 

We  shall  take  account  of  the  interaction  among  the  blades  through 
the  elastic  disk,  as  well  as  through  the  flow,  by  means  of  influence 
coefficients.  'We  assume  that  the  profiles  in  the  cascade  have  an 
arbitrary  shape,  but  that  their  shift  in  the  course  of  the  oscilla¬ 
tion  process  is  small  in  comparison  to  the  cascade  step,  and  that  the 
oscillation  velocity  is  small  in  comparison  to  the  velocity  of  the 
main  stream.  Thus,  we  asst  2  that  the  effect  of  unsteady  interference 
may  be  linearized,  i.e.,  the  unsteady  part  of  the  mutual  influence 


Footnote  (1)  appears  on  page  438 . 
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may  be  linearized,  i.e.,  the  unsteady  part  of  the  mutual  influence 
may  be  represented  by  a  sum  of  two  terms,  one  of  which  is  propor¬ 
tional  to  the  shift,  and  the  other  is  proportional  to  the  oscilla¬ 
tion  velocity.  We  emphasize  that  the  value  of  steady  profile  inter¬ 
action,  determined  by  the  cascade  geometry  and  by  the  main  stream, 
may  be  arbitrary. 

Questions  connected  with  replacement  of  the  blades  by  an  equi¬ 
valent  oscillator,  as  well  as  the  choice  of  influence  coefficients, 
have  in  a  sense  been  touched  upon  above,  and  at  present  we  shall 
devote  our  attention  to  the  problem  of  stability  on  the  whole. 

t  h 

We  v/rite  the  equation  of  the  oscillation  of  an  arbitrary  n 
blade : 


my+K«ji*'=Fn.  (10.1) 

Here  m  is  the  mass  of  the  oscillator,  Kn  is  the  rigidity  of  the 
oscillator  spring,  Fn  is  the  external  force  acting  upon  the  blade. 
The  dot  signifies  differentiation  in  time. 

In  the  case  at  hand  the  damping  coefficient  takes  account  of 
that  par;;  of  the  damping  which  originates  for  oscillation  of  only 
the  blade  under  consideration,  while  the  others  are  motionless.  The 
influence  of  the  remaining  blades  upon  the  damping  (on,  on  the  con¬ 
trary,  upon  excitation)  of  oscillations  of  the  blade  under  consider¬ 
ation  is  taken  into  account  by  the  external  load. 

With  the  assumptions  made  above,  the  external  load  may  be 
expressed  in  terms  of  the  influence  coefficients 

p„  -  £  MV  + £  Jfjfi**  (  io  .  ? ) 

*-i  fw i 

Here  z  is  the  number  of  blades  on  the  wheel,  K1?  is  the  force  acting 
upon  blade  n  with  a  unit  shift  of  blade  k,  JST?  is  the  force  acting 
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upon  the  blade  n  with  a  single  instantaneous  oscillation  velocity  of 
blade  k. 

The  propagation  velocities  of  a  signal  are  not  infinitely  great 
either  in  a  gas  or  in  the  material  of  the  disk.  This  must  be  taken 
into  account  when  determining  the  influence  coefficients.  However, 
in  practice  this  pertains  only  to  aerodynamic  influence  coefficients, 
since  the  propagation  velocities  of  a  displacement  wave  <*=>  and 

a  longitudinal  wave  <1  =  in  metal  are  very  great  (m  is  the  shear 

modulus,  E  is  the  modulus  of  elasticity,  Is  the  density  of  the 
metal).  Since  only  the  influence  of  adjacent  blades  is  significant, 
and  the  ratio  of  the  perturbation  wavelengths  to  the  blade  spacing 
2na/vt  (even  with  an  oscillation  frequency  of  several  kilohertz)  is 
very  great,  the  problem  of  elastic  influence  coefficients  may  be 
regarded  as  a  quasi-steady  one. 

In  the  general  case  influence  coefficients  are  complex  numbers, 
since  the  acting  forces,  generally  speaking,  are  not  in  phase  with 
the  causes  that  have  induced  them:  displacement  and  displacement 
velocity.  For  aerodynamic  influence  coefficients,  this  is  explained 
by  the  origination  of  a  vortex  wake  in  case  of  a  change  of  circulation 
brought  about  both  by  displacement  and  by  displacement  velocity. 

The  influence  coefficients  include  the  coefficients  of  elastic  and 
aerodynamic  coupling  of  the  cascade.  Let  us  note  the  basic  differ¬ 
ence  between  these  coefficients. 

The  coefficients  of  elastic  coupling  are  subjert  to  the  recipro¬ 
city  theorem 


and  constitute  the  force  with  which  blade  k  with  a  unit  displacement 
acts  upon  blade  n  (or  conversely).  These  influence  coefficients  are 
real  numbers. 
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The  aerodynamic  influence  coefficients  do  not  constitute  the 
force  of  action  by  one  plate  upon  another.  For  example,  a  displace¬ 
ment  of  blade  k  produces  a  change  in  the  aerodynamic  force  acting 
upon  blade  n.  What  is  changed  is  a  force  acting  from  a  third  body  — 
the  stream.  Therefore,  a  displacement  of  blade  n  need  not  necessarily 
induce  an  equal  and  opposite  force  on  blade  k.  A  similar  remark  is 
valid  with  respect  to  coefficients  Aerodynamic  influence  co¬ 

efficients,  as  has  already  been  said,  aic  complex  numbers,  since 
during  vibration  of  blades,  forces  with  a  phase  shift  are  induced. 

The  aerodynamic  component  of  ccefffciencs  is  significant  only 
in  the  case  where  there  is  static  circulation  of  velocity  about  the 
blades  of  the  cascade,  i.e.,  the  cascade  deflects  the  stream  (external 
cascade).  In  this  case  the  field  about  the  cascade  is  nonuniform, 
and  the  shift  of  the  blade  during  the  oscillation  process  brings 
about  the  appearance  of  a  supplemental  unstable  force.  In  case  of 
the  oscillation  of  a  single  wing  or  a  plate  cascade  with  a  zero  angle 
of  attack  of  the  main  stream,  this  supplemental  force  is  absent  (or 
is  a  value  of  the  second  order  of  smallness,  since  the  nonuniformity 
of  the  stream  is  of  the  first  order  of  smallness  and  a  small  displace¬ 
ment  induces  aerodynamic  forces  of  the  second  order  of  smallness). 

The  relationship  between  the  values  of  the  aerodynamic  forces 
proportional  to  the  displacement  and  the  oscillation  velocity  depends 
upon  the  oscillation  frequency  and  the  static  circulation.  In  case 
of  oscilLations  of  low-frequency  heavily  loaded  blades,  a  relatively 
greater  Influence  is  exerted  by  displacement.  Conversely,  in  the 
case  of  oscillations  of  high-frequency  blades  in  a  lightly  loaded 
cascade,  the  aerodynamic  interference  is  determined  mainly  by  the 
oscillatLon  velocity. 

The  aerodynamic  velocity  coefficients  can  be  computed  by  means 
of  the  methods  set  forth  in  the  preceding  sections.  It  should  only 
be  kept  in  mind  that  in  practical  calculations,  cascades  with  a  finite 
number  of  blades  are  considered  (annular  cascades  or  packets  consist¬ 
ing  of  a  finite  number  of  blades). 
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Ir  the  study  of  blade  vibration,  interest  is  usually  expressed 
only  in  harmonic  oscillations,  and  therefore  with  a  specific  frequency 
it  is  possible,  instead  of  Series  (10.?),  to  consider  also  the  series 

Fm  -  S  (10,3) 

A-l 

§  10.2.  Quasl-steadv  Influence  Coefficients: 

Aerodynamic  influence  coefficients  may  be  computed  by  means  of 
the  methods  set  forth  in  Chapters  5  and  7.  Tc  determine  the  influence 
coefficients  fcr  displacement,  it  is  necessary  to  find  the  aerodynamic 
forces  acting  upon  the  profiles  after  displacement.  In  a  strict 
formulation,  this  problem  presents  considerable  calculation  difficul¬ 
ties.  Since  we  are  dealing  only  with  computation  of  the  integral 
forces,  and  since  details  cf  pressure  distribution  are  cf  no  interest 
in  the  pxoblem  under  consideration,  use  may  be  made  of  an  approximate 
procedure  based  upon  an  estimate  of  the  average  values .  In  determin¬ 
ing  the  influence  coefficients  of  a  displacement,  the  main  difficulty 
consists  in  separate  determination  of  the  forces  acting  upon  the  con¬ 
vex  side  and  the  concave  side  of  the  blade.  Here  we  shall  use  only 
the  quasi -steady  approach. 

The  integral  forces  acting  upon  the  concave  side  and  the  convex 
side  of  a  blade  are  brought  about  by  rotation  of  the  stream  in  the 
cascade.  Therefore,  we  shall  utilize  the  determination  of  some 
average  velocities  and  pressures  that  are  characteristic  of  the 
indicated  sides  of  a  blade.  For  an  approximate  solution  we  shall 
use  the  method  of  determining  average  velocities  proposed  by  G.  Yu. 
Stepanov  [78]  which  is  applicable,  in  rough  calculations,  to  cascades 
with  a  constant  spacing  (without  displacement). 

Let  us  first  consider  an  aerodynamic  cascade  of  arbitrary  pro¬ 
files  distributed  with  the  identical  spacing  t  (Figure  10.1).  We 
designate  by  and  ta®  the  velocities  of  the  stream,  respectively. 
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far  in  front  and  far  behind  th» 
cascade,  and  by  and  p  ,  wo 
designate  the  angles  forned  by 
these  velocities  with  th«!  cascade 
axis>  Instead  cf  t^ue  variable 
velocities  on  the  cascade  pro¬ 
files,  we  shall  introdi  ■*  some 
constant  average  values  on  “hr 
back  edge  and  on  the  concave 
side  Wg.  We  shall  introduce  these 
velocities  in  such  a  manner  ns  to 
satisfy  the  integral  equation  of 
momentum  and  the  condition  of  tne 

We  express  the  force  acting  upon  an  arbitrary  profile  of  the 
cascade  in  the  direction  of  the  cascade  axis  in  terms  of  the  intro¬ 
duced  average  velocities 

Y-jpH*) dx-j  (pt-jfh**)dx - ~ »>l)b.  ( 10 . 4 ) 

Here  p°  ari  p°  are  the  pressure  and  density  of  the  fluid,  pQ  is  the 
braking  pressure,  2b  is  the  width  of  the  cascade.  Integration  pro¬ 
ceeds  counterclockwise. 

The  same  force  may  be  computed  by  means  of  the  equations  of 
the  change  of  momentum,  and  then  by  means  of  (10.4)  we  obtain 

p,  (w»cos  ?,  +  w®  cos  p,).  ( 10 . 5  ) 

We  write  the  condition  stating  that  the  velocity  circulation  along 
contour  Lj  is  2ero,  does  not  encompass  a  single  blade  (the  cas¬ 
cade  is  considered  in  a  potential  stream) 

u^(s)rf* -  -  w$st  -  /»•  cos p, -  f w* cos p,  <=  0.  (10.6) 


Figure  10.1.  An  aerodynamic 
cascade  with  constant  spacing. 


absence  of  vortices. 
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Here  s^,  are  the  arc  length 
of  the  blade.  Henceforth,  we 

SA  =  SB  =  3* 


s  of  the  back  edge  and  the  concave  side 
shall  assume  that  these  arcs  are  equal 


Simultaneous  J.y  solving  (10.5)  and  (10.6),  we  find  the  average 
velocities  on  the  back  edge  and  on  the  concave  side  of  a  blade: 


.w*  ”  : sin  ■ P« +  fc*605  Pt  +  “■* co*  W. 

W,  -  »?*'«  P,  -2?KC0SP>  *  UJC0SW' 


We  utilize  the  continuity  equation  for  an  incompressible  fluid 
ion  Pi  *•  iv^in  and  find  the  final  form  of  the  preceding  formulas: 


-»®{~-sinpl  + 
“  w?[^rsi"Pi- 


t  sir.(P,+pt)1 
2s  sinp,  J*' 

I  sin  (Pi  4-  tt) 

2s  sin  Pi  * 


(10.7) 


Before  passing  on  to  a  solution  of  the  problem  concerning  the 
influence  of  a  displacement,  let  us  consider  a  somewhat  different 
approach  to  the  problem  and  obtain  another  rough  formula. 


We  shall  again  consider  a  cascade  with  a  constant  spacing  in  a 
potential  stream  of  incompressible  fluid.  Since  potential  flow  is 
being  considered,  the  equation  for  the  absence  of  vortices 


must  be  satisfied. 

We  pass  from  the  Cartesian  system  of  coordinates  to  a  natural 
system,  designating  by  s  and  n,  respectively,  the  arc  length  of  the 
streamlines  and  their  orthogonal  trajectories.  At  a  point  A,  selected 
on  a  streamline,  we  identify  directions  x  and  y  with  directions  s 
and  n  (Figure  10.2).  Then  the  equation  for  the  absence  of  vortices 
wi 1 1  assume  the  form 


ix' 

On 


~0. 
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Q 

Here  w  is  the  total  velocity  of 
the  stream  at  the  selected  point, 
wn  is  its  normal  component-  (at 
point  A,  naturally,  equal  to  zero). 
We  designate  by  JO  the  angle  be¬ 
tween  the  velocity  at  point  A* , 
situated  along  the  arc  at  the  dis¬ 
tance  ds,  and  the  fixed  direction 
of  the  x-axis.  Then  (see  Figure 
10.2)  the  increment  of  normal 
velocity  will  be  equal  to  dv.<a  =»  v°tto , 
and  we  obtain  dtojfe  —  vtdOfdt. .  Finally,  we  obtain  the  equation  for  the 
absence  of  vortices  in  a  natural  system  of  coordinates 

«•  (10 .8) 

Here  K  =  K(s)  in  the  curvature  of  the  streamline. 

Let  vs  first  consider  an  aerodynamic  cascade  with  a  constant 
spacing  t  (see  Figure  10.1).  In  the  channel  between  the  blades  we 
pass  an  average  streamline  s  and  a  normal  trajectory  n,  which  ,5n 
accordance  with  the  condition  is  equipotentlal. 

Integrating  the  first  equation  of  (10.8)  in  the  direction  of 
the  normal,  we  obtain  the  law  governing  the  change  of  velocities; 
across  the  channel  between  blades 

t**  —  »£cxp(j  •g-rfnj.  (10.9) 

Here  is  the  value  of  the  velocity  on  an  average  line. 

Henceforth,  we  could  use  Expression  (10.9),  but  for  the  sake  of 
simplifying  the  following  calculations  we  shall  expand  the  exponent 
in  a  series  and  shall  retain  only  two  terms: 


Figure  10.2.  Derivation  of 
an  equation  in  a  natural  sys¬ 
tem  of  coordinates. 


hoo 
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(10.10) 


It  can  St  easily  shown  that  this  will  not  Introduce  any  substan¬ 
tial  error,  since  the  second  term  estimates  the  velocity  change  of 
the  stream  at  a  distance  equal  to  half  the  channel  width.  Such  a 
simplification  is  all  the  more  permissible,  sin re  average  values  are 
being  estimated,  while  subsequently  only  small  variations  of  average 
values  will  be  considered. 


by  means  of  Equation  (10.9)  or  (10.10)  it  is  possible  in 
principle  to  find  a  law  governing  velocity  change  at  any  section  of 
the  channel,  including  one  for  the  velocity  at  the  blade  contours 
(78].  However,  we  are  now  dealing  only  with  average  values,  and 
therefore,  shall  introduce  into  the  considerations  the  average 
channel  curvature,  for  which  it  is  natural  to  assume 

(io.il) 

Here  2  is  the  angle  of  turn  of  the  stream  in  the  cascade 

(i.e.,  the  angle  increment),  s  is  the  length  of  the  average  stream¬ 
line  within  the  channel  (i.e.,  the  length  over  which  the  angle  incre¬ 
ment  occurs ) . 


Substituting  Condition  (10.11)  into  Equation  (10.10)  and  inte¬ 
grating  Ln  the  direction  of  the  convex  t lade  surface  and  the  concave 
blade  surface,  we  obtain  the  values  of  the  characteristic  velocity 


=  »*  +  HzP'-hhui 

m  '  2s  m* 


hw* . 

a  ft  2$  *« ' 


(10.12) 


Here  h  is  the  channel  width  (the  length  of  the  equipueenfcial  between 
the  convex  side  and  the  concave  side  of  adjacent  blades). 


It  fellows  from  Formula  (10.12)  that  the  velocity  is  an 
average  one  with  respect  to  rate  in  the  channel  cross  section,  and 


*<01 
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the iv JL'are  the  product  A**  may  be  replaced,  on  the  basis  of  the  con¬ 
tinuity  equation,  by  the  values  A**  -/wjsinp, ,  which  are  known  on  the 
basis  of  the  condition  of  the  problem.  Then  from  (10.12)  wt  obtain 

»,-■»- J^zh- X sin p,.  (10.13) 

Such  a  substitution  is  valid  for  any  cross  section  of  the  channel. 
Thus,  there  remains  a  freedom  cf  choice  of  the  location  of  the  chax’- 
aeteristic  cross  section  of  the  channel.  This  choice  is  equivalent 
to  a  choice  of  the  value  of  velocity  *£.  We  select  in  such  a 
manner  as  to  satisfy  the  integral  condition  upon  which  the  value  of 
the  acting  forces  depends:  the  given  change  of  momentum. 

Let  us  first  of  all  note  that  t#A  and  w0  are  relaed  by  Condition 
(10.5),  which  proceeds  from  the  equation  of  momentum. 

Substituting  wA  and  from  (10.5)  into  (10.13),  we  find  the 
value  of  the  average  velocity  at  which  the  equation  of  momentum  is 
satisfied: 


-j,  • 


(10.1*0 


Substituting  (10.1*1)  into  (10.13),  we  find  the  final  formulas 
for  the  average  velocities  on  the  back  edge  and  concave  side 


m  n*f  +  M  *  .  («  —  Pi  —  Piiiinfli  *1 

*  ^U*-P,-P,)sinp,  2*  -r  2  *J* 

„  —jaif  +  _ £_  fa—  (l|  —  P,)  sin  pi  /  1 

u  '  2  *r 


(10.15) 


Formulas  (10.7)  and  (10.15)  have  the  same  structure  and  tne 
difference  consists  only  in  the  coefficients  in  front  of  s/2b  and  t/n. 
In  che  limiting  case  for  a  cascade  of  plates  that  are  in  a  flow  with¬ 
out  angle  of  attack,  we  have  pi=*fc=.-t/2,  *«=2A .  Then  from  (10.7)  we  obtain 
wA ** wm " »? »  which  corresponds  to  the  exact  value.  The  same  result 
follows  from  Formula  (10.15)  after  expansion  of  the  indeterminacies 
in  the  first  term. 
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When  estimating  the  velocities  on  thick  and  strongly  bent  pro¬ 
files,  more  exact  results  are  found  by  Formula  (10.15).  This  is 
evidently  connected  with  the  fact  that  was  assume"  in  the 

derivation  of  (10.7),  whereas  for  thick  profiles  the  indicated 
relationship  may  assume  the  form  Si*. 

As  an  example  we  shall  determine  the  average  velocities  on  a 
blade  in  a  cascade  which  is  characterized  cy  the  following  values: 

p,  **  39*.  P,  —  25\  s  *  63  mm,  2b  «■  52  mm,  t  *»  40  mm. 

Computations  according  to  Formulas  (10.15)  yield  ’.,44, 0,74. 

In  Figure  10.3  these  values  are  compared  with  an  exact  calculation  of 
the  velocity  distribution  on  the  profile;  for  the  sake  of  a  clear 
comparison,  a  cascade  was  selected  with  approximately  equal  velocities 
on  the  back  edge  and  on  the  concave  part. 

Let  us  determine  the  influence  coefficients.  Let  us  assume  that 
one  profile  (m  =  0)  in  the  cascade  has  been  displaced  in  the  positive 
direction  of  the  ordinate  by  the  value  f<.i ,  while  the  others  have 
remained  at  their  former  places  (Figure  IQ.iJ).  With  a  displacement 
of  profile  m  =  0,  the  greatest  change  will  take  place  in  the  condi¬ 
tions  of  flow  about  the  displaced  profile,  as  well  as  about  profiles 
m  =  +1  and  n  =  -1.  The  method  considered  above  will  make  it  possible 
to  carrj  out  the  calculation  for  the  channels  and  therefore  will 
permit  in  estimate  tG  be  made  of  change  of  the  pressures  only  on  the 
ccneave  side  of  profile  m  =  +1,  both  sides  of  orofile  m  =  0,  and 

(  O) 

the  com  ex  side  of  profile  m  =  -1. 

We  utilise  the  Bernoulli  equation  for  an  incompressible  fluid 

*A  .  *5  Pt  ,  »J 

TlrTT“7r  +  T 


Footnote  (2)  appears  on  page  4^8. 
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m*+" 


m*Q 


Figure  10, 3.  Comparison  of 
average  velocities  with  precise 
calculation.  Figure  10.4.  Displacement  of 

a  profile  in  a  cascade. 

and  we  represent  the  pressure  increment  on  the  convex  side  of  the 
profile,  taking  into  account  the  smallness  of  the  perturbations 

*Pa  “  ?a -Pa  “*  F ~  “£)  “  P*«4  («U ' ~  ®i)-  C  10 . 1 6  ) 

Here  the  prime  denotes  the  pressure  and  velocity  of  the  fluid  on 
the  convex  side  after  displacement. 

We  designate  t*  »  t  +  y,  where  r>0  ,  if  the  channel  width 
increases,  and  t’  *  t  -  y  if  the  channel  width  decreases. 

Then  the  pressure  change  on  the  convex  side  is  determined 
according  to  (10.15)  and  (10.16): 

A PA (10.17) 

Here  it  is  assumed  that  the  channel  width  increases;  if  the  channel 
narrows,  a  minus  sign  should  be  placed  in  front  of  the  formula. 

In  an  analogous  manner  we  find  the  formula  for  determining  the 
pressure  change  on  the  concave  side  (the  channel  width  increases) 

(10.18) 
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The  increment  of  a  fore-.*  acting  upon  the  concave  side  of  blade 
ns  =  +1  is  found  according  to  (10.18)  under  the  condition  that  the 
channel  has  narrowed: 


(TO.  19) 


Then  the  corresponding  influence  coefficient,  defined  as  the 
force  acting  with  a  unit  shift,  will  according  tc  (10.19)  and  (10.15) 
be  equal  to 


.*t.  I  At  *  f*  -  Pi  -  ®|1  sin  (l|  f  iln  (9, 


(Pi+Pi)  i  fc~Pi-Pt)i<lnp,  fl  On  pn"\ 

r-Pi) *InP,  2ft  3  x]‘  •  ' 


Analogously,  according  to  (10.17)  and  (10.15)  the  influence 
coefficient  for  olc.de  m  =  -1  will  be  determined  (it  should  only  be 
taken  into  account  that  the  force  acting  in  a  positive  direction 
along  the  ordinate  is  considered  positive) 


>i—  Pi)  sin  Pi  f  sin  (Pi  +  p,)  » 

*  L  (3  ~  pi  —  P,}  sin  Pi  2*  *** 


(10.21) 


In  computing  the  Influence  coefficient  for  blade  m  *  0,  account 
should  be  taken  of  the  fact  that  from  one  direction  the  channel 
narrows,  and  from  the  other  direction  it  widens,  and  account  should 
also  be  taken  of  the  signs  of  the  resultant  forces. 


Then  from  (10.17),  (10.18),  and  (10.15)  we  obtain 

K?~~-  2t  +  poa^aB  Jt » 

,  *  (10.22) 

-  —  P°  (»?/  (*  -  fit "  Pj)*  sin*  p,  ~ — . 

Let  us  note  some  singularities  of  the  obtained  influence  coeffi¬ 
cients  that  have  practical  significance  and  determine  the  oscillation 
singularities  of  the  blade  rings. 


First  of  all,  since  an  arbitrary  three  blades  were  selected, 
it  is  possible  to  write 
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(10.23) 


From  (10.20)  and  (10.21)  It  follows  that  the  influence  of  the 
displaced  blade  upon  the  neighboring  blades  Is  not  identical,  i.e., 
the  influence  coefficients  may  be  imagined  as  having  symmetrical  and 
asymmetrical  parts. 

From  (10.20),  (10.21)  and  (10.23)  it  follows  that  the  influence 
of  the  displaced  blade  upon  its  neighboring  blades  is  greater  from 
its  concave  side  than  from  the  convex  side* 

irirn>|AT*L  (10.2*1) 

This  is  explained  by  the  fact  that  (foi*  the  same  displacement) 
the  pressure  on  the  neighboring  blades  changes  more  on  the  convex 
side  and  less  on  the  concave  side. 

Prcm  (10.22)  and  (10.23)  it  follows  that  the  displaced  blade 
is  acted  upon  by  a  supplemental  aerodynamic  restoring  force  A 1*<0. 

Trie  following  should  hold  true  for  the  formulation  under  consideration 

A*  *  A*  -A*  * 

It  is  furthermore  necessary  to  note  that  the  influence  coeffi¬ 
cients  are  proportional  to  the  kinetic  energy  of  the  main  stream. 

Since  the  problem  has  been  considered  in  a  quasi-steady  formulation, 
the  obtained  influence  coefficients  are  real  numbers.  With  account 
taken  of  the  vortex  wake,  the  influence  coefficients  will  be  complex 
numbers,  but  for  the  oscillation  of  low-frequency  blades,  i.e.,  in 
the  case  of  low  Strouhal  numbers,  the  real  parts  will  be  much  greater 
than  the  imaginary  parts. 

We  determine  the  influence  coefficients  for  the  numerical  values: 

Pi-30*,  Pi-* ?5*,  s  03  mm,  26*52  ms,  /«40  mm. 


FTD-HC-23-242-70 


406 


which  are  typical  for  an  active  cascade.  According  to  Formula  (10.20) 
-  (10,22),  taking  (10.23)  into  account  we  obtain 

#CJ“'8  „  i ,2Df2 A'*'11  ~  - 0,66f»° (to*)*  A“ -  - O.Wp’ 

§  10.3.  Energy  Exchange  During  the 
Oscillation  of  a  Blade  System 

When  a  cascade  oscillates  as  a  connected  system,  energy  exchange 
is  possible  both  directly  among  the  blades  and  between  the  blades 
and  the  fluid. 

We  write  the  equation  for  the  oscillation  of  a  blade  in  a  cas¬ 
cade,  assuming  that  interaction  exists  only  between  neighboring  blades 


n'y*  *  -  CV, + + CV..,  + 


(10.25) 


Here  the  characteristics  of  the  blade  under  consideration  (the  oscil¬ 
lator),  namely  the  attenuation  coefficient  and  the  stiffness  of  the 
spring,  are  written  in  the  form  of  influence  coefficients  3*  and  Kn» 
Influence  coefficients  include  both  mechanical  and  aerodynamic 
damping.  Coefficients  describe  only  the  aerodynamic  effect;  /rff* 
determine  the  aerodyr.an.ic  and  the  elastic  relationship. 

We  shall  assume  that  steady  harmonic  oscillations  are  possible 
in  the  system,  and  after  analysis  of  the  energy  exchange  we  shall 
establish  the  cases  In  which  this  is  possible.  Since  the  system  is 
a  connected  one,  the  oscillation  of  all  the  blades  takes  place  with 
the  same  frequency,  but,  generally  speaking,  with  different  amplitudes 
and  phases. 

+*  Vi 

Let  an  arbitrary  n  blade  oscillate  according  to  the  law 


(10.26) 
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Here  is  the  oscillation  amplitude,  is  the  phase  shift. 

In  view  of  the  fact  that  steady  oscillation  is  being  considered, 
the  total  energy  change  of  each  blade  is  equal  to  zero.  However, 
when  investigating  resonance  phenomena  and  flutter  it  is  of  interest 
to  study  the  balance  of  energy  supply  and  removal,  as  well  as  the 
directions  of  the  energy  flows  across  the  cascade. 

Let  us  first  of  all  compute  only  that  part  of  the  energy  which 
Is  dissipated  by  the  nth  oscillating  blade  and  does  not  depend  upon 
the  oscillation  law  of  the  neighboring  blades.  This  energy  dissipa¬ 
tion  is  brought  about  by  a  resistance  force  proportional  (in  a  linear 
formulation)  to  the  oscillation  velocity 

The  amount  of  energy  dissipated  per  oscillation  cycle  is 
obviously  equal  (the  sign  Re  designates  the  real  part)  to 

r 

A*-  r~£.  (10.27) 

When  determining  the  average  energy  it  is  necessary  to  compute 
an  average  of  two  periodic  functions  that  are  ir.  complex  form,  over 
a  period.  In  order  to  avoid  cumbersome  transformations,  it  is  desir¬ 
able  to  use  a  general  formula. 

Let  there  first  be  two  periodic  functions,  given  in  real  form: 

F,  -  Fm  cos  (vt + ?,).  f1-fe4co$(vt+^.. 

We  compute  the  average  of  their  product  for  a  period  (T  is  the 
total  period) : 

r  r 

7- f  FtFadt f  cos  (vt  +  f  1) cos (vr + f,) dt  - 

i  (10.28) 

Let  the  peric  ’ic  functions  new  be  given  in  complex  form 

fi 11  f\  <"♦*>. 
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Let  us  consider  the  product  of  the  first  function  and  the  function 
which  is  conjugate  to  the  second  function: 

If  the  real  part  of  this  expression  is  divided  by  two,  the 
result  coincides  with  (10.28).  Thus  we  arrive  at  the  final  form  for 
the  average  for  the  period: 


(10.29) 


Here  the  complex  conjugate  value  is  designated  by  a  bar. 

By  means  of  Formulas  (10.26),  (10.27),  and  (10.29)  we  find  that 
part  of  the  energy  which  is  dissipated  by  the  oscillating  blade  per 
oscillation  cycle  (per  unit  of  time) 


(10.30) 


The  real  part  of  Jf?  is  negative,  since  it  is  a  damping  coeffi¬ 


cient. 


The  energy  supplied  to  the  nu  cascade  due  to  displacement  of 
the  (n  -  l}*"*1  blade  is  equal  to 


(10.31) 


Computations  by  means  of  (10.26),  (10.29),  and  (10.31)  yield 


(10.32) 


In  an  analogous  manner  we  compute  the  work  supplied  to  the  nc* 
blade  due  to  the  influence  of  the  displacement  rate  of  the  (n  -  l)1 
b lade : 


(10.33) 
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Computation  of  the  work  that  depends  respectively  upon  the  dis- 

s  fc 

placement  and  the  displacement  rate  of  the  (n  +  1)  blade  yields 


4T-J  Re[/cr^,]Re[ir.!*. 


(10.35) 


4T- J 


(10.36) 


Mote  that  the  influence  coefficients  in  the  form  that  has  been 
adopted  for  them  in  Equation  (10.25)  have  real  parts  that  are  consid¬ 
erably  larger  than  the  imaginary  parts.  This  is  explained  by  the 
fact  that  the  lift  force  components  induced  on  blade  number  n  must 
be  approximately  in  phase  with  the  corresponding  displacements  and 
velocities  which  induce  them.  Analyzing  the  solution  in  order  to 
contract  the  notation,  we  shall  assume  that  these  coefficients  are 
real  (numbers  K  and  k  are  small) . 

Then  the  expressions  for  the  work  performed  are  transformed  into 
the  following  form: 

(10.37) 

Let  us  first  consider  flow  by  a  uniform  stream  about  a  cascade, 
all  the  profiles  of  which  have  identical  aerodynamic  and  mechanical 
characteristics.  We  shall  call  such  a  cascade  a  homogeneous  cascade. 
Let  the  cascade  be  infinite  or  let  it  be  situated  on  a  wheel,  i.e., 
let  it  be  closed.  Then  in  Yi of  the  symmetry  of  the  problem  all 
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the  profiles  are  under  identical  conditions  and  can  oscillate  with 
tno  same  amplitude  and  with  a  constant  phase  shift  between  adjacent 
profiles.  If  the  cascade  is  an  annular  one,  the  phase  shift  cannot 
be  arbitrary,  since  a  whole  number  of  waves  must  be  situated  on  the 
circumference.  The  latter  condition  requires  satisfaction  of  the 
relationship  az^ak ,  where  z  is  the  number  of  blades  on  the  wheel, 

k  —  1,  d j  3,  ....,  z  * 


Thus,  for  a  homogeneous  cascade  in  the  case  of  a  symmetrical 
problem,  it  is  possible  to  set: 


yU  “  jC  ”  #  •  A  -  -  fa  -  ?«.»)  -  «• 

K*'" -  K\  -S’?*0 -.S’*.  St"*#'' 


(10.38) 


In  order  that  non-attenuating  harmonic  oscillations  be  possible 
in  the  system,  the  energy  supplied  and  removed  must  be  equal  for  all 
the  blades . 


By  means  of  (10-37)  and  (10.38)  we  obtain  the  condition  for  a 
non-attenuating  oscillation: 

j{yyW^+A^+-?')c<xa-v[K~-K')sin«)  =0.  (10.39) 

We  break  down  the  influence  coefficients  into  terms  which  depend 
upon  the  mechanical  properties  of  the  system,  and  terms  which  depend 
upon  the  aerodynamic  properties  of  the  system: 

K'-Ku  +  Kl  1 

JT-JT,.  I  (10. 40) 

Here,  Km>0  is  the  mechanical  influence  coefficient,  which  on  the 
basis  of  the  reciprocity  theorem  does  not  depend  upon  the  direction 
of  action  of  the  force;  K,  and  are  the  respective  coefficients  of 
aerodynamic  influence,  and  furthermore  (as  has  been  noted  in  §  10.2): 

Ki>0.  Kl< 0;  -2£<0  and 
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are  respectively  influence  coefficients  which  take  into  account  the 
mechanical  and  aerodynamic  damping  of  the  blade  under  consideration. 

Thus,  the  first  two  terms  in  (10.39)  express  the  energy  dissipated 
with  the  mechanical  and  aerodynamic  damping  of  each  blade: 

[^5+(^+^)coc  «j.  do .  'a) 

the  value  of  the  aerodynamic  damping  naturally  depending  upon  the 
phase  shift  of  the  neighboring  blades,  but  always  remaining  a  positive 
value. 


The  last  term  in  (10.39)  constitutes  the  energy  supplied  to  (or 
let  off  from)  the  oscillating  blade  from  the  stream 

-TvkTOC-KOsina.  (10.42) 

Since  (*;-*i)<0,  energy  is  supplied  when  0<a<«  ana  is  dissipated 
when  n<«<3x. 

Thus,  with  a  certain  relationship  among  the  coefficients  Condition 
(10.39)  may  be  satisfied,  and  then  non-attenuating  oscillation  exists. 
b*e  emphasize  that  the  energy  for  maintaining  this  oscillation  is 
derived  from  the  uniform  stream,  while  the  oscillations  of  the  neigh¬ 
boring  blades  serve  only  as  a  sort  of  regulator,  which  delivers 
this  energy  in  definite  portions.  Such  a  process  is  called  self- 
oscillating,  and  in  application  to  blades  it  is  called  flutter.  The 
possibility  of  flutter  of  this  kind  has  been  pointed  out  by 
Shioiry  [136]. 

The  case  under  consideration  deals  with  flutter  with  one  degree 
of  freedom,  since  blades  can  carry  out  only  purely  flexural  (or 
purely  torsional)  oscillations.  It  should  not,  however,  be  forgotten 
that  the  entire  elastic  system  has  <>|  degrees  of  freedom.  When  z  =  1 
(one  oscillating  blade  in  the  cascade  or  a  single  wing),  flutter  of 
this  type  is  impossible,  as  can  be  readily  seen  from  Expression  (10.37) 
when  .  Therefore,  is  more  correct  to  call  flutter  of 
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this  typo  cascade  flutter.  We  shall  also  emphasize  that  such  flutter 
is  possible  only  in  loaded  cascades  where  there  is  static  circulation 
of  a  definite  value,  since  the  coefficients  Kt  and  K2  depend  on  it. 


Abovw,  we  have  considered  the  conditions  at  the  stability  boundary. 
The  necessary  values  of  the  aerodynamic  coefficients  were  established 
from  (10.39)  and  (10.40).  Since  the  influence  coefficients  are  pro¬ 
portional  to  the  kinetic  energy  of  the  main  stream  (S  10.2),  the 
critical  energy  at  which  the  cascade  will  lose  stability  can  be 
established  on  the  basis  of  the  difference 


A*  —  Km  *■  ' — - ~r - - 


‘  const * 


pW 


(10.H3) 


Here,  p°  and  w^  are  respectively  the  density  of  the  gas  and  the 
velocity  of  the  main  stream.  Obviously,  the  smaller  the  left-hand 
part  of  (10.43),  the  more  will  a  stability  loss  be  observed  at  lower 
velocities . 

If  aerodynamic  damping  is  small  in  comparison  to  mechanical 
damping,  loss  of  stability  will  occur  earliest  of  all  with  a  phase 
shift  a=.T/2  .  Since  the  input  of  the  second  term  in  the  numerator  of 
(10.43)  Is  small,  flutter  of  this  kind  is  usually  observed  in  cascades 
of  axial  compressors  with  a  phase  shift  of  about  Under  the 

influence  of  compressibility,  a  will  change. 

Let  us  note  that  in  the  linear  formulation  it  is  possible  to 
determine  only  the  boundary  of  the  instability  region,  but  it  is 
impossible  to  determine  the  oscillation  amplitude  of  the  blades  in 
tne  case  of  flutter,  since  Condition  (10.39)  is  satisfied  at  any 
value  of  y°. 


Let  us  now  consider  the  possibility  of  energy  transmission  from 
blade  to  blade.  For  this,  we  shall  represent  the  influence  coeffi¬ 
cients  for  blade  displacement,  not  in  the  manner  employed  in  (10.40), 
but  Ir.  the  form  of  a  sum  of  the  symmetric  and  antisymmetric  terms 
of  (10.20),  (10.21): 
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K*  -  AT>  4-  K*.  K~=>K>-K,. 


(10  .44) 


A.U 

We  determine  the  energy  supplied  to  the  (n  -  1)~  1  and  l he  n- 
blades  only  due  to  the  forces  originating  in  the  space  betwe.'  n  these 
blades.  We  shall  find  the  energy  supplied  per  oscillation  c'-cle  to 
the  n  blade  from  the  side  facing  the  (n  -  1)  blade  according  to 
the  second  formula  of  (10.37): 

4r# *(•/*?  Ki  sin  a  +  «  (j/0)*  Kj  sin  a.  (10 .  45  ) 

X.  u 

The  energy  supplied  per  oscillation  cycle  to  the  (n  -  l;~  blade 
from  the  side  facing  the  n”  blade  is  found  according  to  the  fourth 
formula  of  (10.37)  by  making  use  of  the  symmetry  of  the  problem  and 
replacing  n  +  1  by  n  and  n  by  n  -  1: 

4v?-u  i  -  tfn  « + «(yT/C*  sin  «.  ( i  o .  4  0 ) 

The  second  terms  of  Expressions  (10.45)  and  (10.46)  are  equal 
and  constitute  the  energy  delivered  from  the  fluid  stream.  Thus,  the 
energy  from  the  stream  Is  supplied  due  to  the  antisymmetric  compo¬ 
nents  of  the  influence  coefficients;  this  can  also  be  established 
from  the  second  term  of  Formula  (10.39)  by  using  Designation  (10.44). 
Since  the  mechanical  influence  coefficient  -A'*  enters  according  to 
(10.44)  only  into  the  symmetrical  part,  it  can  naturally  also  not 
induce  energy  from  outside.  The  first  terms  of  (10.45)  and  (10.46) 
are  equal  in  value  but  are  opposite  in  sign  and,  consequently,  consti¬ 
tute  the  quantity  of  energy  transmitted  from  one  blade  to  the  other. 
The  direction  of  the  transmission  depends  upon  the  value  of  the 
phase  shift.  Negative  energy  is  considered  to  be  removed  from  a 
given  object,  and  positive  energy  is  considered  to  be  supplied. 

In  the  specific  problem  at  hand,  flutter,  as  has  t-een  ascertained 
above,  can  originate  only  when  0<a<«;  consequently,  due  to  the  sym- 
metrical  component,  energy  will  be  transmitted  from  the  n  11  blade  to 
the  (n  -  1)  during  oscillation. 


4l4 


FTD-HC-23-242-70 


In  the  problem  at  hand,  due  to  symmetry,  this  energy  circulates 
in  the  system  and  need  not  be  taken  into  account,  since  each  blade 
obtains  just  as  much  from  the  preceding  one  as  it  passes  on  to  the 
succeeding  one. 


S  10.4.  Free  Oscillation  of  a  Slade  Ring 

Before  taking  up  the  general  case,  let  us  pause  for  consideration 
of  the  free  oscillation  of  the  system  in  order  to  ascertain  the  basic 
governing  laws.  Let  us  assume  that  she  cascade  is  in  a  vacuum  and, 
consequently,  that  aerodynamic  coupling  is  absent.  Let  us  also 
assume  that  mechanical  damping  is  equal  to  zero.  Thus,  we  shall 
consider  that  only  elastic  coupling  exists  between  the  blades.  Such  a 
problem  pertains  to  the  area  of  physics  wherein  the  propagation  of 
waves  in  periodic  structures  [9]  is  studied.  In  application  to  turbo¬ 
machine  cascades,  a  problem  of  this  kind  was  solved  by  G.  G.  Abezgauz 
and  I.  J.  Rusakov  [1]  by  means  of  a  frequency  equation,  and  also  by 
I.  K.  Chernyshevskiy  [88],  who  used  the  method  of  differential 
equations . 

A  diagram  of  part  of  the  oscillatory  system  is  shown  in  Figure 
10.5,  where  KQ  is  the  rigidity  of  the  main  spring.  is  the  rigidity 
of  the  spring  effecting  the  elastic  coupling,  the  circles  represent 
concentrated  masses  m  (the  springs  have  no  mass).  We  write  the 
equation  of  free  oscillation  of  such  a  system,  taking  into  account 
the  fact  that  elastic  Interaction  exists  only  between  neighboring 
blades  and  that  the  reciprocity  forces  are  proportional  to  the  distance 
between  them 


+ +  +  “0  (n*»l,  2,  3, ....  z).  (10.47) 

In  the  case  at  hand,  blades  will  refer  to  their  models. 

We  group  the  terms  and  represent  the  equation  in  the  following 

form: 


(2y„  -  -  0. 


(10.48) 
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Since  the  system  is  homogeneous,  the 
the  solution  is  naturally  to  be  sought 
in  the  form  of  a  traveling  wave 


ym  »c 


0 


Figure  10.5. 
blade  ring. 


Diagram  of  a 


Here,  y  is  the  oscillation  amplitude. 
Identical  for*  all  blades,  v  is  the  fre¬ 
quency  of  the  process,  x  is  time,  £  is 
the  wave  number  (the  reciprocal  of  the 
wave  lengtn),  £  is  a  coordinate  measured 
along  the  cascade  axis.  Since  the  cascad 
is  regarded  as  a  discrete  system.  It  Is 
sufficient  to  fix  only  the  position  of  the  material  points. 


In  view  of  this,  we  represent  the  traveling  wave  in  the  follow  ini- 


form: 


IW-JfV*"-**,  (10.49) 

where  a  is  the  constant  phase-shift  angle  between  adjacent  blades.. 

We  substitute  Expression  (10.4?)  into  Expression  (10.47): 


v»/n  +Xi(2-  «->•  -  W]  +  Af0]  -  0, 

and  from  this,  after  elementary  transformations,  we  find 

4-— sin*-y  +  ■— —  v*«0,  (10.5  0) 

m  4  m 

Since  the  system  is  closed  in  a  ring,  the  phase  shift  cannot  be  arbi¬ 
trary,  but  must  satisfy  the  condition  of  the  location  of  a  whole 
number  of  waves  on  the  circumference 


>«,  I  9  ■* 

n  *i  «— »  v ;  •  •  »  f  *. • 


(10.51) 
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Jointly  with  (10.50),  Condition  (10.51)  determines  the  natural 
frequency  of  the  system.  Prom  these  conditions  it  follows  that  an 
annular  system  has  1  +  z/2  different  natural  frequencies  when  z  is 
even  and  (z  +  l)/2  different  natural  frequencies  when  z  is  odd. 

The  least  natural  frequency  is  less  than  the  partial  frequency 
of  the  blade 


/¥</5?E-  (10.52) 

and  corresponds  to  cophasal  oscillation  when  the  rigidity  of  a 
connecting  spring  is  zero. 

The  greatest  natural  frequency  corresponds  to  the  phase  shift 
a«.t  ,  when  the  effect  of  the  connecting  spring  will  be  greatest 

V„.-  /Ss±«j >  y  (10.53) 

The  remaining  natural  frequencies  lie  within  this  range,  which 
is  caileu  the  pass  band  or  the  transparency  band  of  the  cascade.  The 
least  frequency  corresponds  to  the  length  of  a  wave  of  infinite  extent, 
and  the  greatest  frequency  corresponds  to  the  shortest  possible  wave¬ 
length  in  a  discrete  system,  which  is  equal  tc  twice  the  spacing. 
Consequently,  in  the  cascade  under  consideration,  waves  with  fre¬ 
quencies  lying  within  the  transmission  range  can  propagate.  V/aves 
with  smaller  cr  greater  frequencies  must  attenuate. 

This  is  of  great  significance  in  the  study  of  resonance  and 
aeroelasuic  phenomena,.  Therefore,  let  us  become  acquainted  with  the 
behavior  of  a  cascade  when  it  is  acted  upon  by  a  force  with  a  frequency 
that  lies  outside  the  transmission  range.  In  the  cascade  Itself, 
free  oscillation  can  be  maintained  only  with  natural  frequencies  which 
satisfy  Equations  (10.50)  and  (10.51).  For  studying  the  oscillation 
of  a  given  arbitrary  frequency,  it  is  necessary  to  apply  an  induced 
force . 
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To  blade  number  zero  let  there  be  applied  the  harmonic  force 


Then  the  equations  of  motion  of  the  system  have  the  form 


my, ■*  Ki (2 y,  y*\\  y„~ i) + A'cy, - (10.5*0 


Here,  A>,  is  the  Kronecker  symbol: 

4b,  «t  for  a-0,  | 

An  ™  0  for  n  +  0.  | 

As  before,  we  seek  the  solution  in  the  form  of  (10.49),  but  we  assume 
that  o  may  assume  complex  values.  For  n  ^  0  the  solutions  correspond 
in  form  to  Condition  (10.50),  but  now  the  frequency  v  is  considered 
as  given,  since  it  is  equal  to  the  frequency  of  the  perturbing  force 
f. 


From  Condition  (10. 50)  we  define  the  value  a: 

■taf— (10.55) 

If  the  Inequality 

(10.56) 

is  valid,  the  frequency  f  lies  within  the  pass  band.  If  Condition 
(10.56)  is  not  maintained,  two  cases  are  possible. 


a)  che  frequency  of  the  coercive  force  is  lower  than  the  minimum 
pass  frequency  {<%, ,««  Vi&i-  In  such  a  case,  the  right-hand  part  of 
Expression  (10.55)  will  be  a  purely  imaginary  value 


± 


X.-f/n 

AJ|“L  ' 


(10.57) 


Assuming  «*«)+/*, ,  we  find 


FTD-HC-23-242-70 


418 


(10.58) 


sin  |  -  sin  ch^-  +  /cos  *-sh  £ . 


Since  this  expression  must  be  a  purely  imaginary  one,  we  obtain 
=  0  and,  consequently,  the  blades  oscillate  in  phase.  From  (10.58) 
it  also  follows  that 


c«  _  ±  i.  i/jjEEL 

a  a  K  a:,  • 


(10.59) 


The  constant  now  determines  not  only  the  phase  shift, 

but  also  the  decrease  of  the  amplitudes  of  the  oscillating  blades  as 
their  distance  from  the  zero  blades  increases.  This  amplitude 
decrease  takes  place  according  to  the  exponential  law 


(10.60) 


l‘n  view  of  the  symmetry  of  the  problem,  the  distribution  pattern 

of  amplitudes  should  also  be  symmetrical  with  respect  to  the  diameter 

passing  through  the  zero^*1  blade.  Therefore,  in  this  case,  it  is 

convenient  to  count  the  blades  in  the  left-hand  half  and  right-hand 

th 

half  of  the  disk,  starting  with  the  zero  blade. 

b)  The  frequency  of  the  coercive  force  is  greater  than  the  maxi¬ 
mum  pass  frequency  where  is  defined  by  Formula  (10.53).  In 

this  case,  the  value  of  che  right-hand  part  is  real  and  greater  than 
one.  Consequently,  from  (10.58)  we  obtain  the  result  that  the  blade 
oscillation  must  take  place  in  counterphase  cci«ji. 


Tne  attenuation  coefficient  is  defined  by  the  formula 


(10.61) 


Consequently,  in  this  case  a  decrease  of  the  oscillation  amplitudes 
as  the  distance  from  the  excited  blade  increases  also  takes  place. 


To  find  the  amplitude  of  the  excited  blade  we  substitute 
Condition  (10.49)  into  (10.54)  when  n  =  0  and,  taking  into  account  the 
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conditions  of  symmetry  for  yn-1  and  yn+1»  we  obtain 

l/H-Jm-Wte-’+KJ-Xr  (10.62) 

As  the  frequency  of  the  perturbing  force  moves  farther  away  from 
the  transparency  zone  into  the  subresonance  regionj  increases, 
which  follows  from  Formula  (10.59)*  The  second  term  in  (10.62)  tends 
toward  zero,  and  the  formula  passes  into  the  conventional  relationship 
for  the  dynamic  coefficient  for  the  oscillation  of  an  isolated  blade 
(it  should  be  kept  in  mind  that  in  practical  cases,  when  dealing  with 
influences  through  an  elastic  disk,  /fi<Ko).  An  analogous  transition, 
as  follows  from  Formulas  (10.61)  and  (10.62),  is  observed  with  in¬ 
creasing  distance  from  the  transparency  zone  into  the  super  resonance 
region.  Consequently,  far  from  the  transparency  zone,  the  cascade 
does  not  appear  to  be  coupled, and  the  oscillation  of  isolated  blades 
may  be  considered. 

The  transparency  zone  is  of  special  interest  when  investigating 
resonance  phenomena,  particularly  when  studying  aeroelastic  processes, 
since  their  origination  depends  in  principle  upon  the  coherence  of 
the  cascade,  and  the  oscillation  takes  place  in  the  principal  modes. 

The  oscillation,  of  systems  without  damping  has  been  considered  above; 
therefore,  within  the  pass  zone  there  will  be  infinite  resonance  peaks. 
In  tne  presence  of  energy  dispersion,  the  peaks  will  be  smoothed  out, 
and  in  the  case  of  weak  coupling  will  merge  into  a  single  resonance 
hand. 


Up  to  now  we  have  been  dealing  with  the  oscillation  of  an  annular 
closed  cascade.  Practical  interest  is  also  afforded  by  the  problem 
of  the  oscillation  of  packets  consisting  of  a  limited  number  of  blades 
as  models  of  packets  used  in  turbomachines  and  during  stand  tests  of 
aeroelastic  processes. 

We  shall  adopt  a  pa-.ket  design  such  as  the  one  shown  in  Figure 
10.6.  Such  a  version  of  a  packet  may  be  realized,  for  example,  on  a 
turbomachine  wheel  if  the  boundary  blades  have  much  more  rigidity 
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9  9 


‘/}wvwwwywvv| 


X, 


than  do  z  blades  side  by  side. 

The  packet  consists  of  z  elastic 
blades  with  identical  properties. 

We  write  the  differential 
equations  of  the  packet: 


Figure  .10.6.  Diagram  of  a  blade 
packet. 


mih  +  Ki  (2j/i  -  yj)  +  /Coih  “  0, 

rn*  +  Ki  (—  yn-i  -f  2y„  -  y„.,)  +  0, 

mU»  +  K-,  (—  i/i-i  +  2y,)  +  /C^y,  =»  0,  it — 1,  2,  3,  . . z. 


(10.63) 


These  equations,  essentially,  are  reduced  to  the  differential 
equations  which  describe  the  transverse  oscillation  of  an  elastic 
string  with  concentrated  masses;  therefore,  it  is  natural  to  seek  the 
solution  in  the  form  of  a  harmonic  wave 


(10.64) 

Substituting  (10.64)  into  (10.63),  we  obtain  the  system  of 
algebraic  equations : 


(Kt+‘LKl-mv!)y\-Klfi~Q. 

~  + &  +  2*.  -  -  0. 

~  *, &,’+’(*,  +  2/C,  -  #«v*) 


(10.65) 


The  condition  for  solving  System  (10.65)  requires  that  the 
determinant  be  equal  to  zero 


X  l 

0  ... 

0 

t  X 

1  ... 

0 

-0. 

0  0 

0  ...  1 

X 

(10.66) 
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Here  we  have  introduced  the  designation 


K,  +  2/f|— mv*  mv‘-/r,  n. 
"K> 


(10.67) 


Determinant  (10.66)  is  expressed  in  terms  of  a  second-order 
Chebyshev  function 


x  b  0  ...  0 

l  *  u 

a  x  b  ...  0 

\2Ka5  J 

0  0  0  ...  a  x 

(10.68) 


By  definition,  the  expression 

{/,(*)  »•  (10.69) 

is  called  a  Chebyshev  polynomial  of  the  second  kind.  This  polynomial 
satisfies  the  recurrence  formula 


UtH  (x)-2xU,(x)  + t>,-,  W  =  0.  (10.70) 

The  degree  of  the  polynomial  is  equal  to  its  order,  the  poly¬ 
nomials  are  orthogonal  and  have  only  real,  simple  zeros  which  lie  in 
the  interval  -1,  +1. 

When  |i|< I  ,  assuming  x  *  cos  e,  from  (10.69)  we  obtain 

U ,  (cos  0)  =»  — — » .  (10.71) 

When  |xj>  I  ,  assuming  x  =  ch  0 ,  we  obtain 

(10.72) 

The  indicated  properties  explain  the  extensive  application  of 
Chebyshev  polynomials  in  various  problems  with  catenary  systems . 
Comparing  (10.66),  (10.68),  and  (10. 69),  we  obtain  the  solution 

Vt (y) " °.  sin  [(z  +  I) arccos -j] — 0.  (10.73) 
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From  (10.73)  and  (10.67)  we  find  the  formula  for  the  natural 
frequencies  of  the  system 

v* ~ ’/i [4*> cos,2!?+t, + *«]  *-,>2 . *•  (10. 7^ ) 

Substituting  (10.74)  into  (10. 65)1  we  obtain 

“2^co*lTi  +  ^“0' 
i^-i  -  cos  —if  +  •/„,>  -  0. 

^-«-V,cos-rn--o. 

From  this,  we  find  the  distribution  of  the  oscillation  amplitudes 

*-1.2.3 .  (10.75) 


5  10.5.  Forced  Oscillation  of  a  Connected  Blade  System 

Let  us  first  consider  the  resonance  in  a  homogeneous  cascade 
under  the  action  of  a  harmonic  force.  The  equation  for  the  oscillation 
of  the  n&  blade  is  written  In  the  conventional  manner,  but  with  a 
supplement  to  the  right-hand  part  (the  coefficient  takes  into 
account  only  the  elastic  coupling  between  the  blades) 


my*  +  +  /Coy,  +  K,  (2  y,  -  y„.,  -  yn„)  -  ( 1 0 . 7  6 ) 

Here  it  is  assumed  that  force  F  acts  upon  the  blade  of  the  cascade 
with  a  constant  phase  shift  a,  as  is  the  case  in  turbomachines. 

The  oscillation  of  the  blades  of  a  rotating  cascade  is  induced 

by  aerodynamic  forces  brought  about  by  the  circumferential  nonuniformity 

of  the  stream  whlcn  passes  through  the  stationary  cascade.  Let  the 

circumferential  nonuniformity  contain  K  waves;  then,  obviously,  when 

n 
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the  force  acts  upon  the  adjacent  blades  the  phase  shift  will  have  a 
constant  value,  equal  to 


««♦,  (10.77) 

*  • 

where  z  is  the  number  of  the  rotating  cascade  blades. 

In  view  of  the  symmetry  of  the  oscillation  pattern,  the  solution 
of  equations  (10.76)  may  be  sought  in  the  form  of  a  traveling  wave 
with  a  phase  shift  8  with  respect  to  the  acting  force,  constant  for 
all  blades: 


y*"y®«p/(vt+rto-p). 


(10.78) 


All  the  blades  should  oscillate  with  the  same  amplitude  y 


0 


Substituting  (10.78)  into  (10.76)  and  separating  the  real  part 
and  the  imaginary  part,  we  obtain 


Y  (—•  v*/»  +  AKi  sin*  j  +  /f0J  «•  A  cos  ft 

y*w,*»/lsinp.  (10.79) 


The  sum  of  the  second  and  third  terms  in  the  parentheses  may  be 
replaced  in  accordance  with  (10.50)  by  mvj  ,  where  vQ  is  the  natural 
oscillation  frequency  of  the  blade  system  with  a  fixed  phase  shift.  «. 
Making  the  indicated  substitution,  squaring  Equality  (10.79)  and 
adding  the  left-hand  and  the  right-hand  parts,  we  obtain  the 
expression  for  the  oscillation  amplitude 


_ A  f»p  'VT _ 

Y  m  (v*  -  v*)  +  v7v^* 


(10.80) 


Obtaining  the  ratio  of  the  left-hand  parts  and  the  right-hand 
parts  of  equations  (10.79),  we  find  the  value  of  the  phase  shift 

4-h 

between  the  force  acting  upon  the  n"  blade  and  its  displacement: 


igP* 


i 


v,  m 


(10.81) 


42*1 


FTP- HC-2 3-242-70 


If  the  force  is  represented  by  only  a  single  harmonic,  the 
solutions  of  (10.80)  and  (10.81)  do  not  differ  from  the  corresponding 
solutions  for  an  oscillatory  system  with  one  degree  of  freedom.  It  is 
only  necessary,  in  place  of  the  natural  frequency  of  an  isolated  blade, 
to  use  the  natural  frequency  of  the  system,  which  depends  upon  the 
elastic  coupling  between  she  blades.  If  only  weak  elastic  coupling 
is  considered  (for  example,  through  an  elastic  disk  in  which  the  blades 
are  fastened),  this  introduces  no  basic  changes  into  the  nature  of 
the  oscillation.  However,  if  the  rigidity  of  the  coupling  is  very 
large  (for  example,  the  blades  are  connected  by  bands),  the  natural 
frequency  of  the  system,  equal  to 


V 


/f.-M/C,  sin*~ 


will  become  so  great  that  resonance  will  be  practically  unobtainable 
at  any  phase  shift  a,  except  for  the  case  a  =  0,  when  the  system  os¬ 
cillates  as  a  single  whole,  and  its  natural  frequency  becomes  equal 
to  the  minimum  frequency  of  the  system.  Since  the  phase  shift  (or 
the  number  of  waves  of  the  perturbing  force  that  fit  onto  the  wheel 
circumference)  depends  only  upon  the  design  of  the  turbomachine,  such 
a  system  can  have  no  vibrations.  This  is  also  obvious  from  the  fact 
that  when  forces  act  upon  blades  with  a  phase  shift,  and  the  blades 
are  connected  in  a  rigid  system,  the  total  force  is  equal  to  zero 
(except  for  the  case  a  =  0). 


In  order  to  decrease  the  dynamic  stresses,  it  is  not  necessary 
to  connect  all  the  blades  into  a  single  packet.  Let  us  consider  a 
packet  consisting  of  blades  linked  by  a  rigid  coupling.  Let  it  be 
possible  for  the  packet  to  oscillate  only  as  a  single  whole.  The 
total  perturbing  force  acting  upon  the  entire  packet  is  equal  to 


sin 


z,a 


F  J  cos  (vr  f-  a/«)  - - cos  (vr  +  a] . 

SJ  sin—  '  ' 


In  the  case  of  rigid  coupling,  this  force  is  distributed  uni¬ 
formly  on  all  the  blades  of  the  packet.  Therefore,  the  value  of  the 
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relative  force  for  each  blade  of  the  packet  is  equal  to 


f  *1<* 

>1 

2 

t 

,  nk. 
z,  sin  -j? 

(10.8?) 


This  value  takes  into  account  the  load  decrease  per  blade  in  the 
packet  in  comparison  to  an  isolated  blade  and  is  called  the  packet 
multiplier  [41].  If  knz^  *  z,  then  y  «  0,  and  the  average  force  is 
also  equal  to  zero.  For  a  given  case  of  kn  and  z,  an  optimum  number 
of  blades  z^  in  the  packet  can  be  selected  in  such  a  manner  that  the 
packet  multiplier  would  assume  a  minimal  value. 


From  what  has  been  said  above,  it  is  obvious  that  the  connection 
of  blades  into  a  packet  will  not  always  bring  about  the  desired  effect. 
The  packet  multiplier  tends  toward  unity  if  rjtjz-*- 0  (the  number  of 
blades  of  the  wheel  is  much  greater  than  the  number  of  perturbation 
waves)  or  if  kn/z~*  1  (the  number  of  perturbation  waves  approximately 
coincides  with  the  number  of  blades). 


A  typical  graph  of  the  change  of  the  packet  multiplier  as  a 
function  of  the  ratio  of  the  number  of  perturbation  waves  to  the 
number  of  blades  upon  the  wheel,  for  a  fixed  number  of  blades  in  the 
packet  z-x  *  10,  is  given  in  Figure  10.7.  Such  a  method  of  connecting 
blades  into  packets  (where  this  is  possible)  is  used  in  turbomachines 
for  the  reduction  of  dynamic  stresses.  However,  it  does  not  provide 
absolute  protection  against  vibration  damage,  since  each  blade  is  an 
elastic  one  with  an  infinite  number  of  degrees  of  freedom,  and 
therefore,  oscillation  of  the  blades  within  the  packet  is  possible. 
This  question  cannot  be  considered  by  means  of  an  idealized  diagram 
of  a  blade  as  an  oscillator.  This  purely  vibrational  problem  is 
studied  in  special  literature  [41]. 

Let  us  pass  on  to  the  oscillation  of  a  circle  of  Inhomogeneous 
blades . 


In  5  10. 3»  it  was  shown  that  in  case  of  the  vibration  of  a 
connected  system  of  blades,  energy  exchange  between  them  is  possible. 
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This  energy  exchange  originates  if 
the  blades  in  the  oscillating  sys¬ 
tem  are  inhomogeneous.  Such 
inhomogeneity  is  always  present 
in  a  real  blade  circle.  This  is 
explained  by  technological  inaccu¬ 
racies  when  a  set  of  blades  is 
produced  on  the  basis  of  the  same 
drawings-.  In  the  general  case, 
the  blades  can  have  different 
partial  frequencies  of  natural  os¬ 
cillations,  different  masses,  and 
different  oscillation  decrements. 
However,  scatter  with  respect  to 
natural  frequencies  represents 
the  greatest  significance  in  this 
problem. 

The  problem  of  the  oscillation  of  an  inhomogeneous  blade  circle 
was  studLed  by  Whitehead  [147],  V.  0.  Bauer  and  B.  F,  Shorr  [4], 

R.  A.  Shipov  [94],  V.  B.  Kurzin,  and  others.  In  the  general  case, 
with  arbitrary  distribution  of  inhomogeneity,  the  problem  involves 
much  computation  work,  the  result  depending  strongly  not  only  upon 
the  level  of  inhomogeneity ,  but  also  upon  the  distribution  law.  In 
view  of  the  fact  that  the  assemblage  of  a  given  set  of  blades  can 
take  place  in  random  sequence,  the  problem,  generally  speaking,  is  of 
a  probabilistic  nature.  When  the  problem  is  solved  In  such  a  formi- 
latlon,  an  answer  can  be  given  concerning  the  probable  scatter  of 
dynamic  stresses  In  the  blades  in  the  case  of  resonance.  On  the  other 
hand,  since  we  are  dealing  with  design  reliability,  it  is  of  interest 
to  investigate  some  unfavorable  limit  cases  of  distribution  of  the 
inhomogeneities.  Iri  this  case,  the  solution  makes  it  possible  to 
approach  the  selection  of  permissible  stresses  with  the  necessary 
safety  factor. 

Let  us  consider  the  singularities  of  the  forced  resonance  oscil¬ 
lation  of  an  inhomogeneous  ring  on  the  basis  of  a  particular  problem 


Figure  10.7.  Values  of  the 
packet  multiplier. 
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in  which  the  basic  laws  can  be  ascertained  [94].  Let  us  assume  that 
the  cascade  is  made  up  of  alternating  blades  of  two  types,  which  in 
the  general  case  differ  with  respect  to  rigidity,  mass,  and  coefficient 
of  mechanical  attenuation.  The  aerodynamic  characteristics  of  the 
blades  are  considered  to  be  identical.  We  shall  also  assume  that  the 
coefficients  of  aerodynmaic  and  mechanical  influence  decrease  with 
distance  so  rapidly  that  it  is  possible  to  take  account  only  of  the 
interaction  of  adjacent  blades.  In  the  general  case,  as  has  been 
noted  above,  influence  coefficients  can  be  complex  numbers.  Hcnever, 
in  the  case  under  consideration  we  shall  assume  that  the  imaginary 
component  may  be  disregarded  in  comparison  to  the  real  components; 
this  is  valid  in  analysis  of  the  oscillation  of  cascades  that  are 
subjected  to  a  large  load. 

R.  A.  Shipov  has  carried  out  calculations  of  maximum  dynamic 
stresses  on  the  blades  of  an  inhomogeneous  ring  of  an  axial  compressor 
by  means  of  an  electronic  digital  computer. 

The  number  of  blades  on  the  wheel  Is  z  =  24.  During  the  calcu¬ 
lation,  it  was  taken  into  account  that  resonances  of  equal  multiplicity 
occur  at  different  compressor  rpm  numbers,  i.e.,  at  different  air 
derioities.  The  influence  of  a  change  of  any  parameter  on  the  maximum 
dynamic  stresses  wa3  analyzed;  the  remaining  parameters  characterizing 
frequency  difference  were  held  constant. 

Figure  1Q.8  shows  the  relationship  of  the  relative  increment 
(with  respect  to  a  homogeneous  cascade)  of  the  maximum  stresses  in 
blades  in  the  case  of  resonance  due  to  blade-thickness  inhoroogeneity . 
The  blade  thicknesses  were  measured  in  such  a  manner  that  the  average 
thickness  remained  constant,  and  the  mass  of  the  blades  did  not 
change.  The  relative  value  >  characterizing  the  relative 

change  of  blade  thickness,  was  plotted  along  the  abscissa.  Relative 
stress  increments 

1  -  <fm (♦)  “  Omt\  (0) 

oa  » - -? — - • 

Oralt  (“f 

were  plotted  along  the  ordina;e. 
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The  solid  lines  refer  to 
thick  blades,  and  the  dotted  lines 
refer  to  thin  blades.  The  curves 
show  a  relative  pressure  in  the 
compressor  which  changed  in  pro¬ 
portion  to  the  square  of  the  rpm 
numb  ar . 

It  can  be  seen  that  in  the 
case  of  frequency  differences 
with  respect  to  thicknesses  (and, 
consequently,  also  with  respect 
to  natural  oscillation  frequency), 
the  maximum  stresses  in  the  blades 


Figure  10.8.  Increment  of 
maximum  dynamic  stresses  in  an 
inhomogeneous  cascade  as  a 
function  of  cue  blade  thickness 
scatter. 


thicker  blades,  a  decrease  of  the 


increase.  In  the  example  at  hand, 
the  stress  increment  comprises 
more  than  20%.  A  stress  increase 
is  observed  in  the  more  rigid 
blades,  i.e.,  in  blades  which 
resonate  at  high  frequency,  Sim¬ 
ultaneously  with  an  increase  of 
the  maximum  stresses  in  the 
maximum  stresses  is  observed  in 


thin  blades.  In  the  example  under  consideration,  the  maximum  stresses 


of  the  thin  blades  decrease  by  50%  in  comparison  to  the  case  of  a 


homogeneous  cascade. 


Thus,  the  stress  scatter  comprises  1.2/0. 5  =  2.  *1,  i.e, 

is  very  great.  These  calculations  explain  the  reason  for  the  appear¬ 
ance  of  the  scatter  of  dynamic  stresses  in  a  real  blade  ring  that 
is  known  to  occur  in  the  practice  of  turbomachine  testing.  We  empha¬ 
sise  that  the  blade-thickness  scatter  can  here  comprise  but  1%. 


The  appearance  of  such  a  strong  scatter  is  explained  by  energy 
exchange  between  the  oscillating  blades  in  an  inhomogeneous  cascade, 
some  blades  building  up  oscillation,  and  others  attenuating.  With  an 
increase  in  the  thickness  scatter  (or  with  an  increase  in  the  natural 
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partial  oscillation  frequencies),  the  scatter  of  dynamic  stress  de¬ 
creases,  since  the  blaaes  begin  to  oscillate  as  practically  uncoupled 
systems.  For  example,  in  the  construction  under  consideration  only 
the  thin  blades  or  only  the  thick  blades  will  oscillate,  and  this 
cannot  bring  about  an  energy  exchange, since  the  motion  cf  adjacent 
blades  is  necessary  for  such  an  exchange. 

An  analogous  pattern  is  observed  when  other  parameters  of  inhomo¬ 
geneity  are  varied*  for  example,  the  blade  masses,  since  change  of 
the  ma-cses  brings  about  a  change  in  the  natural  oscillation  frequencies. 
If  the  methods  are  changed  simultaneously  with  the  blade  rigidity  in 
such  a  manner  that  the  natural  frequencies  remain  constant,  the 
scatter  of  dynamic  stresses  will  be  small.  This  is  also  explained  by 
the  fact  that  strong  interference  in  the  system  can  be  observed  only 
with  a  definite  frequency  scatter. 

Obviously,  a  small  scatter  of  the  damping  coefficients  also 
cannot  bring  about  a  large  effect,  since  the  resonance  frequencies 
change  in  an  approximately  inverse  proportion  to  the  oscillation 
decrements . 

5  10.6.  The  Self-Oscillations  of  a  Connected  System  of  Blades 

Let  us  consider  a^system  of  blades  situated  in  a  homogeneous 
3tream.  We  shall  assume  that  the  oscillation  velocities  of  the  blade.: 
and  the  value  of  their  displacement  are  so  small  that  a  linear  approx¬ 
imation  may  be  used.  As  before,  we  shall  take  account  of  interaction 
only  between  adjacent  blades. 

Then  the  equation  system  describing  the  oscillation  of  the  blades 
has  the  form  (n  *  1,  2,  3»  • • •>  $ 

mjj* + Kny,  -  +  -S?T  + 

+  Kn%  +  K'r\.i  +  (10-83) 

Here.?*?  and  Ari**  are  influence  coefficients.  A?*  takes  into  account 

til  ^*h 

the  force  acting  upon  the  n  blade  when  the  k"'  blade  is  displaced. 
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determines  the  force  originating  on  the  n^*"1  blade  if  the  kfch  blade 
is  moving.  The  first  term  of  the  equation  expresses  the  inertial 
force;  the  second  term  expresses  the  elasticity  force.  The  fifth  term 
expresses  the  resistance  force  induced  by  the  scatter  on  energy  in  a 
bladj'.  The  remaining  five  terms  take  into  account  the  forces  which 
depend  upon  the  velocity  and  position  of  two  adjacent  blades. 

In  an  analysis  of  the  energy  exchange  between  the  blades  of  a 
cascade  and  the  stream,  it  was  shown  above  in  §  10.3  that  the  origi¬ 
nation  of  dynamic  instability  is  possible  in  principle.  In  other 
words,  under  certain  conditions  the  energy  extracted  by  the  blades 
from  the  stream  may  surpass  the  energy  dissipated  by  damping.  In 
this  case,  non-attenuating  oscillations  of  the  blades  will  originate. 

Such  self-oscillations  are  called  blade  flutter.  This  phenomenon 
differs  essentially  from  x’orced  blade  oscillation  by  the  fact  that 
the  blades  absorb  energy  from  a  uniform  stream;  the  energy  input  is 
regulated  by  the  blade  system  itself.  The  problem  of  blade  flutter 
was  analyzed  by  Shioii*y  [136]  and  Lane  [116].  A  similar  problem 
dealing  with  the  influence  of  blade  interaction  in  a  cascade  in  the 
case  of  separation  flutter  was  examined  by  L.  Ye.  Ol'shteyn  and 
R.  A.  Shipov  [51]. 

To  determine  the  stability  boundary,  it  is  sufficient  to  consider 
harmonic  oscillation.  This  can  determine  the  conditions  under  which 
flutter  originates.  However,  the  oscillation  amplitude  cannot  be 
found  by  considering  the  linear  problem.  In  a  real  system,  a 
definite  oscillation  amplitude  will  become  established  which  is  deter¬ 
mined  by  the  balance  of  supplied  and  dissipated  energy,  which  is 
determined  by  nonlinear  relationships  present  in  any  real  system. 

For  determination  of  the  boundary  of  flutter  initiation,  we 
employ  the  substitution 


(10.8*0 

which  reduces  System  (10.83)  to  a  system  of  algebraic  equations: 
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(10.85) 


I*.  -  c  -  Mt*  -  *y  i  -  i*r’ + /v^ri  &,  + 

+  I^,,  +  /v^,»]^l-0,  «=!.  2,  3 . z. 

t*  h 

Here,  is  tne  complex  amplitude  of  oscillations  of  the  n  n  rlade. 

We  consider  first  the  problem  of  the  oscillation  of  a  homogeneous 
cascade.  Then  the  influence  coefficients  will  be  the  same  for  all 
blades  and  therefore,  designating 


K'-K'f-K',  K'?'"  =  K'.  KT')  =  K\ 

we  reduce  System  (10.85)  to  the  form 

y*f  A'1— /v-s-— ««v5]  -  I^r+/v>s'']y* //* ,,  «*  o.  do.  86) 

It  should  be  emphasized  that  the  influence  coefficients  for  all 
blades  forward  K~  and  -S'-  (from  n  -  1  to  n)  and  backwards  K+  and 
(from  n  +1  to  n)  are  assumed  constant,  but,  generally  speaking, 

K'+K-  and  S'+JT. 

Equation  (10.86)  must  be  solved  with  definite  boundary  conditions, 
which  depend  upon  whether  an  infinite  cascade,  an  annular  cascade,  or 
a  blade  packet  is  being  considered. 

In  order  to  abbreviate  the  notation,  we  introduce  the  designations 

/r  +  /v^~--o„  /C*  —  /v-29*  —  /n v*  =» a2,  A'*  +  /v-2*« -a*  (10.87) 

Then  Equation  (10.86)  assumes  the  form 

atCi+ai£  +  aj£,t-0.  (10.88) 

Let  us  first  consider  the  problem  of  an  annular  cascade  of  uni¬ 
form  blades.  Such  a  problem  was  investigated  by  L.  Ye.  Ol’shteyn 
and  R.  A.  Shipov  [51]-  When  .  Iving  Equations  (10.88)  it  could  be 
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possible  to  seek  the  solution  in  wave  form.  However,  in  the  present 
instance  we  shall  proceed  somewhat  differently. 

We  compile  the  determinant  of  System  (10.88)  and  set  it  equal  to 
zero,  in  order  to  find  the  condition  for  a  neutral  solution: 


<i| 

0  ...  0 

D,  « 

0 

ai 

a* 

ak  ...  0 

1 

1 

a2 

0 

0  • » •  ci  j 

(10.89) 


When  compiling  the  determinant,  we  consider  the  condition  that 
the  system  is  a  closed  one:  .  This  determinant  is  a  particu¬ 

lar  case  of  a  cyclical  determinant  and  is  equal  to 


2n» 

*--£(«,  +  •*  +  «*  I.  2,...,  (z-l). 


(10.90) 


Here  e*  are  all  z-index  roocs  of  unity. 


From  Formulas  (10.89)  and  (10.90)  we  obtain  the  condition  that 
must  hold  at  the  boundary  of  the  stability  region  and  the  instability 
region 


a,  +  a/k  +  a/\  =*  0. 

After  substituting  n,  *=  exp  (2.-t/*/z) « exp  (/a)  }  where  a  is  the  value  of  the 
phase  shift  between  adjacent  blades,  we  obtain  this  condition  in  the 
following  form 


a,=*  —  a/1*).  {^0  .  ^  ^ 

Substituting  (10c 91)  into  (10.88),  we  find  the  distribution  of  complex 
amplitudes 

Thus,  Just  as  should  have  been  expected,  all  blades  oscillate 
with  the  same  amplitude  and  with  a  constant  phase  shift  between 
adjacent  blades. 
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Substituting  into  (10,91)  the  designation  from  (10.87)  and 
separating  the  real  and  imaginary  parts,  we  find  two  equations; 

/C*-«v*-(/r+/f*)cosa+v(^--^+)3in a,  \ 

-  \J2* -  (/(*  -  /C‘)sin  a  +  v(^*  +  ^cos o.  J  (10.92) 

From  the  first  equation  we  determine  the  oscillation  frequency 
of  the  blades  in  the  case  of  flutter: 


T*—  K°-(K-+K*) cosa  rj  X°  (10.93) 

m+vLjT+^sina  m 

Since  under  actual  conditions  the  influence  coefficients  are  very 
small,  the  computed  frequency  practically  coincides  with  the  natural 
frequency  of  an  individual  blade. 

The  second  equation  of  (10.92)  makes  it  possible  (for  the  spec¬ 
trum  of  permissible  phase-shift  values  a=2 nkjz  )  to  find  the  values  of 
the  coefficients  of  aerodynamic  damping  and,  consequently,  the  value 
of  the  kinetic  energy  of  the  main  stream  at  which  loss  of  stability 
will  occur.  If  the  influence  of  adjacent  blades  upon  aerodynamic 
damping  is  disregarded  in  (10.93)  (which  is  possible  at  low  oscillation 
frequencies),  stability  will  be  most  easily  lost  with  a  phase  shift 
of  a«*n/2  .  The  energy  Interpretation  of  this  relationship  was  brought 
out  above. 

Let  us  emphasize  some  essential  singularities  of  cascade  flutter 
in  actual  blade  rings. 

It  can  be  seen  from  an  analysis  of  the  preceding  problem  that 
the  possibility  of  the  origination  of  flutter  Is  substantially  affected 
by  the  presence  of  many  degrees  of  freedom,  i.e.,  the  properties  of 
the  system  as  a  whole.  Thus,  for  example,  if  all  the  blades  of  the 
ring  were  absolutely  rigid,  and  only  one  were  elastic  (or.  in  real 
terms,  its  rigidity  were  substantially  less  than  that  of  the  others), 
cascade  flutter  could  not  originate  at  all.  This  is  explained  by  the 
fact  that  one  oscillating  blade  cannot  absorb  energy  from  a  unifrom 
potential  stream.  This  was  e.  . lained  Jn  §  10.3  in  the  analysis  of 
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the  conditions  of  energy  exchange.  The  blade  can  extract  energy  from 
the  stream  only  if  the  influence  coefficients  are  inhomogeneous  and 
if  the  neighboring  blades  oscillate.  From  these  considerations,  it 
is  obvious  that  when,  for  instance  on  a  turbomachine  ring,  rigid  and 
elastic  blades  alternate,  cascade  flutter  practically  does  not  origi¬ 
nate.  Since,  for  technological  reasons,  real  turbomachine  rings  have 
blades  of  different  rigidity,  the  problem  of  blade  flutter  of  an 
Inhomogeneous  cascade  appears,  which  is  formulated  in  [63]. 

Another  problem  of  practical  importance  is  the  problem  of  flutter 
in  a  bounded  cascade  or  blade  packet.  Such  a  packet  may  be  regarded 
as  a  system  of  uniform  blades,  bounded  by  rigid  end  blades.  Generally, 
this  problem  is  a  particular  case  of  the  preceding  one.  However,  this 
particular  case  deserves  special  study,  since  experimental  research 
on  flutter  is  frequently  conducted  under  static  conditions  on 
packets,  and  it  is  therefore  necessary  that  the  possibility  of  transfer 
of  the  results  to  an  annular  cascade  be  clear. 

Let  us  consider  the  problem  of  the  flutter  of  a  packet  of  uniform 
blades  [51].  Let  the  packet  contain  *=2*+l  elastic  blades.  The  basic 
equation  of  motion  (10.88)  remains  the  same.  It  must  be  solved  with 
the  boundary  conditions  **•  - 0  . 

We  seek  a  solution  in  the  form 

n  eu  cos  \tn 

From  the  boundary  conditions,  it  follows  that  n(rt+f)=o  ,  whence  we 
obtain 


H(*+  0-f+JM, 

Substituting  the  solution  into  Equation  (10.88),  we  find 
<!,«*•  **-•»  cos  n  (n  - 1)  +  a^Xn  ccs  |in  +  a,el  to*11  cos  n  (/t  +  l)  0 


or 
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(a,e'K  cos  ** + a*  +  cos  cos  W+(~  a,e-x  -ha^)  sin  ju»  sin  ji «  0. 


Obtain1"06  tM'  eqUatl°"  be  SatlStled  fOT  a11  values  of  n,  „e 


(10.95) 


aje'lcos}i  +  o}  +  flj<lcos>i®  0,  i 

~  die'1  +  =>  0.  | 

(10.94) 

Prom  the  second  condition  of  (10.94)  it  follows  that 

*mV  (10.95 

Then  from  the  first  condition  of  (10.94)  we  find 

’fl*-2^coS(if±l). 

the  clse^^hlnd^tr  \"**”»**a  its  <"»  *»»  of  excitation.  In 

specific  law  of  ampiitud^  ££££  * 

number  of  blades  in  th*»  nani  <-  xS  etermined  by  the 

symmetric  and  the  asymmetri  6  ^  ^  relafcionshlP  between  the 

maximum  amplitude  f  «""**«*■•  »• 

*  J-uuuc  as  established  at  one  of  the  ends  m  . 

L  generalise)  ^  ^  (ln 

— r: 

than  L^tbLWon  hot  *"  °f  the  pa^  is  **■»* 

ract,  as  has  T*  TZ “  ^ 

transferring  the  experimental  results  o7ini“  ZT7  *” 
packet  with  a  small  number  of  blades  to  an  annular  cascade!  °  * 

has  been  ZZllrll  InZeferenoelss]  ^  ^ 

i  •  The  basic  conclusions  consist 
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in  the  fact  that  an  inhomogeneous  circle  is  more  stable  than  a 
homogeneous  one.  In  connection  with  this,  a  practical  conclusion  is 
drawn  concerning  the  possibility  of  protection  against  flutter  by  the 
introduction  of  inhomogeneity,  i.e.,  by  a  decreased  maladjustment  of 
the  blades  on  the  ring  on  the  basis  of  natural  frequencies. 
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FOOTNOTES 


1.  on  page  393  The  importance  of  studying  this  type  of 

problems  was  first  noted  in  [63'J . 

2.  on  page  ijQ3  Thus,  the  circulation  values  are  not  related. 
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CHAPTER  11 


INVESTIGATION  OP  THE  AERODYNAMIC  DAMPING  AND 
AERODYNAMIC  EXCITATION  OF  TURBOMACHINE  BLADES 


5  11.1,  A  Device  for  the  Investigation  of 
Aeroelastic  Processes  in  Turbomachines 


Let  us  consider  some  singularities  in  the  experimental  investi¬ 
gation  of  dynamic  stresses  in  turbomachine  blades. 

The  investigation  of  dynamic  stresses  in  the  blades  of  full- 
scale  turbomachines  is  of  considerable  interest,  and  is  at  present 
being  extensively  carried  out  in  factories.  However,  it  is  to  be 
understood  that  just  as  in  any  investigation  of  a  full-scale  machine 
test  data,  in  addition  to  a  number  of  advantages,  also  have  dlsadvan 
tages . 

In  the  first  place,  the  experimental  investigation  of  blade 
vibration  in  a  number  of  stages  of  full-scale  machines  represents 
considerable  difficulties  <for  example,  the  vibration  of  the  first 
stages  of  superhlgh-pressure  steam  turbines). 
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In  the  second  place*  when  testing  full-scale  machines  it  is  riot 
possible  to  investigate  separate  factors  in  detail;  thus  it  is  impos¬ 
sible  to  go  deeply  into  a  complex  pattern  of  phenomena  which  may 
themselves  be  overshadowed  by  a  number  of  subsidiary  processes. 

In  model  tests  it  is  in  many  cases  possible  to  retain  the  deter¬ 
mining  singularities  of  a  phenomenon,  and  at  the  same  time  to  create 
the  possibility  of  carrying  out  sufficiently  precise  and  fine  measure¬ 
ments.  Variation  of  the  basic  parameters  which  determine  a  phenomenon 
makes  possible  an  investigation  of  their  separate  influence.  All  this 
makes  model  tests  particularly  necessary  in  the  process  of  creating 
theoretical  calculation  methods,  which  at  present  are  still  far  from 
being  completely  developed. 

In  order  to  emphasize  only  the  basic  singularities,  let  us  n- 

sider  a  cascade  of  elastic  blades  that  are  oscillating  in  a  stream 

of  nonviacous  incompressible  fluid.  We  assume  that  the  stream  carries 

a  system  of  periodically  repeating  vortex  wakes,  from  which  energy 

is  extracted  for  maintenance  of  the  oscillation.  The  cascade  is 

defined  by  the  characteristic  dimension  l.  The  blades  are  defined 

by  the  density  of  the  materials  p-^  modulus  of  elasticity  E,  and  the 

mechanical  oscillation  decrement  5^.  The  stream  is  characterized  by 

0  j  n 

a  basic  velocity  of  w  ,  a  fluid  density  of  p  ,  a  typical  velocity  of 
v°  in  the  wake,  and  a  wake  spacing  of  t. 

Thus,  the  cascade-stream  system  is  defined  by  eight  parameters: 

/»  Pit  E*  **»  P*»  (11.1) 

Seven  of  these  parameters  are  dimensional,  and  four  dimensionless 
parameters  can  be  compiled  from  them: 

p*  E  9*  l 

tl'  77W  V*  T*  (11.2) 

Then  according  to  similitude  theory  the  dimensionless  dynamic 
stresses  in  the  blades  are  a  punction  of  five  dimensionless  criteria: 
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(11.3) 


E 

77W* 


7*  di)* 


Considering  the  res.l  problem  and  the  turbomachine  stage  as  a 
whole,  to  the  number  of  determining  criteria  the  Reynolds  number  must 
be  added  the  Mach  number  and  the  Strouhal  number,  which  characterize 
the  operating  conditions  of  the  stage  (the  criteria:  isentrcpy  index, 
the  degree  of  turbulence,  and  the  degree  of  roughness  will  be  secondary 
for  this  problem,  and  for  the  sake  of  simplification  we  shall  not 
discuss  them) . 

The  obtained  relationships  indicate  that  the  consideration  of 
full  similitude  wnen  modeling  the  aeroelastic  oscillation  of  blades 
is  scarcely  of  practical  interest,  since  such  similitude  is  difficult 
to  obtain  because  of  technical  considerations. 

Let  us  dwell  upon  questions  of  partial  modeling  of  aeroelastic 
phenomena  in  aerodynamic  cascades  of  turbomachines. 

For  the  sake  of  definiteness  we  shall  again  consider  the  problem 
of  the  investigation  of  resonance  dynamic  stresses  in  working  blades, 
the  osciLlation  of  which  is  induced  by  edge  wakes  of  the  directing 
cascade.  The  oscillation  of  an  elastic  system  in  resonance  or  close 
to  resonance  under  the  action  of  relatively  small  perturbing  forces 
takes  place  in  one  of  the  main  forms  of  free  oscillation.  The  dynamic 
stresses  in  an  elastic  system  in  the  case  of  stabilized  oscillation 
are  detex’mined  by  the  balance  of  the  supplied  energy  and  the  dissipated 
energy. 

For  a  cascade  with  blades  of  finite  length ,  the  shape  of  the 
vortex  wakes  which  induce  the  oscillation  is  practically  constant 
along  the  entire  blade.  Only  in  narrow  zones,  situated  at  the  ends 
of  the  directing  blades,  is  a  sharp  increase  in  the  thickness  of  the 
boundary  layer  observed,  brought  about  by  secondary  tr-ansverse  leaks. 

Thus,  the  oscillation  of  a  working  blade  is  induced  by  a  distri¬ 
buted  force,  and  by  a  concentrated  force  applied  to  the  blade  vortex 

Ml 
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(the  second  concentrated  force  at  the  blade  root  cannot  induce  .oscil¬ 
lation).  In  the  case  of  oscillation  in  resonance,  the  deflection 
curve  of  the  blade  may  be  given  by  the  principal  oscillation  mode 


/.*(!)  sin  vr,  l  =  ~. 


(11. 'I) 


Here  account  is  taken  of  the  fact  that  between  the  excitation 
force,  which  is  in  phase  with  cosvr  ,  and  the  deflection  there  is  a 
phase  shift  of  ji/2.  We  shall  employ  the  energy  method.  The  work 
of  the  distributed  excitation  force  applied  to  the  blade  per  oscil¬ 
lation  cycle  is  equal  ( l  is  the  blade  length,  2b  is  the  chord) 


At-j  \  dx  -  AxWHtfRlt.  /,  -  /  X  ($)  dl 


(11.5) 


Function  R  must  now  depend  also  upon  n<ib 


The  work  per  oscillation  cycle  of  the  excitation  force  induced 
by  tip  phenomena  is  equal  to 


(11.6) 


Here  is  the  coefficient  of  the  n  harmonic  of  the  Fourier 
series  when  the  supplemental  velocities  In  the  wake  at  the  ends  of 
the  directing  cascade  are  expanded,  A  Is  the  thickness  of  the  tip 
loss  zor.e. 

The  work  of  the  aerodynamic  damping  forces  per  cycle  is  equal  to 


«  «// 

4*-J  ]’  dxdx~~  4*yu>*vH  (yfTlr 


(11.7) 


Function  T  must  now  depend  also  upon  the  blade  length  tj2b  . 


The  work  of  the  mechanical  damping  forces  per  cycle  is  equal  tc 


Ay -  J  J  ,2y  dx  dx  ~  -  2n  Am  /,  -  j  .V*  (5)  d\. 


(11.8) 
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We  shall  consider  in  the  first  approximation  that  functions 
R(I  ,  q,  c)  and  T(k,  q,  a)  do  not  depend  upon  the  blade  span  l/2b. 

This  assumption  is  equivalent  to  the  hypotheses  of  two-dimensional 
sections  that  is  employed  in  steady-state  aerodynamics. 

In  view  of  the  smallness  of  the  work  of  the  aerodynamic  damping 
forces  in  comparison  to  the  energy  of  the  oscillating  blades,  the 
aerodynamic  damping  coefficient  may  be  represented  as  a  ratio  of  A,, 
to  twice  the  maximum  kinetic  energy  of  the  blade 


dt. 

2  Ak 


T. 


Here  v  is  the  circular  velocity  of  the  oscillation,  P  is  the  area  of 
the  blade  section. 


Defining  the  excitation  coefficient  in  such  a  manner  that  it  does 
not  depend  upon  the  blade  deflection,  we  analogously  find 


2  Ak 


■**■£#•* 


Thus,  6^  and  a2  are  expressed  In  terms  of  functions  R  and  T.  The 
coefficients  of  excitation  in  aerodynamic  damping  can  also  be  deter¬ 
mined  experimentally. 

The  basic  value  of  modeling  consists  in  the  fact  that  it  becomes 
possible  to  conduct  tests  on  a  cascade  that  is  operating  at  very 
high  (or  low)  pressures  on  the  basis  of  air  with  normal  parameters. 


However,  if  a  conventional  blade  design  is  used  in  the  model, 
it  is  impossible  to  decrease  substantially  the  density  of  the  working 
medium.  Considerable  gain  may  be  obtained  by  making  the  blade  rigid 
and  hollow  in  the  form  of  a  shell  or  of  foam  material,  and  to  effect 
elastic  suspension.  In  this  case  a  certain  amount  of  freedom  appears 
in  the  selection  of  the  oscillation  frequency  of  the  blade  and  of  the 
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model  and,  what  is  significant,  it  becomes  possible  to  alter  the 
mechanical  damping  coefficient  within  wide  limits. 

Par  sucn  a  problem,  it  is  expedient  to  formulate  the  slnilitude 
criteria  in  a  somewhat  different  form  from  above. 

We  define  the  cascade  —  stream  system  by  the  following  parameters 

/.  m,  v,  6„  we,  p°,  (,  «,■*  (11.9) 


Here  new  designations  have  b^en  introduced:  m  is  the  linear  mass 
of  the  blade,  v  is  the  natural  circular  frequency  of  the  blade  osci¬ 
llation,  f  is  the  natural  circular  frequency  of  action  of  the  perturb¬ 
ing  wakes . 


Five  dimensionless  criteria  are  formed  from  these  parameters. 


pV  */  c*  /  . 

m  *  »"  #•’  v*  * 


(11.10) 


The  dimensionless  dynamic  stress  depends  on  them 


y'n  IF’  V*  6-»j- 


(11.11) 


However,  in  this  problem  a  direct  conversion  of  the  dynamic 
stresses  from  the  model  to  full  scale  cannot  Le  effected,  since  their 
constructions  are  unlike.  In  the  tests,  only  a  similitude  (approxi¬ 
mate  form)  of  the  unstabilized  processes  is  observed. 


The  model  tests  serve  for  determination  of  the  coefficients  of 
aerodynamic  damping  and  excitation,  and  on  th*  basis  of  these  coef¬ 
ficients  the  dynamic  stresses  in  full-scale  blades  are  determined. 


The  following  tests  must  be  made  on  the  models. 

First  the  mechanical  damping  coefficient  6,  (for  w°  =  0)  is 
determined, then  the  total  da:;.i.ng  coefficient  for  a  given 
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dimensionless  stream  velocity  wtyv/  and  in  the  absence  of  wakes. (v°  =  0). 
3oth  of  these  tests  may  be  based  either  upon  measurement  of  the  atten¬ 
uation  of  fx'ee  oscillation,  or  upon  measurement  of  the  power  necessary 
for  the  maintenance  of  stabilized  harmonic  oscillation. 


Then  the  model  is  tested  at  a  given  stream  velocity  and  a  given 
wake  system.  The  maximum  dimensionless  deflection  y /l  is  measured. 
Then  the  coefficient  of  aerodynamic  excitation  for  the  model  is  found 
from  the  expression,  obtained  from  the  energy  balance: 


(11.12) 


The  coefficients  of  aerodynamic  damping  **  and  oscillation 
excitation  ,  found  experimentally  in  the  model,  may  be  transferred 
to  full  scale,  if  uce  is  made  of  the  hypotheses  of  two-dimensional 
cross  sections. 


Then  we  obtain  the  following  values  of  the  energy  supplied  from 
the  stream  and  dispersed  into  the  stream  for  an  element  the  length 
of  the  full-scale  blade 


d/\,  a  -  dAkf  dAt  =  2d;  dAk. 


(11.13) 


Here  and  henceforth  the  values  without  a  prime  refer  to  full- 
scale  conditions . 


Integrating  (11.13)  through,  taking  (11.4  -  11.8)  into  account, 
we  obtain  the  values  of  the  coefficients  of  excitation  and  aerodynamic 
damping  for  a  full-scale  blade  as  a  whole,  expressed  in  terms  of  the 
obtained  mouei  values  (we  simplify,  disregarding  shifting) 


6i“7T^’  fls=*6«- 


(11.14) 


Then  the  dynamic  stresses  in  the  root  of  the  full-scale  blade 
(in  the  case  of  purely  flexural  oscillation)  are  found  according  to 
the  formula 
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2bE!X'(0)  6, 

0~"  I*r  a1+4,-*  (11.15) 

Here  the  coefficient  of  mechanical  damning  5^  may  be  considered 
as  known. 

The  influence  of  viscosity  in  the  problems  under  consideration 
will  be  manifested  in  at  least  three  directions:  (a)  the  edge  wakes 
will  change  due  to  diffusion  of  the  vortices;  (b)  the  presence  of  a 
boundary  layer  will  bring  about  a  change  of  the  circulation  and  a 
delay  in  its  establishment;  (c)  unstabilized  phenomena  in  the  boun¬ 
dary  layer  will  bring  about  a  change  in  the  losses. 

In  experimental  study  of  these  problems,  the  determining  criteria 
will  include  the  Reynolds  number.  The  indicated  systematic  research 
is  of  great  interest,  but  its  formulation  involves  considerable 
difficulties. 

Experimental  study  of  the  influence  of  gas  compressibility  upon 
the  characteristics  of  unstabilized  flow  about  cascades  is  simpler 
than  study  of  the  influence  of  viscosity. 

It  is  of  interest  for  practical  purposes  to  study  the  character¬ 
istics  for  all  typical  cases:  subsonic,  transonic,  and  supersonic. 

Let  us  consider  the  design  of  an  installation  developed  for  in¬ 
vestigating  unstabilized  aerodynamic  and  aeroeiastic  phenomena  in 
turbomachines '  (Figures  11.1,  11.2).  The  installation  is  intended 

for  the  study  of  dynamic  stresses  evoked  by  edge  wakes,  partial  supply, 
or  some  other  circular  nonuniformity  of  the  stream.  On  the  installa¬ 
tion,  flow  about  cascades  in  a  periodically  unsteady  and  strongly 
turbulized  stream  can  be  studied.  The  installation  is  also  suitable 
for  studying  flutter,  rotating  separation,  and  aerodynamic  damping. 


Footnote  (1)  appears  on  page  50^  . 
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Figure  11.1.  Longitudinal  section  through 
the  experimental  installation. 


Figure  11.2.  Cross  section  of  the  experimental 
installation. 
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The  design  of  the  installation  is  based  upon  considerations 
dealing  with  modeling  of  the  basic  singularities  of  unsteady  aero¬ 
dynamic  phenomena. 

For  convenience  in  making  the  measurements,  the  aerodynamic 
cascade  under  investigation  is  made  stationary,  and  the  cascade  pre¬ 
ceding  it  is  a  rotating  one.  The  installation  possesses  great  flex¬ 
ibility  because  various  problems  and  regimes  can  be  taken  into  con¬ 
sideration,  since  its  rotor  can  either  be  driven  by  an  electric  motor 
or,  on  the  contrary,  energy  can  be  removed  from  the  rotor  by  means 
of  a  hydraulic  brake.  Air  flow  through  the  installation  at  a  rate  of 

O 

up  to  4  mJ/see  is  provided  by  a  multistage  compressor  with  a  rotor 
speed  of  up  to  9000  rpm. 

The  basic  subassemblies  of  the  installation  include  the  frame 
(1),  the  annular  intake  fitting  (2),  the  directing  device  (3),  a 
shaft  with  a  disk  (4),  rotor  blades  with  a  turn  mechanism  (5),  a 
yoke  with  bearings  (6),  an  electric  motor  (7),  (a  hydraulic  brake 
may  be  installed  instead  of  the  electric  motor),  a  coordinate  device 
with  movable  rings  (8),  stator  blades  (9)>  a  segment  with  the  inves¬ 
tigated  blades  in  a  special  suspension  (10),  distance  rings  (11), 
a  fairing  (12). 

The  yoke  with  bearings,  in  assembly  with  the  rotor  of  the  instal¬ 
lation,  is  fastened  at  the  rear  part  of  the  frame.  A  circle  of  stater 
blades,  the  movable  rings  of  the  coordinate  devices,  and  the  distance 
rings  are  located  in  the  front  part  of  the  frame,  which  has  a  hori¬ 
zontal  joint.  The  segment  with  specially  suspended  blades,  made  of 
light  material,  and  the  coordinate  devices  with  measuring  probes  is 
located  across  a  window  in  the  upper  part  half  of  the  front  part. 

An  ef^user  with  a  directional  prerotation  unit  is  attached  to  the  end 
flange  of  the  front  part  of  the  frame.  The  attitude  is  changed 
simultaneously  for  all  blades  of  the  directional  unit  by  means  of  a 
turn  mechanism. 
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A  conception  of  the  investigation  methods  is  given  by  the  .mea¬ 
surement  diagram  (Figure  11.3)  used  in  studying  the  unsteady  aero¬ 
dynamic  forces  which  excite  and  damp  blade  oscillation. 


Figure  11.3.  Measurement  layout  for  the  experimental  instal¬ 
lation  (see  Figure  11.1). 

( i]-tensometer  station  power  supply,  (Z)-tensometer  station, 

( 3) -tensometric  sensor,  (4)-cathode  oscillograph,  (5)-filter, 
(6)-loop  oscillograph,  ( 7)-frequency  meter,  ( 8)-resistance 
magazine,  (9)-tachogenerator,  (lC)-output  transformer, 

( 1] )-stabilizea  rectifier,  ( 12)-turn-marker  pickup,  (13)- 
tirne  marker,  (l4)-amplifier  power  supply,  (15)-amplifier, 

( lb)-thermometer,  ( 17)-audio-frequency  generator. 


Measurement  of  the  aerodynamic  parameters  (total  and  static 
pressure,  and  the  stream  angle)  is  conducted  at  three  control  cross 
sections:  before  the  perturbed  cascade  S., ,  after  it  S 2,  and  after 
the  cascade  under  investigation  The  coordinate  units  which  shift 

the  probes  have  an  electric  drive  with  remote  control.  The  probes 
may  be  moved  in  three  directions:  circumferential,  radial,  and  axial, 
and  can  also  turn. 
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Rough  measurement  of  the  rpm  number  is  performed  by  means  of 
a  tachogenerator  and  a  frequency  meter.  For  precise  measurement  of 
the  rpm  number,  an  rpm  marker  with  an  induction  type  pickup  is  in¬ 
corporated  in  the  scheme.  The  induction  coil  works  in  conjunction 
with  an  oscillograph  loop.  For  precise  measurement,  oscillation  beats 
are  produced  by  means  of  a  sonic  generator.  For  decoding  on  film, 
in  addition  to  the  beats  and  the  signal  of  the  rpm  marker,  the  signal 
of  the  time  marker  is  registered  at  a  frequency  of  1000  Hz. 

Tensometric  sensors,  adhesively  attached  to  the  blades,  register 
their  displacement.  The  signal  is  delivered  to  a  multichannel  ten¬ 
sometric  amplifier  which  functions  without  distortion  up  to  a  frequency 
of  7000  Hz.  A  loop  oscillograph  and  a  cathode  oscillograph  are 
connected  at  the  amplifier  output. 

The  sonic  generator  may  be  connected  at  the  cathode  oscillograph 
directly  to  the  scanning  unit  in  order  to  produce  light  marks  on  the 
curve  of  the  process  under  investigation. 


Let  us  consider  the  design  of  the  blades. 


Figure  11.4.  Design  of  sus¬ 
pended  blade:  (l)-suspended 
part  of  blade,  (2)-elastlc 
suspension,  (3,  4)-profIle 
fairings . 


The  blade  under  investigation 
(1)  (Figure  11.4)  is  fastened  on  an 
elastic  suspension  (2)  which  con¬ 
sists  of  two  plates;  this  provides 
for  almost  two-dimensional  oscilla¬ 
tion  of  the  blade.  Stationary  pro¬ 
file  parts  (3)  and  (4)  are  situated 
at  the  ends.  Their  purpose  is  to 
decrease  the  influence  of  steady 
secondary  leakages, originating  at 
the  ends  of  the  curvilinear  channel, 
upon  the  blade  part  under  investi¬ 
gation.  The  investigated  oscillating 
part  of  the  blade  may  he  made  of 
materials  of  various  density,  so 
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that  tests  may  be  carried  out  on  the  basis  of  air  with  normal  para¬ 
meters  with  concurrent  maintenance  of  the  necessary  relationships  be¬ 
tween  the  stream  density  and  the  blade  density.  Such  a  system  makes 
it  possible  in  practice  to  span  the  necessary  range  of  natural  fre¬ 
quencies  of  tangential,  axial,  and  torsional  oscillation  of  the  blades 
from  dozens  of  Hertz  to  3000  -  4C0Q  Hz.  Thus,  for  example,  an  inves¬ 
tigation  was  made  of  the  blades  of  steam-turbine  first  stages,  having 
natural  frequencies  of  2000  -  3500  Hz.  In  this  case  steel  blacies  in 
turbines  operate  in  steam  of  very  high  density,  so  that  for  mainten¬ 
ance  of  the  mass  criteria  they  were  made  of  foam  plastic  in  the  air 
models.  The  profile  part  of  the  blade  must  be  sufficiently  rigid  so 
that  it  does  not  participate  in  the  oscillation.  In  the  cited 
example  the  profile  part  had  natural  frequencies  of  tangential,  axial, 
and  torsional  oscillation  of  7000  to  17000  Hz. 

The  suspension  of  the  blade  part  under  investigation  is  designed 
in  the  form  of  two  springs.  The  shape  and  the  pickup  adhesion  points 
are  shown  in  Figure  11.5.  Cases  (a),  (b),  and  (c)  of  Figure  11.5 
correspond  to  deformation  in  the  case  of  tangential,  axial,  and  tor¬ 
sional  vibration  of  the  blades.  The  dimensions  of  springs  P  and  R, 
as  well  as  angles  and  a2  are  selected  on  the  basis  of  assigned 
natural-oscillation  x’requencies,  as  well  as  according  to  the  condition 
of  the  locating  the  center  of  gravity  and  axis  of  torsion  of  the 
simulated  blades. 

Figure  11.6  shows  a  diagram  of  the  adhesion  of  the  tensometric 
sensors,  used  In  investigating  the  vibration  of  active-profile  blades 
and  which  provides  for  independent  measurement  of  deformations  in  the 
axial  direction  X,  the  tangential  direction  Y,  and  the  rotational 
direction  M. 

Senosrs  3  and  6  are  so  situated  that  when  the  blade  is  loaded  in 
the  direction  Y  it  will  undergo  a  corresponding  deformation  of  the 
opposite  sign.  The  action  of  a  force  along  X  will  not  bring  about 
deformation  of  these  sensors,  since  the  plane  passing  through  axis 
V  of  the  elastic  element  will  be  neutral.  The  stress  brought  about 
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Figure  11.5.  Deformation  of  blade  suspension 
for  three  basic  kinds  of  load.  The  tenso¬ 
metric  sensors  corresponding  to  the  numbers 
serve  to  measure  the  following  deformations : 
(1,  3)-in  the  direction  of  the  X-axis; 

(*1,  5)-in  the  direction  of  the  Y-axis; 

(1,  7) -torsional. 


by  the  torque  applied  to  the  blade  will  also  not  be  received  by  these 
sensors,  since  they  are  situated  in  neutral  axes. 

Sensors  4  and  5  are  cemented  on  the  side  edges  of  spring  P  and 
are  intended  for  measuring  deformations  of  the  opposite  sign,  origi¬ 
nating  with  the  action  of  a  force  along  X. 

Sensors  1  and  7  receive  stresses  brought  about  by  torque.  Sensors 
4,  5,  1,  and  7  are  situated  in  such  a  manner  that  they  react  only  to 
a  specific  form  of  load. 


A  bridge  circuit  for  the  connection  of  the  sensors  is  shown  in 
Figure  11,6.  Sensor  2  is  cemented  onto  the  blade  and  is  used  for 
tuning  the  circuit  (the  necessity  for  tuning  is  brought  about  by  in¬ 
accuracy  in  selection  of  the  adhesion  points,  as  well  as  by  scattering 
of  the  resistances). 

Small  tensometric  sensors  (not  more  than  2  mm  wide)  of  constantan 
wire  0.032  mm  in  diameter,  witn  a  resistance  of  not  less  than  100  ohms. 
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Figure  11.6.  Displacement  of  tensometric 
sensors  on  a  blade. 


are  used  in  the  circuits. 


Let  us  first  devote  some  time  to  the  determination  of  aerodynamic 
damping  and  mechanical  damping  in  oscillating  blades.  This  question 
is  important  by  itself,  since  the  level  of  the  resonance  stresses, 
depends  upon  the  value  of  the  damping  as  does  the  possibility  of  the 
origination  of  flutter.  Proper  determination  of  damping  in  research 
on  models  is  also  important  because  dispersed  energy  is  determined 
from  it.  Consequently,  in  research  on  stabilized  oscillation,  the 
energy  makes  it  possible  to  perform  conversions  and  to  find  the 
dynamic  stresses  in  systems  with  other  characteristics. 


§  11.2.  Determination  of  Aerodynamic  Damoinc 


We  shall  consider  methods  of  experimental  determination  of  sero- 
dynamic  damping  of  the  blades  in  a  cascade,  and  seme  experimental 
results. 


Direct  experimental  determination  of  the  value  of  aerodynamic 


damping  of  the  blades  in  a  cascade  is  a  difficult  problem.  The  basic 
difficulty  consists  in  the  fact  that  aerodynamic  damping  depends 


essentially  upon  the  pnase  shift  of  the  blade  oscillation.  Mainten¬ 


ance  of  oscillation  of  the  entire  blade  system  with  an  arbitrary 
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assigned  phase  shift  is  impossible  in  practice.  Therefore,  it  is 
usually  necessary  to  be  restricted  to  measurements  of  the  value  of 
aerodynamic  damping  for  some  accessible  special  cases. 

A  second  difficulty  is  the  necessity  for  sufficiently  precise 
measurements,  since  the  value  of  aerodynamic  damping  is  relatively 
small,  and  it  is  necessary  to  measure  aerodynamic  damping  in  systems 
which  inevitably  have  mechanical  damping  (damping  in  the  most  elastic 
structure  and  attachment  points). 

Two  basic  methods  are  employed  for  studying  aerodynamic  damping: 
the  method  of  free  attenuating  oscillation  and  the  method  of  forced 
oscillation.  In  the  first  method  the  oscillating  system  is  brought 
out  of  the  state  of  equilibrium  and  the  attenuation  rate  of  the 
oscillation  is  measured.  This  method  has  a  drawback  when  applied  to 
the  study  of  aerodynamic  damping  in  a  cascade,  since  it  can  be 
employed  only  in  the  case  of  oscillation  of  the  blade  under  consider¬ 
ation,  and  with  the  others  stationary  (with  the  excitation  of  several 
blades  simultaneously  the  necessary  phase  shift  will  not  be  main¬ 
tained,  and  the  oscillation  amplitudes  will  not  be  identical) . 

In  ohe  second  method  the  stabilized  harmonic  oscillation  of  the 
system  i.3  maintained,  and  the  energy  dispersed  by  the  system  is  mea¬ 
sured  in  one  way  or  another. 

It  Ls  expedient  to  conduct  the  measurement  of  aerodynamic  damping 
on  special  installations  in  which  it  is  possible  to  change  the  air 
density  and  the  blade  material,  the  Mach  number,  the  Reynolds  number, 
and  the  angle  of  attack.  The  research  must  usually  be  carried  out  on 
blade  models  which  oscillate  two-aimensionally.  This  has  definite 
advantages,  since  flow  abut  two-dimensional  cascades  has  been  studied 
most  of  all.  However,  in  this  case  it  is  necessary  to  act  on  the 
basis  of  the  hypotheses  of  two-dimensional  sections;  this  hypothesis 
is  generally  justified  in  the  study  of  steady-state  phenomena.  In 
this  case,  however,  the  experiments  are  not  entirely  representative. 
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since  the  tip  effects  are  also  unavoidably  taken  into  account.'  A 
cneck  on  the  share  of  the  end  effects  can  be  made  only  by  changing 
the  length  of  the  investigated  part  of  the  blade. 

In  a  case  where  the  aerodynamic  damping  of  one  oscillating  blade 
is  determined  (the  others  are  stationary),  the  method  of  free  oscilla¬ 
tion  may  be  used. 

The  process  of  attenuation  of  the  blade  oscillation  without  a 
stream  and  in  a  stream  is  recorded  by  means  of  an  oscillograph. 

In  the  first  case,  attenuation  of  the  oscillation  is  brought 
about  only  by  mechanical  damping,  and  in  the  second  case  —  by 
mechanical  damping  and  aerodynamic  damping.  By  definition,  the 
logarithmic  coefficient  of  oscillation  is  equal  to 


Here  and  5^  are  respectively  the  initial  and  the  final  (n  periods 
later)  oscillation  amplitudes. 

The  aerodynamic  clamping  coefficient  is  found  as  the  difference 
between  the  total  coefficient  and  the  mechanical  coefficient. 

For  studying  the  influence  of  the  oscillation  of  the  remaining 
blades  upon  the  aerodynamic  damping  of  the  bls.de  under  consideration, 
it  is  necessary  to  consider  an  annular  cascade1  of  elastic  blades. 

In  many  cases  it  is  sufficient  to  consider  the  oscillation  of  a  packet 
of  blades,  since  the  most  significant  influence  is  exerted  by  the 
adjacent  blades.  Excitation  of  the  blade  oscillation  must  be  effected 
with  an  assigned  phase  shift,  which  must  be  controllable.  Such 
excitation  may  be  effected  by  the  preceding  rotating  cascade,  which 
creates  vortex  walces.  In  a  case  where  the  excited  cascade  is 
completely  homogeneous,  the  phase  shift  between  the  oscillations  of 
the  blades  depends  only  upon  the  ratio  of  the  spacing  of  the  exciting 
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cascade  and  that  of  the  excited  cascade.  The  blade  performs  na^ 
oscillations  per  unit  of  time,  where  n  is  the  number  of  revolutions, 
Z1  “  ^d/t-j.  is  the  number  of  blades  of  the  excited  cascade,  d  is  its 
diameter,  and  t^  is  the  blade  spacing.  Then  the  oscillation  period 
is  equal  to  /,/jwrf  .  The  adjacent  blades  obtain  momentum  with  a  time 
shift  eaual  to  tdnnd,  where  t^  is  the  spacing  of  the  excited  cascade. 
Consequently,  the  phase  shift  of  the  oscillation  of  the  adjacent 
blades  is  equal  to 


o  > *  2.t 


itndti 
M  dl, 


(11.16) 


A  resonance  peak  can  be  constructed  by  tensometric  meas-irement 
of  the  oscillating  blades.  The  total  damping  coefficient  is  obtained 
on  the  basis  of  the  sharpness  cf  tne  peak. 


The  dynamic  coefficient  (the  ratio  of  tne  oscillation  amplitude 
to  the  static  deflection  under  the  action  of  the  same  force),  as  is 
known,  is  equal  to 


x-X 


(13.17) 


Here  f  and  v  are  respectively  the  frequencies  of  the  forced  oscilla¬ 
tion  and  the  natural  oscillation.  We  deslgr&ve  Av=//v— i  ana  , 

where  is  the  maximum  value  of  the  dynami >•  coefficient.  Consid¬ 

ering  a  sufficiently  narrow  area  in  the  vicinity  of  resonance .  it 
may  be  considered  that  Av«!.  In  all  actual  cases  the  damping  coeffi¬ 
cient  is  also  very  small,  .  Discarding  tei-:s  cf  the  second  order 
of  smallness,  from  (11.17)  we  obtain,  after  transformations. 


2.1 1 A  v  | 
J'X^l  * 


;ii.?8) 


Constructing  a  resonance  peak  on  the  basis  of  experimental  data, 
by  means  of  (11.18)  we  find  the  total  damping  coelficient .  Sub¬ 
tracting  from  it  the  mechanical  damping  coefficient,  obtained,  for 
example,  on  the  basis  of  attenuation  of  the  system  without  a  stream. 
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we  determine  the  aerodynamic  damping  coefficient.  It  is  obvious  that 
in  order  to  increase  the  accuracy,  it  is  necessary  to  create  an 
oscillating  system  with  the  smallest  possible  coefficient  of  mechan¬ 
ical  damping. 

It  must  be  noted  that  determination  of  the  damping  coefficient 
on  the  basis  of  results  of  measurements  conducted  in  turbomachines 
is  inevitably  made  with  relatively  low  accuracy.  Therefore,  in  cases 
where  this  is  possible,  it  is  better  to  determine  the  damping  coeffi¬ 
cient  on  a  special  stand. 

Let  us  comDare  the  resonance  amplitudes  of  the  oscillation  of 

0  *  0 

the  same  blade  without  a  stream  y^  and  in  a  stream  y 2.  If  tnis  blade 
is  excited  by  the  same  force,  which  can  be  accomplished  on  a  stand, 
the  amplitudes  must  be  inversely  proportional  to  the  corresponding 
oscillation  decrements 


.«/?  V:-6j 

ft  6j 

Here  S2  is  the  coefficient  of  aerodynamic  damping,  6^  and  are 

respectively  the  coefficients  of  mechanical  damping  for  amplitudes 

0*0 
y1  and  y2. 

The  coefficient  of  aerodynamic  damping  is  found  according  to 
the  formula 

**ijf*-^  (11.19) 


However,  the  application  of  this  method  is  restricted,  since 
when  studying  the  damping  cf  a  blade  system  it  is  a  complex  matter  to 
provide  fcr  forced  vibration  of  the  blades  with  assigned  amplitudes 
and  phase  shifts.  The  advantage  of  this  method  is  greater  accuracy. 


One  additional  difficulty  must  be  overcome  when  conducting 
research.  The  point  of  the  matter  is  that  It  Is  in  practice  Impossible 
to  make  the  cascade  absolutely  homogeneous.  Since  the  blades  always 
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have  an  unavoidable  scattering  of  the  natural  partial  frequencies,  at 
oscillation  close  to  resonance  there  will  originate  a  phase  shift, 
different  for  different  blades,  between  the  acting  force  and  the 
deflection.  Consequently,  the  oscillation  phase  shift  of  adjacent 
blades  will  not  be  equal  to  the  phase  shift  of  the  forces  acting  upon 
these  blades.  Let  us  note  that  Formula  (11.16)  expresses  precisely 
this  force  phase  shift,  and  only  in  the  case  of  a  homogeneous  cas¬ 
cade  does  it  simultaneiously  yield  the  oscillation  phase  shift. 

(2) 

Let  us  assume  that  there  is  an  unconnected  system  of  blades 
with  a  certain  scatter  of  the  natural  frequencies:  v-^,  »p,  .... 

Let  this  system  be  acted  upon  by  a  perturbing  force  with  the 
frequency  f.  The  phase  shift  between  the  force  acting  upon  the  blade 
and  the  side  of  the  blade  is  expressed  by  the  well-known  formula 

±L 

.  *  V 

i^-ardg - 7-r-rj-. 

'-(i) 

Let  us  consider  a  case  where  the  scattering  of  the  natural 
frequencies  is  small  and  oscillations  close  to  resonance  are  being 
stufi.  .1.  Designating //y,  —  l=Av<l  ,  we  obtain 

♦«**src,5  2^T*  (11.20) 

We  express  the  phase-shift  difference  of  adjacent 

blades,  for  example,  the  first  and  the  second,  by  the  formula 

In  this  case,  if  the  first  blade  is  in  resonance,  we  obtain 

In  order  that  Aty  be  a  small  value,  it  is  necessary  to  have  a 
very  small  frequency  difference  with  respect  to  the  natural  frequen¬ 
cies.  Thus,  for  example,  whcr  S  -  0,03  and  with  the  condition  AifdO’  , 

Footnote  (2)  appears  on  page  50 4. 
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it  is  necessary  to  maintain  |Av,|<8,5*  10*< .  Thus,  for  the  selected 
conditions  the  natural  frequencies  should  not  differ  by  more  than 
0.085S. 


With  such  a  frequency  scatter,  the  dynamic  coefficient  v/ill  in 
practice  be  equal  to  the  maximum  value,  and  the  blades  will  oscillate 
with  equal  amplitudes. 

For  adjusting  high-frequency  blades  with  such  precision,  a 
special  method  of  monitoring  is  necessary.  For  precise  control,  I. 
Heruda  proposed  the  marker  method.  In  this  method  a  cathode  oscillo¬ 
graph  is  used,  the  circuit  of  which  makes  it  possible  to  superimpose, 
on  the  image  of  the  oscillatory  process,  luminescence  markers  the 
frequency  of  which  may  be  controlled  by  means  of  an  external  source. 
The  oscillatory  tube  must  have  an  afterglow.  The  marker  frequency 
is  selected  an  integer  greater  than  the  natural  frequency  of  the 
blade.  Then,  as  is  shown  in  Figure  11.7  a,  the  disposition  of  the 
markers  is  the  same  on  all  w aves  of  the  attenuating-oscillation  curve. 
If  a  scanning  scale  of  the  image  with  respect  to  time  is  so  selected 
that  the  individual  waves  will  merge,  converging  continuous  bands 
formed  by  the  markers  on  the  attenuation  curve  can  be  observed  on 
tne  stream.  In  a  case  where  the  ratio  of  the  marker  frequency  to  the 
natural  oscillation  frequency  of  the  blades  is  a  fraction,  the  bands 
will  intersect  in  the  manner  shown  in  Figure  11.7  b.  From  the  slope 
of  the  bands  the  deviation  of  the  frequency  of  one  blade  from  the 
frequency  of  another  can  be  computed,  for  which  the  markers  generate 
nonintersecting  strips 


(11.21) 

Here  k  Is  the  multiplicity,  n  is  the  number  of  blade  oscillations 
in  the  interval  At  between  the  points  of  Intersection  of  two  adjacent 
bands  with  the  abscissa.  For  the  example  under  consideration  (kn  = 
12,  n  =  6)  the  relative  frequency  change  equals  Av/v»  0.01JI.  With 
the  use  of  this  monitoring  method  it  was  possible  to  adjust  the  high- 
frequency  blade  (v  =  3000  Hz)  with  an  accuracy  to  within  0.1?. 


FTD-HC-23-242-70 


459 


The  scatter  of  the  natural 
frequencies  of  the  blades  in  a 
cascade  of  a  real  turbor.achine 
may  reach  1055  for  technological 
reasons.  Therefore,  it  must  be 
emphasized  that  in  laboratory 
research,  an  Idealized  system  is 
created  for  the  purDose  of  obtain¬ 
ing  in  pure  form  the  influence 
coefficients  which  may  then  be 
converted  to  an  arbitrary  oscil¬ 
lating  cascade. 

At  present  it  would  be  diffi¬ 
cult  to  point  out  a  method  that 
did  not  have  some  drawbacks. 
Therefore,  it  is  important  to 
compare  damping  coefficients  ob- 

Pigure  11.7.  Marker  method  .for  tained  by  various  methods, 
precise  determination  of  oscil¬ 
lation  frequency. 

Let  us  consider  the  method 

of  determining  the  damping  coefficient  employed  by  F,  Ruben.  The 
method  is  based  upon  the  excitation  of  synchronized  forced  oscilla¬ 
tion  by  means  of  electromagnets,  and  makes  possible*  smooth  adjustment 
of  the  phase  angle.  The  method  becomes  complex  if  the  oscillation 
of  more  than  three  adjacent  blades  is  studied. 

The  idea  is  understandable  from  the  measurement  diagram  (Figure 
11.8).  The  blade  under  investigation  (1)  is  fastened  on  an  elastic 
suspension  (2),  as  has  been  described  above.  Adjacent  blades  (la) 
and  (lb)  have  their  own  suspensions,  and  there  is  no  mechanical 
connection  with  blade  (1).  Let  us  consider  the  special  case  where 
the  last  blades  have  a  common  tuning-fork  suspension  and  may  oscillate 
only  in  phase.  The  overall  system  looks  the  same,  but  requires  a 
third  electromagnet  and  separate  suspension.  The  oscillation  of 
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Figure  11.8.  Measurement  layout  for  the 
determination  of  aerodynamic  damping. 

blades  (la)  and  (lb)  is  maintained  by  an  electromagnet  (4)  connected 
to  the  audio-frequency  generator  (10^ .  The  signal  is  delivered  with 
the  same  frequency  from  the  generator  (10)  through  a  transformer  (11) 
to  a  dynamic  loudspeaker  (12),  at  a  definite  distance  from  which  a 
microphone  (13)  is  installed.  The  signal  is  received  with  a  time 
lag  whicn  may  be  controlled  by  changing  the  distance  between  the 
dynamic  speaker  and  the  microphone.  It  is  this  device  that  creates 
the  necessary  phase  shift.  Then  the  signal  passes  through  the 
amplifier  (1*1)  and  arrives  at  the  electromagnetic  (4)  which  oscillates 
the  cent  >al  blade. 

Strain  gauges  (3)  are  located  on  the  suspensions  connected  with 
the  strain-gauge  data  unit  (5).  The  pulses  from  the  strain  gauge 
data  unit  pass  one  by  one  through  the  commutator  (6)  and  the  filter 
(7)  to  the  cathode  oscillograph  (9),  wnich  is  synchronized  with  the 
audio- frequency  generator.  Here  a  measurement  of  the  blade-oscilla¬ 
tion  phase  shift  can  be  made.  In  the  measurement  of  amplitudes,  the 
signal  from  the  strain  guage  data  units  on  the  suspension  is  fed  to 
the  mi  Hi  volt  ammeter  (8). 

Ler  us  consider  some  experimental  results  with  regard  to  the 
determination  of  aerodynamic  damping  for  a  cascade  of  turbine  blades. 
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An  active  cascade  with  TR-1A  profiles  had  an  incidence  of. 

6  =  80°  (the  calculated  entry  angle  is  6,  =  25°).  In  most  of  the 

y  ■*-  _ 

experiments  the  relative  spacing  was  equal  to  t  =  t/2b  =  0.6,  except 
for  specifically  stipulated  cases.  The  natural  frequency  of  the 
cascade  was  varied  from  112  to  1520  Hz.  The  stream  velocity  ranges 
from  10  to  200  m/sec. 

Figure  11.9  shows  resonance  peaks  recorded  when  the  blade  under 
investigation  oscillated  outside  a  stream,  in  order  tc  determine 
mechanical  damping  (these  losses  include  losses  for  friction  in  air, 
and  for  acoustic  radiation).  The  frequency  of  the  perturbing  oscil¬ 
lation  :Ls  plotted  along  the  abscissa,  and  along  the  ordinate,  are 
plotted  the  readings  of  the  millivoltammeter,  which  are  porporfcional 
to  the  deformations  of  the  blade.  In  Figure  11.10  the  same  peaks  arc- 
plotted  in  terms  of  relative  coordinates.  From  a  comparison  of  the 
peak  sharpness  it  follows  that  the  mechanical  damping  of  the  system 
is  weak,  but  nevertheless  increases  with  an  increase  of  the  oscilla¬ 
tion  amplitude.  This  is  also  in  agreement  with  the  fact  that  in 
Figure  11.9  the  resonance  conditions  at  the  smallest  amplitudes 
correspond  to  high  frequencies  (in  terms  of  relative  values  this 
oh  Is  negatively  small),  as  follows  from  the  theoretical  con¬ 
siderations.  Within  the  investigated  load  limits,  the  mechanical 
damping  coefficient  changed  from  0.00A5  to  0.0065.  The  values  ootained 
by  the  two  methods  generally  coincide.  The  osci_j.ating  system  v?as 
designed  on  purpose  to  have  such  a  small  mechanical  damping  coefficient, 
in  order  to  increase  the  accuracy  of  the  determination  of  aerodynamic 
damping. 

An  experimental  investigation  was  made  of  the  influence  of 
the  oscillation  amplitude  on  the  aerodynamic  damping  coefficient. 

Figure  11,11  shows,  as  a  function  of  the  relative  blade 
oscillation  amplitude  2.4/t  (where  t  is  the  cascade  spacing),  the 
value  K,  *  S  /6  ,  the  ratio  of  the  aerodynamic  damping  co- 

efficient  to  that  at  maximum  amplitude.  The  experimental  points 
refer  to  various  oscillation  frequencies  and  main  stream  ve¬ 
locities,  which  are  indicate’  in  the  graph.  In  each  series  of 
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figure  LI. 9.  Resonance  peaks 
for  various  load  values. 
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Figure  -.1.11.  Relationship  of 
relative  aerodynamic  damping 
coefficient  to  the  oscillation 
amplitude  (one  blade  is 
oscillating) . 


Figure  11.10.  Resonance  peaks 
in  dimensionless  coordinates. 

experiments  the  Strouhai  number 
and  the  mass  criteria  w=p°(26),/m. 
were  held  constant.  B’rom  the 
obtained  relationship  it  follows 
that  the  aerodynamic  damping 
coefficient  does  not  change  when 
the  oscillation  amplitude  is 
changed  by  a  factor  of  seven. 

It  should  be  kept  in  mind  that 
these  experiments  are  carried  out 
with  a  single  oscillating  blade 
and,  consequently,  shifting  cannot 
yield  a  force  wirT ch  performs  work. 


In  Figure  11.12  are  shown  the  results  of  a  series  of  tests,  the 
purpose  of  which  is  to  establish  the  relationship  of  aerodynamic 
damping  to  the  main  stream  velocity.  Along  the  ordinate  is  plotted 
the  relative  damping,  damping  at  maximum  velocity  being  taken  as  the 
unit.  It  follows  from  the  graph  that  the  relationship  obtained  in 
a  wide  range  of  velocity  variation  remains  linear,  which  coincides 
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with  the  theoretical  considera¬ 
tions.  Seme  scattering  of  points 
is  observed  at  high  stream  velo¬ 
cities;  this  is  evidently  connected 
with  the  influence  of  compressi¬ 
bility.  Somewhat  unexpected  is 
the  fact  that  this  influence  is 
in  this  case  insignificant.  In 
each  series  of  these  experiments, 
the  natural  oscillation  frequency 
and  the  mass  criterion  i m  were 
kept  constant. 

Since  during  the  experiment 
the  gas  density  was  varied  to¬ 
gether  with  the  velocity,  a  con¬ 
version  was  made  to  constant  density  (the  same  mass  criteria).  The 
justification  for  the  possibility  of  such  a  conversion  is  obvious 
from  theoretical  and  experimental  considerations.  In  this  experiment 
the  Reynolds  number  changed  as  a  function  of  gas  velocity  and  gas 
d-. ;  ,j.ty.  Special  research  on  determination  of  the  influence  of  the 
Reynolds  number  was  not  conducted;  however,  the  indirect  conclusion 
may  be  arrived  at  that  this  influence  cannot  be  significant  in  uhe 
range  under  consideration. 

In  Figure  11.13  is  presented  a  graph  of  the  absolute  value  of 
aerodynamic  damping  as  a  function  of  a  combination  of  the  mass  cri¬ 
terion  and  the  Strouhal  number.  The  calculations  were  made  with 
respect  to  the  ratio  of  the  resonance  amplitudes.  Let  us  first 
consider  the  justification  for  the  selection  of  such  a  combination 
as  a  criterion  upon  which  the  aerodynamic  damping  coefficient  depends. 
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Figure  11.12.  Relationship  of 
the  relative  value  of  aerody¬ 
namic  damping  to  the  flow 
velocity . 
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-The  pressure  distribution  along  the  profile  during  oscillation 
is  determined  by  the  Lagrange  integral 


P  “  -  ypnw,+ const. 


(11.22) 
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Here  p9.  p  are  respectively  .  the 
density  o.f  the  fluid  and  the 
pressure,  ©  is  the  absolute  velo¬ 
city  of  the  stream  flowing  about 
the  profile,  9  is  the  velocity 
potential. 


Figure  11.13.  Relationship  of 
aerodynamic  damping  to_the 
dimensionless  complex  m/k. 


non - — -  The  distribution  of  pressures 

A  along  the  profile  determines  the 

net  — — - — 

Jr  force  acting  on  the  profile. 

o.oei  —  /- -  Since  aerodynamic  damping  depends 

/ _ upon  the  energy  exchange  between 

0  '  2  J  4  5  f  1  8mik.it1 '  thg  oscillafclng  biade  and  the 

stream,  in  the  case  at  hand  only 

Figure  11.13.  Relationship  of  that  part  of  the  force  is  of 

•  “»ich  1=  in  phase  with 
the  oscillation  velocity  c=>n 
perform  work.  Obviously,  in  this  case  account  need  not  be  taken  of 
the  first  term  in  the  Lagrange  equation,  since  it  is  In  phase  with  the 
acceleration  (recollect  that  in  this  experiment  the  oscillation  of 
only  one  profile  in  the  cascade  is  being  considered  and,  consequently, 
the  velocity  potential  changes  within  time  in  phase  with  velocity, 
and  its  derivative  changes  in  phase  with  acceleration) .  We  shall 
also  take  into  account  the  fact  that  high-frequency  oscillation  is 
being  considered  and,  as  has  been  noted  above,  shifting  of  the  blade 
does  not  affect  the  energy  exchange. 

Thus  the  variable  part  of  the  pressure,  which  is  in  phase  with 
velocity,  is  determined  only  by  the  second  term  of  the  Lagrange 
equation. 

The  square  of  the  absolute  stream  velocity  may  be  represented 
in  the  following  manner: 


- 
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Here  w°  is  the  distribution  of  velocity  along  the  profile  ir.  stabilised 
stream,  w_  <<  w°  and  wM  <<  w°  are  respectively  the  tangential  velocity 
and  the  normal  velocity  of  the  perturbed  movement  of  the  fluid  brought 
about  by  small  oscillations  of  the  profile. 

Comparing  (11.22)  and  (11,23)  and  discarding  terms  of  the  second 
order  of  smallness,  we  find  that  the  variable  part  of  the  pressure, 
which  is  in  phase  with  the  oscillation  velocity,  is  proportional  to 
the  product  of  velocities  pcop^ce,  .  The  perturbed  velocity  of  the 
fluid  must  be  proportional  to  the  oscillation  velocity  of  the  blade, 
equal  to  t/jcosvr  (vQ  is  the  modulus  of  the  oscillation  velocity,  v  is 
the  oscillation  frequency).  Then  we  obtain 

P  GO  p°!£j°y0  COS  vr. 

The  variable  aerodynamic  force  is  obtained  by  integrating  this 
expression  along  the  entire  surface  of  the  blade,  and  consequently 
will  be  proportional  to  the  semichord  b  and  the  height  l  of  the  blade 

Y  oo  p*b!w*oa  cos  vr. 

The  power  released  to  the  stream  by  the  blade  is  proportional 
to  the  product  of  the  force  and  the  oscillation  velocity 

N  oop^/mAjJcos’vt. 


The  energy  released  by  the  blade  during  one  oscillation  period 
equal  tc  2.i/v  is  found  by  integration  of  the  preceding  expression 
over  time  and,  consequently,  will  be  proportional  to 


£eoipW»»  (11. 2  4) 

We  now  find  the  expression  for  the  aerodynamic  damping  coeffi¬ 
cient  in  terms  of  the  dispersed  energy. 
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By  definition,  the  logarithmic  decrement  of  oscillation  is  equal 
to  the  logarithm  of  the  ratio  of  two  adjacent  attenuating-oscillation 
amplitudes 


(11.25) 


Tne  latter  replacement  was  made  on  the  basis  of  the  fact  that  the 
ratio  of  the  oscillation  amplitudes  is  equal  to  the  ratio  of  the 
osci) lation- velocity  moduli.  Multiplying  the  sublogarithmic  expres¬ 
sion  by  ml,  where  m  is  the  linear  mass  and  l  is  the  height  of  the 
oscillating  part  of  the  blade,  we  obtain  the  expression  for  the 
oscillation  decrement  in  terms  of  the  ratio  of  kinetic  energies  taken 
one  oscillation  period  apart: 


T  t;/  elementary  transformations,  ;.c  obtain 


(11.26) 


The  latter  simplifications  were  made  on  the  basis  of  the  fact 
that  5  <<  1,  and  consequently,  («» -«'?*)/'’»<  *. 


Expression  (11.26)  constitutes  the  ratio  of  the  kinetic  energy 
lost  by  the  system  per  cycle  during  an  attenuated  oscillation,  to 
twice  the  initial  kinetic  energy  2Ek—mlvl.  The  kinetic  energy  lost, 
on  the  basis  of  the  law  of  conservation,  must  be  equal  to  the  energy 
dispersed  in  the  oscillation  process  and,  consequently, 

aSr*  (11.27) 


From  ( 11. 2*0  and  (11.27)  we  finally  obtain  the  result  that  the 
damping  coefficient  must  be  proportional  to  the  mass  number  and  in¬ 
versely  proportion  to  the  Strouhal  number: 

p^blaPol  f >6*  A  p V  vfr 

vflifcj  «  v»  *  '  «  *  (11.28) 
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The  above  considerations  are  based  upon  a  quasi-sfceady  approach, 
3lnce  the  influence  of  the  vortex  wake  was  not  taken  into  account. 

/ill  the  considerations  may  be  repeated  also  for  the  general  case  and 
the  difference  will  lie  in  the  fact  that  the  obtain? .«  expression 
will  be  preceded  by  a  correction  multiplier  which  depends  only  upon 
the  Strouhal  number  (this  result  is  obtained  from  the  cons leu  -at  ion 
cf  similitude) 


*-*(*)■£..  (11.29) 

We  now  turn  to  an  experiment  (Figure  11.13)  which,  with  the  aim 
of  confirming  the  criteria!  relationship,  was  conducted  with  broad 
and  independent  variation  of  the  dimensional  values.  The  stream 
velocity  was  varied  from  10  to  200  •  m/aec,  the  natural  blade  frequency 
was  varied  from  112  to  1520  Hz,  the  mass  of  the  blade  was  varied 
approxiuately  threefold.  During  the  entire  experiment,  the  geome¬ 
trical  characteristics  of  the  cascade  and  the  angle  of  stream  inci¬ 
dence  remained  constant. 

From  Figure  11.13  it  follows  that  the  Relationship  (11.28)  is 
confirmed  very  well  and,  thus  the  coefficient  in  Formula  (11.29)  Jo 
constant  within  the  range  of  these  experiments. 

From  these  experiments  an  Influence  coefficient  can  be  obtained 
directly:  the  velocity  coefficient  of  the  influence  of  the  profile 
upon  itself  .  The  remaining  influence  coefficients  may  be  obtained 
by  studying  the  oscillation  of  the  adjacent  profiles. 

All  the  described  tests  were  carried  out  on  an  aerodynamic 
cascade  with  a  relative  spacing  of  E  *  t/2b  =  0.6  (2b  is  the  chord  of 
the  profile).  It  was  noted  that  with  this  spacing,  self-similarity 
with  respect  to  the  Strouhal  number  was  detected.  Experiments  with 
cascades  of  large  spacing  permit  this  pattern  to  be  clarified.  In¬ 
vestigations  have  shown  that  in  cascades  viith  a  large  spacing, 

(Figure  11.14)  a  relationship  of  aerodynamic  damping  to  the  Strouhal 
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number  is  observed,  namely,  just  as  in  a  single  wing,  aerodynamic 
damping  increases  with  a  decrease  of  k**vbju j*.  it  has  been  shown 
experimentally  that  the  smaller  the  cascade  spacing,  the  less  is  the 
influence  of  the  Strouhal  number.  When  k  >  1,  self-similarity  is 
observed  for  all  investigated  cascades.  Along  the  ordinate  the  ratio 


of  the  aerodynamic  damping  co¬ 
efficient  with  an  arbitrary  E 
to  the  same  value  when  t  equals 
0.6  is  plotted.  These  tests 
also  pertain  to  the  case  where 
one  blade  is  oscillating  in  the 
cascade. 

For  dense  cascades  with 
cophasal  oscillation,  the  cause 


Figure  11.14.  Relationship  of 
relative  aerodynamic  damping 
to  tne  relative  cascade  spacing. 


of  self-similarity  was  explained 
earlier. 


Research  conducted  with  the  aim  of  ascertaining  the  influence 
of  the  spacing  upon  aerodynamic  damping  shows  (Figure  11.15)  that 
in  tne  range  which  is  of  practical  interest,  the  relationship  of 
aerodynamic  damping  to  the  spacing  is  monotonies. 


This  comparison  was  made  with  self-similar  Strouhal  numbers. 

The  coefficient  of  aerodynamic  damping  at  a  relative  spacing  of  t  = 

0.5  was  taken  as  the  unit  of  comparison.  With  a  decrease  of  the 
spacing  the  aerodynamic  damping  increases ,  since  the  induced  velocities 
increase .  This  increase  (which  agrees  with  the  theory)  is  brought 
about  by  an  increase  in  the  rate  of  displacement  of  the  fluid,  during 
oscillation,  from  the  narrower  infcerblade  channel.  The  corresponding 
precise  calculations  of  t.vc  cascades  were  carried  in  Chapter  7.  Here, 
for  clarification  of  this  phenomenon,  we  shall  carry  out  an  elementary 
calculation  based  upon  a  crude  hypotheses.  In  a  sufficiently  dense 
aerodynamic  cascade,  the  origination  of  induced  velocities  w_  may  be 
imagined  as  a  process  of  displacement  of  the  fluid  from  the  inter— 
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blade  channel  as  the  profiles 
come  closer  together  ar.d,  con¬ 
versely,  as  an  inflow  tf  the 
fluid  when  the  profile;,  move 
farther  apart.  During  oscilla¬ 
tion  of  the  blades,  tnfse  two 
processes  in  adjacent  intern  lade 
channels  take  place  simultaneous¬ 
ly.  In  the  relatively  narrow 
interblade  channel  the  perturbed 
velocities  will  be  inversely 
proportional  to  the  distance 
between  the  profiles  and  directly 
proportional  to  the  length  ol 
the  contour  arc.  Since  the  geometry  of  the  profile  remains  const  a;/'  , 
the  induced  velocities  are  inversely  proportional  to  the  ratio  of 
the  spaclngs  of  the  two  compared  cascades  //r0*.  On  the  basis  of 

previous  considerations  it  is  obvious  that  the  coefficients  of 
aerodynamic  damping  I must  be  in  the  same  proportion.  From 
Figure  11.15  it  follows  that  this  elementary  calculation  (dotted 
curve)  yields  satisfactory  results. 

Figure  11.16  shows  the  relationship  of  the  relative  aerodynamic 
damping  coefficient  to  the  angle  of  attack.  It  has  be^n  experimentally 
shown  that  relative  aerodynamic  damping  has  the  greatest  value  in 
calculated  streamline  flow. 

Up  to  now  we  have  been  dealing  with  the  determination  of  aero¬ 
dynamic  damping  in  the  case  of  flexuial  blade  oscillation.  Now  v:e 
present  experimental  values  of  aerodynamic  damping  in  the  case  of 
torsional  oscillation  (Figure  11.17).  Along  the  abscissa  the  dimen¬ 
sionless  quantity  ?(V)*IJk  is  plotted  which  is  analogous  to  the  quantity 
m/k  used  above  when  studying  flexural  oscillation.  Here  p°(2 byu  is 
the  dimensionless  moment  of  inertia,  r-°  Is  the  density  of  the  gas, 

2b  is  the  blade  chord,  J  is  the  physical  moment  of  blade  inertia 


Figure  11.15.  Relationship  of 
relative  aerodynamic  damping 
to  the  relative  cascade  spacing. 
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Figure  11.16.  Relationship  of  relative 
aerodynamic  damping  to  the  angle  of 
attack. 

about  the  centt.  of  torsion,  k 
is  the  Strouhal  number. 

Experiments  have  proven 
(in  case  of  the  oscillation  of 
a  single  blade)  the  presence  of 
a  proportional  relationship  be¬ 
tween  the  coefficient  of  aero¬ 
dynamic  damping  and  the  above- 
mentioned  quantity.  During  the 
experiment  the  velocity  of  the 
main  stream  and  the  natural 
frequency  of  the  torsional 
oscillation  of  the  blade  were 
varied. 

i  11.3.  Investigation  of  Forced  Oscillation 

The  investigation  of  forced  blade  oscillation,  and  study  of  the 
exciting  and  damping  forces  in  cascades,  were  conducted  on  the  in¬ 
verted  turbomachine  described  in  5  ’hi. 


Figure  21-17-  Relationship  of 
aerodyr  amic  damping  in  vase  of 
the  torsional  oscillation  of 
profile  TF-1A  to  the  value 
Psl24  )’//*. 
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Let  us  first  consider  the  selection  of  the  type  of  exciting 
cascade  which  generates  vortex  wakes. .  In  turbines  (or  compressors), 
cascades  may  vary  very  greatly  with  respect  to  geometrical  and  aero¬ 
dynamic  characteristics.  However,  in  the  case  of  subsonic  streamline? 
flow  at  some  distance  from  the  cascades,  the  dimensionless  charac¬ 
teristics  of  the  edge  wakes  should  be  identical.  This  property 
follows  from  the  theory  of  turbulent  jets  or  vortex  wakes  propagating 
behind  bodies  of  arbitrary  shape. 

The  characteristics  of  a  turbulent  edge  wake  behind  cascades 
were  discussed  in  §  9.1,  where  the  basic  dimensionless  relationships 
are  also  presented.  For  regimes  where  the  cascades  are  well  stream¬ 
lined  systems,  the  edge  wakes  are  subject  to  a  universal  relationship 
at  a  relatively  small  distance  from  the  outlet  edges.  This  rcsearci 
concerns  the  study  of  vortex  wakes  behind  the  central  part  of  the 
blades,  i.e,,  in  that  part  of  them  where  the  influence  of  tip  effects 
brought  by  finite  blade  length  has  no  effect. 

In  the  vicinity  of  the  end  walls  bounding  an  annular  directing 
cascade,  complex  secondary  flows  originate,  which  change  the  shape 
of  the  edge  wakes. 

In  order  to  clarify  the  basic  governing  laws,  it  Is  desirable  tc 
conduct  the  research  (In  any  case,  the  initial  research)  fer  wakes 
that  are  constant  with  respect  to  blade  height.  Therefore,  as  has 
been  shown  above,  the  oscillating  part  of  the  blade  Is  construct  lu 
such  a  manner  as  to  cut  off  the  peripheral  part  of  the  wakes,  which 
Impinge  on  the  peripheral  profile  fairings. 

The  standard  TS-2A  nozzle  cascade  (Figure  11.18)  was  adopted  as 
the  perturbing  cascade.  The  distribution  of  the  relative  supplemental 
velocities  In  the  edge  wakes  of  this  cascade  at  a  differing  relative 
axial  distance  A b/t  is  shown  in  Figure  11.19.  Tests  wore  conducted 
with  a  Reynolds  number  of  7  x  10"5  (the  profile  chord  was  taken  as  the 
characteristic  dimension)  and  the  dimensionless  velocity  c/a, ---0.61 
(a  is  the  absolute  stream  velocity,  af  Is  the  critical  velc  fcy ) . 
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Figure  11.18.  The  TS-2A 
nozzle  cascade. 


The  characteristic  decrease  of  the 
velocity  dip  and  the  increase  of  the 
wake  with  increasing  distance  from  the 
cascade  can  he  seen  in  Figure  11.13. 

On  the  circumference  of  the  wheel 
s  =  48  nozzle  blades  were  located, 
which  corresponded  to  a  relative  spac¬ 
ing  of  t  -  t/2b  *  9.51. 


v*/e 


Figure  11.19.  Graph  of  relative  supple¬ 
mental  velocities  in  wakes  behind  the 
T3-2A  nozzle  cascade. 

All  research  on  edge  wakes  at  cascades  is  conducted  under  static 
conditions  and  in  the  absence  of  a  working  cascade.  In  a  real  work¬ 
ing  stage  the  structure  of  the  wakes  naturally  changes,  since  they 
are  intercepted  by  working  cascades;  in  addition,  a  downstream  in¬ 
fluence  of  the  cascade  is  observed.  However,  in  order  to  find  the 
general  governing  rules  in  the  value  of  the  exciting  force,  It  is 
desirable  to  try  to  find  the  connection  between  the  characteristics 
of  the  static  edge  wakes  and  the  dynamic  stresses. 
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During  an  investigation  of  a  turbomachine  stage  consisting  of 
a  directing  cascade  and  a  working  cascade,  the  dynamic  forces  in  the 
working  blades  are  excited  not  only  due  to  edge  wakes,  but  also  due 
to  the  immediate  mutual  influence  of  the  cascades.  This  influence 
is  brought  about  by  nonuniforraity  of  the  velocity  field  in  the  vicinity 
of  the  cascades,  and  essentially  can  be  manifested  also  in  a  potential 
stream.  The  nonuniformity  of  a  velocity  field  of  this  type  decreases 
rapidly  as  the  axial  distance  between  the  cascades  is  increased.  The 
corresponding  theoretical  questions  and  the  calculation  method  were 
considered  in  Chapter  8.  In  a  detailed  experimental  study  of  excita¬ 
tion,  it  is  desirable  to  separate  these  two  different  forms  of  cas- 
case  interference  in  a  3tream.  This  can  be  accomplished  to  a  certain 
extent  if  advantage  is  taken  of  the  fact  that  at  a  certain  distance 
from  the  perturbing  bodies,  wakes  are  universal  and  do  not  depend 
upon  the  specific  shape  of  the  bodies. 

In  this  case  it  is  convenient  to  take  a  cascade  of  round  rods 
as  the  exciting  cascade. 

Figure  9.2  shows  the  results  of  a  number  of  experiments  in  regard 
to  the  investigation  of  vortex  wakes  behind  turbine  and  compressor 
cascades,  rods  with  a  round  cross  section,  and  plates  with  a  rectan¬ 
gular  outlet  edge.  When  working  with  the  characteristics  in  terms 
of  the  dimensionless  coordinates  of  turbulent-jet  theory,  satisfact¬ 
ory  agreement  is  observed  with  the  universal  theoretical  curve.  Here 
y/A»  is  the  ratio  of  the  coordinate  measured  across  the  wake  to  the 
halfwldth  of  the  wake,  taken  when  where  is  the  maximum 

velocity  dip  in  the  center  of  the  wake.  The  greatest  scatter  of 
points  is  observed  near  the  boundary  of  the  jet.  This  is  connected 
with  the  known  intermittenee  effect  and  a  decrease  in  the  accuracy 
of  the  measurements.  Let  us  also  note  that  some  points  correspond 
to  measurements  carried  out  in  planes  situated  closer  to  the  per¬ 
turbing  bodies  than  is  permitted  by  classical  jefc  theory. 

It  must  be  emphasized  that  when  a  rod  cascade  is  used,  attention 
must  be  paid  to  the  value  of  the  Reynolds  number.  This  is  due  to  the 
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fact  that  the  rods  are  poorly  streamlined  bodies,  and  at  critical 
values  of  the  Reynolds  number  a  critical  resistance  will  be  observed. 
Rods  are  most  convenient  of  all  to  use  if  the  Reynolds  number  lies 
between  10 J  and  10  ,  since  within  this  range  the  resistance  coeffi- 

The  rod  diameters  must 
be  selected  with  the  condition 
that  wakes  of  the  required 
intensity  be  stimulated.  It 
is  known  from  the  theory  of 
turbulent  vorcex  wakes  that 
at  a  certain  distance  from 
the  body,  in  the  case  of 
two-dimensional  streamline 
flow  the  half width  of  the 
wake  and  the  supplemental 
velocity  may  be  expressed  by 
the  formulas 

Here  d  is  the  diameter  of  the  cylinder,  cx  is  the  resistance  coeffi¬ 
cient,  x  ar.d  y  are  coordinates  measured  respectively  along  and 
across  the  wake,  e  is  an  experimental  constant. 

The  relationships  among  the  rod  (or  thread)  diameter,  the  stream 
velocities,  and  the  air  viscosity  in  such  experiments  are  such  that 
the  desired  range  may  be  expressed  in  terms  of  Reynolds  numbers. 

When  using  rods  as  the  perturbing  cascade,  it  is  necessary  to 
effect  a  pre -rut  at  ion  analogously  tc  the  manner  in  which  this  takes 
place  in  the  nozzle  equipment  (such  pre-rotation  must  also  be  effected 
when  using  a  nozzle  cascade,  since  the  installation  is  constructed 
in  an  inverse  way).  For  this  purpose  a  blade  device  is  provided  in 


eient  does  not  change  (Figure  11,20). 


Figure  11.20.  Relationship  of  the 
resistance  coefficient  for  a 
round  rod  to  the  Reynolds  number. 
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the  inlet  fitting  In  the  experimental  turbomachine.  The  use  of  a  rod 
cascade  provides  definite  advantages,  since  it  makes  it  possible  to 
vary  the  velocity  direction  and  the  angle  between  the  vortex  wakes 
and  the  main  stream  velocity.  Here  it  is  essential  that  the  charac¬ 
teristic  of  the  wake  itself,  in  a  section  normal  to  its  axis,  will 
practically  not  change,  since  a  round  rod  reacts  in  the  same  way  to 
any  angle  of  attack. 

A  orawback  in  the  use  of  a  rod  cascade  is  the  fact  that  for  the 
excitation  of  vortex  wakes  which  correspond  to  small  losses,  in 
modern  aerodynamic  cascades  it  is  in  many  cases  necessary  to  select- 
such  small  diameters  that  the  rods  can  oscillate  in  the  stream.  In 
this  collection,  some  experience  is  available  with  regard  t**  the  -se 
of  stretched  nylon  threads. 

Figure  11.21  presents  the  distribution  of  dimensionless  velocities 
with  respect  to  the  spacing  behind  a  rod  cascade,  taken  at  various 
axial  velocities  Ab/t.  The  rods  were  immersed  in  a  flow  under  static- 
conditions  at  an  angle  of  incidence  of  the  stream  in  relation  to  the 
cascade  axis  of  16,5°  and  the  relative  rod  diameter  is  d/t  -  0.035. 

3 

The  Reynolds  number  is  7  x  10  .  Similar  tests  were  conducted  at 
other  angles  of  incidence.  These  experiments  were  carried  out  in 
the  zone  where  the  wakes  Join.  Therefore,  there  is  no  potential 
stream  core  in  Figure  11.21. 

*Vu»  - 


Figure  11.21.  The  velocity  field  behind  a  rod 
cascade  in  a  zone  of  wake  connection. 
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Obviously,  In  this  region  the  wakes  will  not  satisfy  the 
universal  relationship  of  the  sppplemental-velocity  field.  The 
obtained  characteristics  are  necessary  for  investigation  of  the 
vibration  of  cascades  in  a  zone  of  connected  wakes.  Such  research  is 
necessary,  as  has  already  been  mentioned,  because  the  apex  of  a  blade 
may  be  working  in  a  zone  where  the  wakes  have  become  connected.  The 
distribution  of  the  velocity  field  beyond  the  rods  in  this  case 
is  asymmetric,  since  the  plane  of  the  measurements  was  parallel  to 
the  axis  of  the  roa  cascade. 

In  some  experiments  use  was  also  made  of  an  exciting  cascade 
consisting  of  symmetrical  wing  profiles.  Its  drawback  is  sensitivity 
to  the  angle  of  attack;  this  can  bring  about  separation  of  the 
stream  and  an  uncontrollable  form  of  wakes . 

Let  us  consider  some  results  of  experiments  devoted  mainly  to 
determination  of  the  excitation  coefficient  or  the  relative  dynamic 
force.  This  research  was  carried  out  by  I.  Neruda,  B.  E.  Kapelovich, 
and  F.  Ruben. 

Two  cascade  types,  which  simulated  real  aerodynamic  cascades  of 
high-parameters  steam  turbines,  were  subjected  to  experimental 
investigation. 

.Model  cascade  No.  i  (Figure  11.22)  is  characterized  by  the 
fox lowing  values:  profile  TR-3A,  relative  spacing  t  *  0.59*  profile 
attitude  g  =  78°,  calculated  entry  angle  8,  *  26°,  blade  chord 

y 

•2b  =  37 - f  mm,  the  natural  frequencies  of  the  tangential,  axial,  and 
torsional  oscillations  are  respectively  equal  to  1850,  1500,  and 
3220  Hz.  In  the  calculated  operating  regime  the  Strouhal  number 
(determined  on  the  basis  of  the  angular  frequency)  is  equal  to 
1.42,  while  the  mass  number  is  0.4^  X  10~2. 

Aerodynamic  cascade  No.  2  is  also  composed  of  profiles  TR-3A: 
tne  relative  spacing  is  t  *  0.62,  the  profile  attitude  Is  6  *  ?6°, 
the  natural  frequency  of  the  tangential  oscillations  is  v  *  2*165  Hz. 
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Let  us  consider  the  results  of  experiments  conducted  for  deter¬ 
mination  of  the  basic  rules  governing  the  behavior  of  the  excitation 
coefficient. 


The  experiments  were  conducted  with  cascade  No.  1.  The  mechanical 
oscillation  decrement  is  equal  to  0.02?.  The  blades  were  tu^ed  at  the 
natural  oscillation  .frequency  by  the  method  described  abov.. ,  Vertex 
wakes  were  generated  by  a  rod  cascade  with  a  spacing  of  t^  =  1.5  t^. 

Figure  11.23  shows  resonance  curves  recorded  at  a  fixed  inci¬ 
dence  angle  of  0^  *  30°  and  for  different  values  of  velocity  w!j\ 

Since  resonance  originates  at  a  definite  constant  rotational  velocity 
of  the  excited  cascade,  it  is  obvious  that  angle  a. ,  formed  by  tii» 
velocity  vector  c^  with  the  front  of  the  rod  cascade,  must  change 
during  this  time.  The  mass  number  will  also  cnange  somewhat,  since 
the  air  density  changes  during  change  of  the  incoming  velocity. 


In  the  figure  are  given:  the  Mach  numbers  M computed  on 

0  ' 

the  basis  of  the  entrance  velocity  w^  of  the  stream  to  the  working 
cascade,  the  Strouhal  numbers  ,  determined  on  the  basis  of 

the  natural  blade-oscillation  frequency,  «£,» J —  the  relative  value 
of  the  perturbation  velocity  in  the  wake  (v*Lv  is  the  maximum 
supplemental  velocity  in  the  wake),  the  mass  number  «=p°(2i)7m  >  wnere 
m  is  the  linear  reduced  mass  of  the  oscillating  blade,  the  angle  of 
flow  direction  o^. 


Analogous  resonance  curves  were  obtained  at  constant  values  of 
the  angle  of  entry  to  the  working  blades,  equal  to  0^  =  25°  and 

S2  «  <«>•• 


Let  us  consider  the  velocity  diagram  (see  Figure  1.3).  Here, 
vnjj  and  0^  are  respectively  the  velocity  and  angle  of  entry  of  the 
stream  onto  the  excited  cascade,  w°  and  *  are  the  velocity  and  exit 

4m 

angle  of  the  stream  from  the  cascade,  u  is  the  circular  velocity  of 
rotation  of  the  exciting  cascade,  c^  and  «  are  the  velocity  and 
angle  of  direction  of  the  stream  with  respect  to  the  rotating  cascade 
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Figure  11.22.  fhe  TR-3A  working 
:use.lde. 


Let  us  assume  that  these  velocities 
correspond  to  a  uniform  stream 
that  carries  no  vortex  wakes. 

Vortex  wakes  are  in  fact  observed 
behind  the  exciting  cascade;  they 
may  be  characterized  by  the  sup¬ 
plemental  velocity  v  (and  also  by 
the  width  of  the  wake  and  by  its 
shape).  The  velocity  diagram 
corresponding  to  a  particle  of 
liquid  belonging  to  the  wake  is 
marked  with  primed  letters.  Thus, 
with  passage  of  the  wakes  the 
value  and  direction  of  the  incident 


velocity  onto  tne  working  cascade  periodically  change.  This  brings 
atout  a  change  of  the  force  acting  upon  the  blades,  and  induces  their 
osciliat  Lon. 


The  velocity  diagram  that  has  been  depicted  is  typical  for  the 
stages  of  a  steam  or  gas  turbine.  The  difference  consists  only  in 
the  fact  that  the  experimental  installation  is  inverse,  and,  tnerefore, 
tne  absolute  and  relative  velocities  have  changed  places. 


The  unsteady  process  taking  place  in  a  cascade  of  strongly  bent, 
thick  profiles  is  very  complex,  and  at  present  there  are  no  methods 
for  calculating  it.  However,  a.  rather  crude  assumption  makes  it 
possible  tc  explain  the  basic  outlines  of  the  phenomenon  and  to  ob¬ 
tain  formulas  for  estimating  the  integral  effect,  which  agrees 
satisfactorily  with  experimental  results. 


Let  us  determine  the  force  acting  upon  a  blade  in  a  aerodynamic 
cascade  in  a  uniform  stream. 


The  value  of  a  projection  of  the  force  (acting  upon  a  unit  of 
c lade  length)  upon  the  cascade  axis  is  found  according  to  the  momentum 

equation 
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Figure  11.23.  Resonance  peaks  at  a  constant 
angle  of  entry  of  the  stream  onto  the  working 
cascade  0^  *  30°. 

i 


(Ix.  3'.  i 


We  shall  consider  a  cascade  with  a  small  reactivity  ratio,  and 
shall  therefore  -assume  that  the  density  of  the  fluid  at  the  input  ar.i 
at  the  output  is  approximately  the  same.  Then,  by  means  of  the  con¬ 
tinuity  equation  »*sinjS,«*w*sinp, ,  we  obtain  from  the  preceding  formula 


Byneansof  (II.30},  (11.32),  and  the  continuity  equation,  we  ixpress 
the  new  vaiue  of  the  force  in  terms  of  the  previous  values  of  the 
velocities  and  angles  and  the  va3ue  of  the  supplemental  veiecLty  vJ . 

r-p')/[u.«}»sin,p((l  -~}[c«gfc+clgfc--i(ctg«1  +  dgW].  (11.33 


By  means  of  (11.31)  and  (11.33)  we  find  the  force  increment 
Af  -  y  -  y'  -  •—  f«t  [w?J*ain*p,  (clg  a, + dg  p,  +  2  dg  &). 

This  expression  constitutes  the  increment  of  the  static  force 
wnen  is  replaced  by  and  under  the  condition  that  °I““, 

and  u  =  const.  If  it  is  considered  that  the  cascade  has  a  very  small 
spasing  (much  less  than  the  length  of  the  perturbation  wave),  and 
v  -  v  (t)  constitutes  a  supplemental  velocity  in  the  wakes,  it 
follows  tnat  AY^AKfr)  yields  the  change  of  the  perturbing  force  in 
time.  Ti is  force  is  found  in  a  quasi-steady  formulation. 

In  the  more  general  case,  when  the  assumption  concerning  quasi- 
steadines  and  the  small  cascade  spacing  is  not  satisfied,  it  may 
nevertheless  be  assumed  that  AY  is  a  value  that  is  proportional  to 
the  mcaulus  of  the  perturbing  force.  In  this  case,  v°  refers  to  a 
constant  which  has  the  sense  of  a  characteristic  supplemental 
velocity  In  the  wake. 

In  principle,  refinements  may  be  made  if  the  given  stream  is  con¬ 
sidered  nonuniform  and  if  the  conservation  equations  are  employed  for 
two  sect: ono  at  the  Input  and  output  for  each  channel  between  the 
blades.  However,  we  are  now  dealing  with  the  general  character  of 
the  relationship,  and  therefore  shall  restrict  ourselves  to  the 
selected  assumption. 

We  snail  show  the  degree  to  which  the  assumptions  are 
confirmed  experimentally. 

Let  two  resonance  blade-oscillation  regimes  in  a  cascade  be 
compared.  The  ratio  of  the  dynamic  deflections  must  be  directly 
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proportional  to  the  ratio  of  the  perturbing  forces  and  inversely  pro¬ 
portional  to  the  ratio  of  the  total  logarithmic  oscillation  decrements 


jL  Ay/  * 

I  “  hY  *'  • 


(11.; 4) 


Since  the  same  perturbing  cascade  is  used  in  the  experiments  under 
consideration,  it  should  be  considered  that  v°/c,  =  const,  since 

JL 

according  to  jet  theory  the  value  of  the  supplemental  velocity  in  a 
wake  is  proportional  to  the  mainstream  velocity. 


In  the  experiments  under  consideration,  the  velocity  of  flow 
about  the  blades  w®  and  its  direction,  determined  by  the  angle  , 
change  independently,  and  the  angle  formed  by  velocity  c^  with  “he 
front  of  the  rod  cascade  is  also  constrained.  The  change  of  the 
angle  is  brought  about  by  the  fact  that  due  to  the  resonance  condition 
it  is  necessary  to  maintain  constant  circumferential  velocity  of  the 
exciting  cascade. 

By  means  of  Formula  (11*34)  we  find  the  ratio  of  the  exciting 
forces  for  any  two  comparable  regimes 

O'  jF  $in%  rieoj  +  ctfl + 

*  (11.35) 


Here,  a,  is  the  critical  velocity,  =  const,  since  in  dense 

cascades  the  exit  angle  does  not  depend  upon  the  entry  angle  and  at 
subsonic  velocities  practically  does  not  depend  upon 


Cut  of  geometric  considerations,  it  is  easy  to  obtain 


ClgO,-CtgPj  + 


( 11 . 3'J ) 


From  (11.35)  and  (11.36),  it  follows  that  the  ratio  of  the  forces 
depends  only  upon  A,  and  g,  for  two  comparable  relations,  since 
depends  only  upon  A.  and  A. . 

JL  JL 

Selecting  for  .  'mparison  Figure  11.23  and  taking  advantage  of 
the  fact  that  in  this  case  30^,  a  graph  of  the  calculated  ratio 
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of  the  perturbing  forces  can  be  plotted  and  compared  with  the  graph 
of  the  ratio  of  forces  found  experimentally  via  dynamic  deflections 
and  oscillation  decrements  /t'Jyt. 

Figure  11.24  shows  plotted  points  corresponding  to  an  experiment 
conducted  when  g^  =  25°  and  g^  =  30° .  The  calculation  curve  (the 
calculation  curves  for  g=  25°  and  g  *  30°  coincide)  agrees  with  the 
experimental  relationship.  In  the  calculations,  the  experimental 
values  of  the  perturbing  force  have  been  reduced  to  a  single  fluid 
iensity  (to  an  identical  mass  number). 

Comparison  of  the  calculated  relationship  for  the  case  of 
=  ^0°  (Figure  11.25)  is  presented  separately,  since  the  experiment 
was  conducted  with  a  different  maximum  velocity  value. 

In  the  preceding  graphs,  a  comparison  was  essentially  made 
between  experiments  conducted  at  different  stream  velocities  w?  but 
with  a  constant  angle 

Let  us  now  ascertain  the  influence  of  angle  g,  upon  the  value 
of  the  dynamic  force;  for  this,  we  shall  compare  the  resonance  deflec¬ 
tions  taxon  at  equal  flow  velocities  from  three  different  experiment 
series  conducted  for  different  angles  3^  The  experimental  points 
are  shown  in  Figure  11.26,  the  maximum  value  of  the  force  for  each 
of  the  velocities  being  taken  as  the  unit.  Also  plotted  there  is  the 
curve  of  the  relative  force,  computed  by  means  of  Formulas  (11.35)  and 
(U. 36), 

From  graphs  (Figure  llc24  —  11.2 o)  it  follows  that  a  rather 
crude  assumption  nevertheless  makes  it  possible  to  represent  the  basic 
features  of  the  relationships . 

For  studying  the  influence  of  the  relationship  of  the  dynamic 
stresses  to  the  nonuniformity  of  trie  main  stream  field,  a  special 
experiment  was  conducted.  In  order  to  exclude  the  influence  of  all 
extraneous  factors,  the  experiment  was  conducted  at  a  constant  stream 
velocity  of  M  =  0.29t  a  constant  axial  gap  of  Ab  *  6  mm  and  angles 
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Figure  11.24. 
Relationship  of  the 
relative  perturbing 
force  to  the  stream 
velocity  for 

*  25°  and 

*  30°. 


Figure  11.25*  Relation¬ 
ship  of  the  relative 
perturbing  force  to  the 
stream  velocity  for 
S,  -  4o°. 


Figure  11.26. 
Relationship  of  she 
relative  preturbing 
force  to  the  stream 
angle  of  incidence. 


*  18°  and  pi-2f*  .  The  circumferential  velocity  and  the  rod  spacing 
of  the  excited  cascade  were  also  constant,  as  is  required  by  the  condi¬ 
tion  of  resonance.  In  the  process  of  the  experiment  only  the  rod 
diameters  of  the  exciting  cascade  were  varied,  which  changed  the 
nonuni forraity  of  the  velocity  field. 

Figure  11.27  presents  a  graph  of  the  change  of  the  relative 
dynamic  oscillation  amplitudes  with  resonance  as  a  function  of  the 
rod  diameter  (1).  As  can  be  seen  from  the  graph,  the  maximum  dynamic 
stresses  are  obtained  at  a  rod  diameter  of  1.5  mm.  The  course  of 
the  curve  becomes  clear  if  consideration  is  giver,  to  the  distribution 
curves  of  supplemental  velocities  In  the  wakes  behind  cascades  of 
rods  of  various  diameters.  In  the  course  of  expei’itr.ental  investigation 
of  the  velocity  field  behind  cascades  of  rods  1,  5,  2  and  3  mm  in 
diameter  (at  a  fixed  angle  of  Incidence  and  at  an  axial  distance)  it 
was  found  that  the  nonuniformity  will  be  the  greatest  when  d  *  1*5  mm. 


C 
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Estimation  Formula  (11. 3U)  indicates  a  linear  relationship 
between  the  nonuniformity  of  the  velocity  field  and  the  value  of  the 
perturbing  force. 

If  it  is  assumed  that  this  relationship  is  correct,  it  is  expe¬ 
dient  to  understand  by  the  characteristic  velocity  v°  the  Fourier 
coefficient  when  the  supplemental  velocity  field  is  expanded  into 
series.  Partner,  by  relative  nonuniformity  of  the  field,  we  mean 
the  ratio  v°/c^.  In  Figure  11.27,  curve  (2)  represents  the  change  of 
the  coefficient  of  the  first  harmonic  (the  first  harmonic  is  taken, 
since  resonance  of  the  first  multiplicity  is  being  studied)  when 
the  supplemental  velocities  cf  the  wake  are  expanded  into  a  Fourier 
series.  This  curve  clarifies  the  reason  for  the  drop  of  the  dynamic 
deflections  when  the  rod  diameter  is  increased  above  1.5  mm  (or  is 
decreased  below  1.5  mm).  Let  us  note  that  the  position  of  the  maximum 
depends,  of  coarse,  upon  the  angle  of  incidence  of  the  stream  upon 
the  perti.rfaing  cascade.  In  the  case  under  consideration  (a^  *  18°), 
the  decrease  of  the  nonuniformity  is  brought  about  by  the  wakes 
Joining.  This  can  be  confirmed  by  considering  an  experiment  with  the 
same  exciting  cascades,  but  which  are  flowed  about  at  the  angle  of 
attack  «.  *  32°.  Here,  Joining  of  the  wakes  is  not  observed,  and 

a 

the  stream  nonuniformity  increases  with  an  increase  of  the  rod 
diameter  In  accordance  with  this  is  observed  an  increase  of  the 
relative  resonance  dynamic  deflections  of  the  blades  (see  Figure 
11.27,  curve  [3]).  Curve  (*0  represents  the  dimensionless  nonuniform¬ 
ity  of  l he  stream  for  the  given  flow  conditions. 

In  turbomachines,  an  important  characteristic  of  a  stage  is  the 
value  of  the  axial  gap,  upon  which  the  efficiency  of  the  stage  and 
the  level  of  dynamic  stresses  depend.  Figure  11.28  presents  the 
relationship  of  the  relative  resonance  amplitude  to  the  relative 
distance  between  cascades  (1).  Curve  (2)  is  also  shown,  which  Is  a 
plot  of  the  relative  value  of  the  first  harmonics  obtained  when  the 
supplemental  velocities  of  the  wake  are  expanded  into  a  Fourier  series. 
Let  us  note  that  the  tests  were  conducted  in  a  zone  of  wake  linkage. 
During  the  experiment,  the  angles  and  g-  and,  consequently,  also 
the  angle  between  the  wake  axis  and  the  stream  velocity,  were 


W 
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Figure  11.27.  Relationship  of  the  Figure  11.28.  Relationship  of 
relative  dynamic  deflection  during  the  relative  dynamic  deflection 
oscillation  to  stream  nonunifcrmity.  to  the  axial  distance  between 

cascades. 


maintained  constant. 

Let  us  now  determine  the  relationship  of  the  unsteady  force  to 
the  nonuniformity  of  the  stream. 

In  experiments  conducted  with  different  axial  distances,  the 
absolute  stream  velocity  c^  and  the  relative  stream  velocity  vnj*,  the 
flow  angles  «i.  Pi  and  the  circumferential  velocity  remained  constant. 

In  this  case,  the  unsteady  force  AY  must  depend  only  upon  the  rela¬ 
tive  flow  nonuniformity  Figure  11.29  shows  the  relationship 

of  the  relative  now-stationary  force  L'i/'i  (Y  is  a  stationary  force 
which  was  constant  under  the  conditions:  of  the  experiment)  to  the 
relative  nonuniformity  of  the  stream  (the  experimental  points  of 
this  series  are  designated  by  circles). 

In  the  next  phase  of  experiments,  the  same  values  were  maintained 
constant,  while  the  stream  nonuniformity  was  varied  by  varying  the 
diameter  of  the  rods  (the  e\^’*imental  points  of  this  series  are 
marked  by  crosses). 
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Finally,  in  the  third  series 
of  experiments  the  rod  spacing 
was  varied .  The  circumferential 
velocity  was  changed  in  inverse 
proportion  to  the  spacing,  in 
order  to  retain  the  resonance  fre¬ 
quency  of  excitation.  In  these 
experiments,  angle  0^  was  also 
maintained  constant,  but  in  view 
of  this,  it  was  necessary  to  change 
angle 


Figure  11.29.  Relationship  of  the 
relative  perturbing  force  AY/Y 

(AY  is  the  perturbing  force,  Y  is 
the  steady  force)  to  stream 
nonuniformity.  The  conditions  of 
the  experiment: 

fi-K’.ti-W’,  M-s'/j-oa,  the  axial 
distance  between  the  cascades  was 
varied,  p,-26\  a,- 17.3* , 

Ab/2b  =  0.16,  the  diameter  of  the 
rods  of  the  exciting  cascade 
was  varied,  3)  0-^  -  26°,  Ab/2b  = 

*  0.16,  the  rod  spacing  of  the 
exciting  cascade  was  varied. 


The  experimental  points  of 
all  three  series  fit  satisfactorily 
on  a  straight  line  passing  through 
the  origin  of  the  coordinates,  i.e., 
they  confirm  the  proportional 
relationship  between  Ay/Y  and 
v*Ve,  .  In  the  case  of  pertur¬ 
bations,  the  wavelength  of  which 
is  much  greater  than  the  cascade 
spacing,  this  relationship  follows 
from  Formulas  (11. 31)  and  (11.34). 


No  mention  was  made  here  of 
the  values  of  the  gas  density  and 

the  flow  velocity  under  the  conditions  of  the  experiment,  since  Ay 
and  Y  are  proportional  to  the  same  value  w . 


In  the  presently  described  results  cf  experiments  conducted  at 
various  spacings  of  the  exciting  cascade,  it  turned  out  that  AY/Y 
depends  only  upon  the  nonuniformity  of  the  stream.  This  question 
deserves  more  detailed  investigation  In  the  future. 


When  the  relationship  cf  the  cascade  spacings  changes  in  the 
process  of  the  experiment,  comparison  of  the  results  becomes  much 
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more  difficult.  Thi3  is  explained  by  the  fact  that  a  change  takes 
place  in  the  aerodynamic  damping,  which  depends  upon  the  phase  shift 
of  the  oscillation.  In  addition,  and  this  should  be  emphasized,  the 
value  of  the  exciting  force  depends  upon  the  phase  shift  when  the 
vortex  wakes  act  upon  the  blades.  This  factor  is  not  taken  into 
account  when  blade  oscillation  is  studied  from  the  point  of  view  of 
solid-state  mechanics.  The  influence  of  the  phase  shift  due  to 
wake  action  is  brought  about  by  the  fact  that  the  change  of  pressure 
on  any  blade  which  has  been  acted  upon  by  a  vortex  wake  brings  about 
a  pressure  change  on  the  adjacent  blades.  The  interactions  are 
cumulative,  and  this  brings  about  a  decrease  or  an  increase  of  the 
aerodynamic  exciting  force. 

It  should  be  expected  that  aerodynamic  damping  will  be  the 
greatest  with  a  phase  shift  of  the  oscillation  of  the  adjacent  bl.'< 1 
equal  to  a  *  it.  However,  in  the  same  case  aerodynamic  excitation  car* 
have  reached  its  maximum  point.  Then  the  final  result  depends  upon 
the  relationship  of  the  aerodynamic  damping  to  the  mechanical 
damping,  as  well  as  upon  the  value  of  the  aerodynamic  excitation 
force.  Therefore,  the  question  of  the  optimal  relationship  of  the 
cascade  spacings  from  the  point  of  view  of  dynamic  strength  requires 
special  research. 

Let  us  consider  the  results  of  an  investigation  of  the  axial 
resonance  oscillation  of  blades.  Figure  11.30  presents  resonance 
curves  obtained  for  four  values  of  the  Mach  number  M  =  w°/a ,  which 
are  indicated  in  the  figure  together  with  the  other  characteristic 
values.  The  experiments  were  conducted  with  TR-3A  blades.  The 
natural  frequencies  of  tangential  and  axial  oscillation  are  equal 
respectively  to  1830  and  1440  Kz. 

Figure  11.31  shows  the  relationship  between  the  excitation  coef¬ 
ficient  for  axial  oscillation  (1)  and  the  Mach  number.  Presented  for 
comparison  in  the  figure  are  analogous  relationships  for  the  tangential 
oscillation  of  the  same  blades  (2  and  3).  Relationship  (2)  was 
obtained  in  experiments  with  constant  *  2 6°  and  a  variable  a. , 
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Relationship  (3)  was  obtained  at 
a  constant  value  of  c1  =  16°  and 
a  variable  81.  The  excitation 
coefficient  for  axial  oscillation 
(under  comparable  conditions)  is 
approximately  2  —  3  times  less 
than  for  tangential  blade  oscil¬ 
lation. 


The  experiments  for  which  the 
results  have  been  presented  above 
pertain  mainly  to  the  excition 
of  oscillation  in  a  nonuniform 
Ha  u*  H'J  m  stream  brought  about  by  a  cascade 

with  comparatively  large  losses . 

In  a  case  where  the  exciting 

Figure  11.30  Resonance  curves  of  d  h,„  small  losses  sharoer 

blade  axial  oscillation  (profile  cascade  nas  small  losses,  snarper 

TR-3A,  1  -ojo.  M>;2b-o,i6)-  peaks  of  the  supplemental  velocities 

in  the  wakes  will  correspond  to 
the  same  average  degree  of  nonuni¬ 
formity  (if  the  nonuniformity  is 
characterised  by  the  corresponding  coefficients  of  a  Fourier  series). 
Since  the  connection  between  the  nonuniformity  of  the  stream  and  the 
unsteady  force  exciting  it  may  be  nonlinear,  research  on  wakes  of 
various  shapes  is  necessary. 


Figure  11.30  Resonance  curves  of 
blade  axial  oscillation  (profile 
TR-  3 A  ,  7  -  0.50.  A6/24  -  0,!6)  ■ 


Fig  are  11.32  shows  the  distribution  of  supplemental  velocities 
in  a  wake  behind  an  exciting  rod  cascade  for  three  angles  of  incidence. 
The  x  coordinate  is  measured  along  the  cascade  axis;  the  tests  were 
carried  out  with  rods  having  a  diameter  of  d  =  0.75  mm  at  a  relative 
distance  from  the  cascade  axis  equal  to  Ab/d  =  7> 


On  the  basis  of  the  results  of  these  and  analogous  measurement 
series,  in  which  the  rod  diameter,  the  cascade  spacing,  the  angle  of 
incidence,  and  the  axial  distance  were  varied,  a  nonuniformity 
characteristic  of  the  velocity  field  can  be  constructed.  For  such  a 
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Figure  11.31.  Relationship  of 
the  excitation  coefficient  to 
stream  velocity:  1)  axial 
oscillation  —  “  ?onstJ 

2)  tangential  oscillation  — 
*  const;  3)  tangential 

oscilla;ion  *  const. 


Figure  11.32.  Distribution  of 
supplemental  velocities  in  the 
wakes  behind  an  exciting  cascade 

(d*»0,75  **,  &k/d~7)  . 


characteristic,  as  has  been  ascertained  above,  it  is  expedient  to 
adopt  Fourier  series  coefficients  when  expanding  the  supplemental 
velocity  fields. 

As  an  example.  Figure  11.33  whows  the  relationship  of  the 
relative  nonuniformity  v°/w°  (v°  is  the  coefficient  of  a  Fourier  series, 
w°  is  the  mainstream  velocity)  to  the  relative  cascade  spacing  for  the 
first  two  harmonics.  In  these  experiments,  both  the  spacing  and  tne 
rod  diameter  of  the  cascade  which  caused  the  nonuniformity  in  the 
stream  were  varied. 

Figure  11. 34  shows  the  dependence  of  the  relative  nonuniformity 
upon  the  axial  distance  from  the  measurement  plane. 

Figure  11.35a  shows  the  relationship  of  the  average  value  of 
the  unsteady  force  (1)  to  the  relative  distance  between  cascades.  In 
the  range  under  Investigation,  this  relationship  is  linear.  The 
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■'L:ure  11.33-  Dependence  of  tne  coefficients 
of  a  Fourier  series  which  characterize  stream 
nonuniformity  upon  the  ratio  of  the  spacing 
to  the  rod  diameter.  n~r>*)  at  t  =  const, 

d  =  var;  2)  d  =  const,  t  =  var. 


Figure  11.3*1  Dependence  of  the  coefficients 
of  a  Fourier  series  which  characterize  flow 
nonuniformity  upon  the  ratio  of  the  axial 
distance  to  the  rod  diameter  (<;./  •'-’t  -t, . 


Figure  11.35* 
exciting  force 


Relationship  of  the  relative 
to  stream  nonuniformity. 
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same  figure  shows  the  relative  stream  nonuniformity  (2),  -m: n  t 

on  the  basis  of  results  of  the  statistical  tests  describe! 

Figure  11.35b  shows  the  relationship  of  the  relative  non  tv  b 
force  AY/AY^  (AY.^  is  the  nonsfcationary  force  at  an  a/lai  ai s'.anc  • 
tween  the  cascades  of  *',i>/2/i-0>12)  to  the  stream  inhomot’c-neit  / ) .  hh*  • 
experiments  also  confirm  the  direct  proportionality  between  t*.  • 

inhomogeneity  and  an  unsteady  exciting  force. 

Let  us  dwell  upon  one  more  question,  the  investigation  rf  •*> 

is  of  practical  interest.  In  real  turbomachines,  for  techrrl'  I > *. .  i 

reasons  the  cascade  spacing  and,  consequently,  the  spa! in'  “  *h. 

perturbing  wakes,  cannot  be  maintained  absolutely  identical.  Zt  f.*»h 

non-uniformity  may,  as  before,  be  characterized  by  Fourier  jm  ffle"  n 

when  the  supplemental  velocity  system  in  the  wakes  is  op  Urie  l.  !r. 

the  general  case  of  inequality  of  the  directing-casca  ■  ;pa,-in  .  , 

the  pattern  must  possess  a  periodicity  with  a  spacin'  equal  to  t;u> 

wheel  circumference  2/ =  zt  .  (z  is  the  number  cf  blades  of  th-. 

a.  v 

directing  cascade,  tav  is  the  average  spacing  in  this  cascade). 

In  addition,  the  vortex  wakes  are  not  strictly  identical.  Tb' 
is  due  both  to  scatter  of  the  spacings,  and  to  scatter  of  the  p--.fi 
attitudes  in  the  cascade,  and  to  some  difference  in  the  geometry  . f 
the  profiles  (in  the  first  place,  due  to  scatter  of  the  outlet-cT* 
thickness),  also  due  to  technological  reasons.  From  this,  it.  t’:  11; 
that  in  a  real  stage,  the  perturbing  forces  possess  a  line  spec;  fur.. 
The  emergence  of  the  spectrum  brings  about  oscillation  of  the  1< 
frequency  blades  with  the  perturbing  frequency  k.^,  where  n  is  ’/re- 
rotation  frequency  of  the  wheel.,  and  k  =  1,  2,  In  the  hi  r,- 

ii 

frequency  region,  the  presence  of  a  spectrum  can  bring  about  the 
excitation  of  oscillation  with  frequencies  of  (z  +  k^)  n,  where 

kn  "  °>  1>  2>  • • • • 

Tt  is  obvious  that  the  most  dangerous  oscillation  will  bo 
oscillation  in  the  case  of  coincidence  of  the  natural  blade  f requeue 
with  the  frequency  zn,  since  H e  greatest  stream  inhomogeneity  i* 
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observed  were,  and  consequently,  the  exciting  aerodynamic  forces  have 
t'ie  greatest  value. 


Tiie  spectrum  of  the  perturbing  forces  In  the  region  cf  high 
frequencies  will  te  particularly  dense,  since  100/z  =  1.5  -  2$. 

As  an  example,  we  eite  the  frequency  spectrum  of  diaphragm  PS- 
ln^,  which  has  a  =  ft7  nozzles.  The  average  spacing,  according  to  the 
measurement  results,  turned  out  equaa  to  t  -  ftft.77  nun.  The  maximum 
deviation;  from  the  average  value  comprised  +  5-J&  and  --6.ft/L  Compu¬ 
tations  carried  under  the  assumption  that  the  pulse  values  of  each 
edre  waxe  are  identical  yield  the  spectrum  presented  in  Figure  11.36' 
sue  to  scatter  of  the  spacings,  the  modulus  of  the  main  harmonic  de¬ 
creases  to  G.y25;  however,  secondary  harmonics  originate.  In  this  case, 
tne  relative  value  of  the  secondary  harmonics  is  not  great  (the  second 
narmonic..  are  equal  to  approximately  0.25). 

Vie  have  teen  speaking  above  concerning  the  technologically  un¬ 
avoidable  scatter  of  tne  spacings  of  a  directing  cascade.  However,  ic 
is  generally  possible  to  use  a  directing  cascade  which  is  intentionally 
made  with  ncnl  antical  spacings.  The  problem  concerning  optimal  selec¬ 
tion  of  the  spacings  can  te  formulated  with  the  aim  of  decreasing  the 
value  of  certain  harmonics.  However,  two  consequences  must  be  kept 
in  mind:  m  the  first  place,  the  appearance  of  secondary  harmonics, 
and  in  the  second  place,  decrease  of  the  aerodynamic  efficiency  of 
the  cascade. 

Let  us  consider  experimental  determination  of  the  influence  of 
scatter  of  the  spacings  of  a  perturbing  cascade  upon  the  stress  level 
in  case  of  the  resonance  of  a  high-frequency  blade.  We  emphasize 
that  this  experiment  was  formulated  not  for  seeking  out  optimal 
scattering  of  the  spacings,  but  for  ascertaining  the  possibilities 
cf  art  estimate  calculation  upon  which  it  will  be  possible  to  rely 
wn in  analyzing  the  problem. 

The  influence  of  three  variants  of  spacing  scatter  was  studied, 
alternation  of  the  relative  spacings  was  determined  by  the 
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relationship:  I)  —  i.i;  <**);  ,  ) 

•  4  i 

2)  — (0.8;  1.2;  0.8;  ...)l  and  3)  -  (0.8; 
av 

l:0;  1,2;  0.9;  1,0;  1,1;  0.8.  ...)  tay. 

The  experiment  was  conouet .  j 
on  the  above-described  ca-.ca.ie  wit 
TR-3A  profiles  with  a  flow  />'. 
with  respect  to  the  blades  of 
M  =  0.37j  an  angle  of  incident- 
8^  -  26° ,  a  relative  axial 
Ab/2b  =  0.16,  and  a  ratio  of  t'  < 
average  spacings  equal  to  i.f. 

The  experiment  determined  the 
ratios  of  the  oscillation  ampli¬ 
tudes  in  the  resonance  caio-  - 
the  corresponding  amplitude  in 
the  case  of  oscillation  excited  in  a  cascade  with  a  constant  spacing. 
For  the  enumerated  cases,  the  relative  values  are  equal  respective!'/ 
to  0.96,  0.79,  and  0.80.  These  values  agree  satisfactorily  with  the 
relative  nonuniformity  of  the  supplemental-velocity  field. 

In  all  the  described  experiments,  very  precise  tuning  of  the 
vibrating  blades  was  carried  out  at  the  natural  oscillation  frequcnc,. 
Thus,  the  question  of  the  mutual  influence  of  oscillating  bladet 
having  different,  but  similar  natural  frequencies  was  not  Invest i ;;at- 
here . 


_JL  Li-J _ 
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Figure  11. 36.  Frequency  spectrum 
of  the  exciting  force  in  the  case 
of  imprecise  manufacture  of  the 
nozzle  cascade. 


This  problem  is  of  important  practical  significance;  however,  Ir.:- 
study  is  tied  to  certain  difficulties. 

5  11 . 4 .  Investigation  of  Dynamic  Stresses  in  the 
Case  of  Partial  Supply 

Tests  on  investigation  of  the  dynamic  stresses  in  the  case  of 
partial  supply  were  conducted  on  an  experimental  installation  with  a 
hydraulic  brake  that  removes  power  developed  by  the  rotating 
nozzle  unit  (Figure  11.37). 
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Used  as  the  directing  cascade  was  an  aerodynamic  cascade  with 
TS-2A  (S  —  9015A)  profiles,  shown  in  Figure  11.18.  The  research  was 
conducted  on  working  cascade  No.  2  consisting  of  profiles  'J'R- it 
(R3525A),  represented  in  Figure  11.22. 

Blades  of  modern  steam  turbines,  operating  with  a  partial  rUarn 
supply,  have  very  high  natural  frequencies.  The  tested  model  was 
designed  on  the  basis  of  similitude  theory  and  has  the  following  char¬ 
acteristics:  a  natural  frequency  of  tangential  oscillation  in  the 
fundamental  tone  is  3560  Hz,  frequency  scatter  of  adjacent' blades  I .. 

+7  Hz,  material  of  elastic  suspension  —  steel  EI612,  material  of  the 
profile  part  —  foam  rubber,  material  of  stationary  profile  part.  — 
Silumin.  The  dimensions  of  the  strain  gauges  are  2  X  >l  nun;  the 
resistance  is  120  ohms. 

The  measurement  diagram  is  in  its  general  feature*  similar 
the  one  described  above,  and  provides  for  all  the  necessary  aerodynamic 
measurements  which  monitor  the  aerodynamic  regime  during  testing. 

The  diagram  and  the  measuring  equipment  make  it  possible  to 
traverse  the  stream. 

A  multiplicity  indicator  is  used  in  the  layout  which  consists  of 
a  small  metal  cantilever  beam  with  a  shifting  load.  The  position  of 
the  load  may  be  selected  in  such  a  manner  that  the  frequency  of  the 
natural  oscillation  of  the  beam  will  correspond  precisely  to  the  ro¬ 
tation  frequency  of  the  rotor  for  resonance  of  a  definite  multiplicity. 

A  three-phase  tachogenerator  is  mounted  on  the  rotor  of  the  installation 
which  generates  alternating  current  with  a  frequency  equal  to  twlce 
the  rotation  frequency  of  the  rotor.  This  current  feeds  an  electromag¬ 
net  which  rocks  the  beam.  The  resonance  stresses  of  the  beam  are 
noted  by  a  strain  gauge  connected  at  the  input  of  the  strain  gauge 
unit.  After  amplification,  the  signal  is  delivered  to  the  cathode 
oscillograph  and  to  the  loop  oscillograph.  The  beam  has  a  very  .small 
oscillation  decrement,  which  makes  the  resonance  peak  narrow  and 
increases  the  measurement  pre^''  ,:ion.  The  large  time  constant  of  the 
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beam  In  comparison  to  that  of  the 
blade  under  investigation  makes  it 
possible  to  select  -he  necessary 
velocity  when  the  resonance  has 
ceased.  This  layout  facilitates 
work  in  investigating  resonances 
of  high  multiplicity  (kn  =  60  -  80), 
when  adjacent  resonances  with 
respect  to  the  rotation  frequency 
of  the  rotor  do  not  excede  1  Hz. 

Very  precise  determination  of 
the  natural  oscillation  frequency 
of  the  investigated  blade  and  the 
multiplicity-indicator  beam  is 
required  for  the  investigation. 

The  appropriate  measurements  we re 


Firuiv  11.33.  Measurement  layout  .  .  . 

for  the  investigation  of  dynamic  Tne  appropriate  measurements  were 

stresses  in  blades  in  the  case  of  carried  out  according  to  the 
partial  supply.  layout  presented  in  Figure  11.38. 

The  investigated  blade  ( 2 )  and 
the  beam  (4)  are  rocked  by  elec¬ 
tromagnets  (3  and  7)  fed  from  the 
audio-frequency  generator  (13).  Pulses  are  also  delivered  to  the 
pulse  counter  (12).  Resonance  oscillations  are  observed  on  the  oscil¬ 
lograph  screen  (9)  after  amplification  by  the  strain  gauge  unit  (10). 
Frequency  measurements  are  made  by  means  of  a  pulse  counter. 


The  investigated  blade  also  undergoes  static  calibration,  which  is 
subsequently  necessary  in  decoding  the  results  of  the  experiments. 

The  blade  is  loaded  by  a  control  static  force,  and  its  deflection  is 
registered  by  an  indicator;  electric  measurements  are  simultaneously 
made  by  means  of  strain  gauges. 


Let  us  consider  the  results  of  experiments  dealing  with  determin¬ 
ation  of  tne  dynamic  coefficient  with  partial  supply.  Some  results 
In  connection  with  this  operation  are  described  in  an  article  [67]. 
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Figure  11.39.  Dynamic  coefficient  for 
one  supply  arc. 


The  relationship  of  the  dynamic  coefficient  to  the  resonance- 
multiplicity  kn  for  the  degree  of  partiality  e  =  0.229  and  one  supply 
arc  is  represented  in  Figure  11; 39. 

Each  point  on  the  graph  represents  an  apex  of  a  resonance  peak 
at  the  corresponding  multiplicity. 

The  tests  were  conducted  at  a  ratio  of  the  circumferential 
velocity  to  the  velocity  of  the  emergence  of  the  stream  from  the 
narrow  cascade  of  u/c  *  0.40  in  the  Mach  number  range  M  =  0.28  -  9.51 
and  at  a  constant  relative  axial  gap  Ab/2b  =  0.046  (2b  is  the  chord  -f 
the  nozzle  blade). 

The  apparent  randomness  of  the  location  of  the  points  in  Figure 
11.39  is  explained  by  the  fact  that  the  oscillating  blade  is  not  under 
the  heaviest  operating  condtions,  which  depend  upon  the  nature  of  tno 
load  change  and  the  number  of  oscillation  cycles  in  the  supply  arc,  at 
every  multiplicity.  It  was  noted  above  that,  for  example  in  the  Cdse 
of  idealized  rectangular  loading,  the  maximum  stresses  will  originate 
when  there  are  one-and-a-half  times  the  number  of  cycles  at  the  supply 
arc.  Obviously,  in  this  case  all  deviations  from  these  cor.ditions 


pill  Irln.  about  a  considerable  change  In  the  oscillation  amplitude, 
ir,  addition,  the  time  of  one  blade-oscillation  cycle  Is  equal  to 
4  \  10  .-'O.  The  jet  at  the  ends  of  the  «uppiy  arc  is  turlulenl, 

a  id  small  changes  of  its  width  in  the  so-called  Intermit ten ce  zone  de¬ 
termine  the  value  of  the  oscillation  phase  when  the  blade  is  loaded 
and  when  It  Is  unloaded.  Thus,  the  final  result  is  al. o  affected  by 
i  ronabl h  tie  phenomena. 

an  envelope  passed  through  the  apexes  of  the  maximum  peafc^  (the 
..olli  line)  remains  below  the  theoretical  limit,  curve  constructed  for 
a  rectan  ular  load 


at  ia;e  e -.p^rlmental  value  of  the  damping  coefficient  6  =  0.008. 

A  special  case  corresponds  to  a  point  with  a  multiplicity  of  k  = 

I.  e  XI 

=  4b.  Here,  the  resonance  of  the  481'  multiplicity  with  partial 
supply  coincides  v/ith  the  resonance  from  the  edge  wakes  of  the  nozzle 
cascade,  where  z  =  48  is  the  fictitious  number  of  nozzles  which  would 
fit  on  the  entire  circumference  of  the  wheel.  As  can  be  seen  from 
tiie  sraph,  the  maximum  dynamic  deflection  under  these  conditions  of 
operation  originates  at  the  end  of  the  supply  arc  and  somewhat  ex¬ 
ceeds  all  the  other  values  of  the  resonance  deflections  under  other 
conditions . 


From  theoretical  considerations ,  it  is  known  that  the  maximum  de¬ 
flections  depend  little  upon  the  degree  of  partiality.  Experimental 
verification  confirms  this  conclusion. 

The  resonance  of  the  48  1  multiplicity  is  an  exception.  In  this 
case,  tr.e  stresses  in  the  blaaes  mast  be  increased  as  the  supply  arc 
Is  Increased,  since  the  length  of  the  arc  at  which  attenuation  of  the 
oscillation  takes  place  will  decrease.  Figure  11.40  shows  the 
r*-‘lut ionsnip  of  the  dynamic  coefficients  for  special  cases  of  resonance 
for  t:.e  multiplicities  kft  =  48  and  kn  ~  96.  The  scatter  of  the  points 
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with  respect  to  the  resultant  ••  y 
is  explaineu  by  the  influence  of 
the  unsteady  and  random  p hen*. a 
when  the  load  is  applied  and 
removed . 

For  determining  the  chax*a 
of  loading  and  unloading  of  in.- 
blade,  aerodynamic  measurements  of 
the  velocity  profile  wore  mao*,  c* 


Figure  11.40.  Dynamic 
coefficient  in  the  case  of  oscil¬ 
lations  of  the  first  and  second 
multiplicity  of  the  edge  wakes. 


the  boundaries  of  the  supplv  >:  *- 
ment.  Figure  11.41  presents  tr.-.- 
results  of  measurements  at  trie- 
relative  distances  6b/ t  =  O.i5o 
and  Ab/t  *  0.088  {6b  is  the  a/  J  -•  x 


gap  between  cascades,  t  is  tf. . 

spacing  of  the  nozzle  cascade)  from  the  front  of  the  nozzle  cascade. 

The  distance  along  the  cascade  axis  is  plotted.  The  numbers  corr*—-:poi.j 
to  positions  noted  in  the  measurement  plane  along  the  abscissa. 


The  Mach  number  is  plotted  along  the  ordinate.  A  velocity  rlj 
corresponding  to  the  edge  wake  behind  nozzle  blade  Ho.  1  car.  t*. 
opposite  point  1.  The  supply  arc  contains  11  nozzles  (the  der.re-s  -f 
partiality  is  11/48  *  0.239)*  A  gap  has  been  made  in  the  graph,  Jn> 
between  points  1  and  1G  the  velocity-distribution  pattern  repeats 
periodically.  It  follows  from  the  graph  that  loading  and  unloadin' 
of  the  blade  does  not  take  place  simultaneously*  The  slope  of  the 
side  branches  decreases  as  the  distance  from  the  cascade  increases  . 

The  time  necessary  for  the  blades  to  get  into  the  stream  nucleus  com¬ 
prises  from  1/4  to  1/3  of  a  blade  oscillation  period,  equal  to 
—4 

4  X  10  sec.  Furthermore,  since  the  time  required  for  the  blade  tc 
become  loaded  is  greater  than  the  time  required  to  become  unloaded,  In 
some  cas^s  maximum  stresses  originate  in  experiments  during  unloading. 


In  the  operation  of  steam  turbines,  the  most  dangerous  condition.* 
from  the  point  of  view  of  dy  anic  blade  strength  of  the  control! I r.* 
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Figure  11. 41.  Distribution  of  stream  velocity 
behind  a  nozzle  cascade  in  the  case  of  partial 
supply . 


stage  can  originate  when  two  supply  segmei.  s  are  fed  by  completely 
open  regulating  valves.  The  experimental  values  corresponding  to 
this  investigation  are  given  in  Figure  11. *12.  The  supply  arcs  have 
11  nozzles  each,  which  corresponds  to  a  total  degree  of  partiality 
of  2  X  11/^8  =  0.458.  The  length  of  the  crosspiece  is  equal  to  two 
nozzle  spacings, which  corresponds  to  a  relative  arc  value  of  2/48  = 

=  3,042.  Here,  an  increase  of  the  dynamic  coefficient  occurs  in  com¬ 
parison  to  tue  case  of  one  open  valve.  However,  as  is  known,  the 
increase  of  absolute  stresses  in  the  blades  of  the  controlling  system 
may  be  determined  only  by  a  comparison  of  the  static  loads  determined 
<y  tne  steam  consumption  and  the  thermal  gradient  of  the  stage  [11,671* 
It  must  e  noted  that  variation  of  the  length  of  the  connecting  piece 
between  the  supply  segments  may  bring  about  a  considerable  change  in 
the  stresses,  since  they  depend  upon  the  number  of  blade-oscillation 
cycles  that  fit  on  this  arc.  Just  as  before,  the  48^h  multiplicity 
is  specially  marked. 
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Figure  11.42.  Dynamic  coefficient  with 
two  supply  arcs. 


Figure  11.43.  Distribution  of  stream  velocity 
in  the  vicinity  of  the  crosspiece  between  supply 
arcs . 
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Figure  11.43  presents  a 
rraph  of  the  distrinution  of 
velocities  along  the  ,  >  f 

crosspiece;  this  graph  character- 
izes  the  slope  of  the  load  front . 


vAAAA/IA 


The  blade-oscillation  pattern 
for  two  and  more  segments  is  very 
complex,  since  various  combination:; 
of  blade  load  are  possible  with  a 
change  in  the  multiplicity. 


-Nj^rsWxr^rNTNj^jx 

d) 


Figure  11.  M  shows  tne  envel¬ 
opes  for  several  typical  cases  of 
oscillation.  Case  a)  corresponds 
to  three  symmetrically  situated 
segments  and  with  a  common  degree 
of  partiality  e  =  3  X  0.229  = 

=  0.687*  On  the  basis  of  the 
example  of  b)  and  c),  one  can  ob¬ 
serve  the  extent  to  which  the 


character  of  the  oscillation  changes 
in  a  transition  from  a  multiplicity 
of  67  to  a  multiplicity  of  b 8  for 
two  symmetrically  situated  segments 
with  a  partiality  of  e  -  2  X  0.229 
=  O.I158.  Case  d)  corresponds  to 
a  multiplicity  of  kn  =  68  and  four  symmetrically  situated  segments 
with  e  =  4  X  0.229  =  O.916.  In  case  3),  the  supply  was  effected  along 
a  single  arc  c  =  0.22 9  with  a  multiplicity  of  kn  =  90.  Consequently, 

In  tnis  case  resonance  oscillation  of  the  second  multiplicity  of  the 
eage  wakes  was  simultaneously  observed. 


Figure  ii.M.  Envelopes  of  the 
oscillation  processes  of  blades 
for  various  varients  of  partial 
supply . 


All  the  figures  show  the  basic  period  of  the  oscillation  process, 
equal  to  the  time  of  one  turn  of  the  wheel  during  which  oscillations 
of  the  blade  occur.  Small  local  dips  ana  spikes  of  the  amplitude, 
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brought  about  by  random  phenomena  in  the  turbulent  .stream,  can  si..o 
be  noticed. 

Ln  al.l  the  preceding  graphs  the  value:;  of  tnc  Much  number  w<  r< ■ 
not  noted,  since  special  experiments  failed  to  detect  It;;  influence 
Ln  the  investigated  range  up  to  M  =  0.^5. 

The  study  of  partial  supply  at  high  supersonic  velocities  is  of 
great  interest,  since  in  this  case  shock  waves  appear,  which  me  /  hr  In 
■ir»out  an  increase  of  the  dynamic  stresses. 
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FOOTNOTES 


1.  on  pa. 'c-  tikb 


J.  on  pa.;e  11 5  b 


The  method  of  model  tests  was  proposed  by  the 
author  in  195$,  the  installation  was  constructed 
and  adjusted  by  I.  Neruda. 

This  has  been  assured  for  the  sake  of  clarity. 
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SUPPLEMENTS  AFTER  PROOF  READING 


To  §  U.6: 


For  a  cascade  without  offset  made  of  thin,  slightly  curve!  prof If 
oscillating  with  an  arbitrary  phase  shift  a  ,  an  effective  solution  can 
also  be  obtained  by  means  of  the  method  of  singularity  isolation  C  7  ^  j - 


We  introduce  the  function 


(26— chord) 


On  the  vortex  wakes  we  assume  the  value  of  the  root  to  be  positiv- 


Utilizing  the  relationships  between  the  values  of  the  velocities 
on  the  upper  and  lower  sides  of  the  sections,  which  replace  profiles 
,  we  obtain  the  connection  between  the  values  of  F  on 
the  sections  when  approached  from  above  and  from  below: 

7,  =«  ~7_  ~  (o„  -in,) 

{—b<x^b,  y ** int,  n~±),  ±2,  ±3, 

Here,  the  bar  designates  conjugate  values.  An  analogous  relationshlt 
that  is  valid  on  the  wakes  has  the  form 


ywtur 


F*  «*  —  F~ 


:.'i  [a  (x +  b)t’l] 
sll  \ntx~b)]l] 


{<>*.  y**ir.t,  ± l ,  ±2.  £3,  ...). 


We  use  an  integral  representation  of  (*1.3)  for  expressing 
function  F  (z)  or.  the  basis  of  its  boundary  values.  After  integrating 
along  the  contour  of  the  main  profile  and  its  wake  with  account  taken 
of  Fx  and  F__  we  obtain  f 63 3 


FTD-HC-P  3-2  *12-70 


505 


c;.(e,  c)^i  |/rtJ«l^WfL  f  f  t,/t  t)  t/3  fci‘»±»fflL  v 

1  *  '  f  »  siiinu  [_J  x)  V  sit  x 

X  A'  (I  -  z)  d-  f  J  ».  (?.  0  A'  (5  ~  z)  *] , 


Here 


K(6-d-i.{Ag^-^L 


•h  !•■'’/'  I 


~‘l 


sii  ft.i-a)zftl 
s!i  I .-«/<] 


}• 


In  the  special  case  when  /->co  the  expression  becomes  the  well- 
known  relationship  for  an  Isolated  wing  [74]. 

To  §  y .  I : 


Let  its  consider  the  question  of  the  possibility  of  the  origina¬ 
tion  of  parametric  resonance  in  turbomachine  cascades.  Parametric 
resonance,  i.e.,  resonance  at  fractional  frequencies,  may  in  principle 
originate  if  the  blades  comprising  an  aerodynamic  cascade  oscillate 
in  a  periodically  changing  stream.  In  practice,  this  condition  is 
always  satisfied,  since  the  blades  of  a  rotating  working  cascade  are 
moving  in  an  inhomogeneous  field  created  by  a  stationary  system.  Con¬ 
siderations  concerning  the  possibility  of  parametric  resonance  have 
been  expressed  in  the  work  of  Sabatiuk  and  Sisto  [132],  the  correspond¬ 
ing  problem  has  been  investigated  in  Reference  [60]. 


The  velocity  distribution  in  traveling  vorticity  waves  can  be 
expressed  sy  an  arbitrary  function  of  the  type  of 

*>(, 

Here,  y  is  the  blade  shift,  e  is  the  angle  between  the  wake  and  the 
profile  chord. 


With  a  change  in  the  oscillation  of  the  blade  (in  view  of  the 
linearity  of  the  problem)  it  is  sufficient  to  introduce  formulas  for 
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the  nlil  harmonic  of  the  velocity  component  normal  to  the  blade 

(*,  ij,  t)  -  exp/f,  j-r  -  — . 

Here,  vS  is  the  amplitude  of  the  nfcil  harmonic.  Then,  taking  into 
account  the  fact  that  the  wake  Is  usually  closo  to  symmetrical,  for 
the  sake  of  abbreviated  notation  we  shall  write  only  the  component  with 
respect  to  cosines 


Here,  t,  is  the  spacing  of  the  perturbation  velocity  curve.  The 

1  t*  u 

circular  frequency  of  the  n  harmonic  may,  obviously,  be  expressed 
in  terms  of  tn .  The  term  —  is  a  phase  shift  of  the  passage  of 

a  vorticity  wave  through  a  given  point  of  the  plane.  If  the  blade  u 
stationary,  the  phase  shift  is  constant  for  each  fixed  point  on  it. 
Let  us  consider  a  more  general  case,  when  the  blade  can  oscillate 
under  the  action  of  the  above-described  nonstationary  forces.  In 
this  case,  if  y  denotes  a  shift  of  the  blade,  and  taking  into  account 
the  fact  that  it  is  suall,  we  obtain 

!f> ')  -  <2  (*  +/!*JLSzr-yxpifs- 

In  this  notation,  the  subsequently  trivial  phase  shift,  equal  to 
Vnx/fi'1  ,  has  been  discarded.  The  appearance  of  a  perturbation  fielc 
brings  about  the  appearance  of  a  nonstafcionary  force,  the  harmonic  or 
which  may  be  represented  by; 


2.w»t >’«?(*,,  q,  v,.  «); 


The  aerodynamic  damping  force,  which  is  proportional  to  the  osci liable 
velocity,  may  be  expressed  in  this  manner; 

{k,  q,  v,,  a). 


KTD-HC-23-2^2-70 


507 


.•lochanieai  damp Inr.  will  also  appear  in  blades;  it  is  induced  by  the 


24m£. 


Tne  equation  of  the  oscillation  of  a  blade  has  the  form 
'■•'(S  +  *j) - 2np^/,  (1  +,jn)  -  7  —■  ] — 2/m,  *. 

Hero,  v  is  the  natural  frequency  of  the  blade  oscillation.  We  reduce 
tne  preceding  equation  to  dimensionless  form,  introducing  the  dimen¬ 
sionless  deflection  n  =  y/b  and  the  dimensionless  time  0 ~xfh: 

-J5  +  ft. + <0  7** + {p7 + /V,a)  n  "  V’*- 

Here,  6^  is  the  coefficient  of  oscillation  excitation,  6 ^  is  the  co¬ 
efficient  of  parametric  excitation,  62  is  the  coefficient  of  aero¬ 
dynamic  damping,  5^  is  the  coefficient  of  mechanical  damping. 


*,~2 .17-- —“—a. 

Pi  l»F  Pa  Uf 


Tne  presence  of  the  term  6,exp(/8)  indicates  the  essential  possibility  of 
of  the  appearance  of  parametric  resonance  with  a  frequency  equal  to  a 
fraction  of  the  frequency  of  the  perturbing  force. 

he  iiscard  trie  term  6iexp(/e)  and  study  the  demultiplication 
resonance.  By  replacement  of  the  variables 


»1  ■*  2  (8)  exp  t—  ‘Mflj  +  6J1, 
0=-2*-aa  rt/2 


the  equation  of  oscillation  of  the  variables  is  reduced  to  the 
Xathieu  function  in  canonical  form 


3-2^2-70 


-gr +  4  [#**' +  T ft  +  ' *J*' -■ 1 6< I' c«« 2<p] 2 - 0 • 

The  value  of  the  phase  shift  cjg  is  so  selected  here  that  in  place  of 

the  complex  value  6^  it  would  be  possible  to  consider  its  modulus; 

this  is  accomplished  by  selection  of  the  origin  of  dimers  ionless  time. 

In  real  problems  the  term  (ct+i'i)*  is  negligibly  small  in  comparison 
2 

to  p  and  may  be  discarded. 

It  is  known  that  the  Mathieu  equation  possesses  regions  of  un¬ 
stable  solutions,  where  the  amplitude  of  the  functions  increases 
without  limit.  In  our  case  the  solution  will  be  unstable  if  (we 
consider  <5  to  be  real) : 


Here  u  is  the  characteristic  coefficient  of  the  Kathieu  equation; 

it  is  a  function  of  &h  find  p.  In  the  plane  of  p,  6^  there  is  an 

infinitely  great  number  of  instability  regions,  which  have  their 

2  2 

origin  near  the  points  1 Ip  *  n  .  Since  y  decreases  greatly  with  an 
increase  of  n,  the  greatest  practical  danger  is  presented  by  res on an  c- 
at  the  ha  If- frequency  of  the  perturbing  force  .  The  character¬ 

istic  coefficient  for  this  case  {*«»/./,  |$i| <p)  is  determined  with  gee  at 
accuracy  by  the  approximate  formula  Then  the  origination  of 

dynamic  instability  is  determined  by  the  inequality 


«,  +  «,<{«, l  »,  +  2 


vlb  cm  c 


Prom  this  it  follows  that  in  the  case  of  purely  translational  oscil¬ 
lations,  parametric  resonance  cannot  originate  in  two-dimensional 
cascades,  since  (i>?/r|»l) 


«£ctg«  R 

«•?  '  r 


P  cos  * 


Consequently,  parametric  resonance  cannot  originate  in  two-dimensional 
cascades  due  to  the  presence  f  aerodynamic  damping  (even  if  =  0). 
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It  there  were  only  mechanical  damping  (T  =  0),  parametric  resonance 
eouti  hav-  ori  slnated  with  sufficiently  great  air  density  and  a 
sufficiently  great  stream  velocity. 

It  should  be  emphasised  that  these  calculations  pertained  only 
to  flexural  oscillation.  The  problem  deserves  further  study  for 
torsional  oscillations,  a  different  perturbation  form,  and  a  different 

eosoaue  shape. 
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NOTATION 


t 


For  convenience  in  using  this  monograph*  in  this  section  we  have 
collected  the  most  important  designations  adopted  for  the  entire  book. 

The  adopted  position  of  the  coordinate  axes  is  shown  below. 


Two-dimensional  system  of  coordinates  xOy  —  the  coordinate  sys¬ 
tem  is  stationary  with  respect  to  the  fluid  at  infinity,  x'O’y1  is  a 
mobile  system  of  coordinates,  connected  with  the  body. 


—  a  complex  variable. 

<(.*).  c —  the  absolute  velocity  and  the  modulus  of  the 

absolute  velocity  of  the  stream  in  the  coordi¬ 
nate  system  xOy. 

*(«)  —  the  absolute  velocity  of  nonsteady  flov;  through 
a  cascade  in  the  coordinate  system 
x’Oy  “h)) . 

»•(*).  w»  —  the  absolute  velocity  and  the  modulus  of  the 
absolute  velocity  of  steady  flow  in  the 
coordinate  system  x'O’y'. 

uM  —  absolutely  perturbed  velocity  in  the  coordinate 
system  x*-0*y • . 

Ah) —  pressure  in  the  case  of  unsteady  flow  through 
a  cascaue  • 
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;»*(>)  —  pressure  in  the  case  of  steady  flow  through  a 
cascade. 

/>(.•) —  pressure  perturbation  in  the  case  unsteady 
flow . 

(A  p —  density  and  density  perturbation  in  the  case  of 
steady  and  unsteady  flow. 

Out  i;(s> —  velocity  and  modulus  of  velocity  of  perturbed 
motion  of  fluid  on  the  contour  of  a  cascade  in 
the  coordinate  .system  x'O’y1. 

coU.i) —  oscillation  velocity  of  point  2  of  a  profile. 

—  modulus  of  oscillation  velocity  of  point  z  of 
a  profile. 

fti.  tf3i,  —  components  of  the  modulus  of  oscillation 
velocity  along  the  coordinate  axes. 
tf,  -J  —  corresponding  velocities  in  wakes  behind  a 
stationary  cascade. 

o°(x.y.Z) —  supplemental*;/  velocity  in  a  wake. 

—  modulus  of  supplemental  velocity  in  a  wake. 

p® —  modulus  of  the  nth  harmonic  of  a  Fourier  series 
of  supplemental  velocity  in  the  wake. 
u,  v  —  velocity  components  of  the  mainstream  along 
the  coordinate  axes. 

u.  v —  velocity  components  of  a  particle  of  fluid 
aJong  the  coordinate  axes. 

a (x.y.t) —  angular  shift  of  a  profile*. 

•% —  modulus  of  the  amplitude  of  an  angular  profile 
shift . 

y-yV,v —  oscillation  amplitude. 

—  modulus  of  the  oscillation  amplitude. 

1. —  integration  contour,  blade  contour,  etc. 

n —  displacement  during  the  oscillation  of  a  profile. 

1 —  cascade  spacing. 

y-v*ft — dimensionless  oscillation  amplitude. 

</, —  static  deflection  of  blades. 

2i —  profile  chords. 

v —  circular  frequency  of  natural  blade  oscillation 
(gas ) . 
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circular  frequency  of  perturbing  forces. 
Strouhal  number  for  velocity  w. 
multiplicity  with  respect  to  number  of 
revolutions . 

moment  acting  upon  a  profile, 
force  acting  upon  a  profile, 
time. 

vorticity . 

intensity  of  vortex  sheet, 
velocity  circulation. 

Mach  number. 

velocity  of  sound  in  an  unperturbed  stream, 
density  of  blade  material. 

coefficients  of  normal  force,  lift  force,  and 
drag  force. 

angle  of  cascade  offset, 
profile  attitude. 

angles  corresponding  to  velocity  c  and  w  of 
the  velocity  triangles  in  the  stage  of  a 
turbomachine . 

phase  shift  during  the  oscillation  of  adjacent 
profiles. 

relative  cascade  density. 

gap  between  a  stationary  cascade  and  a  mobile 

cascade. 

blade  length. 

flexural  rigidity. 

torsional  rigidity. 

moment  of  resistance  of  a  blade  section, 
coefficient  of  aerodynamic  excitation, 
coefficient  of  aerodynamic  dampings, 
mechanical  oscillation  detriment. 


The  imaginary  unit  j  is  used  for  recording  time  processes  in 
complex  form;  imaginary  unit  i,  which  does  not  interact  with  j,  is 
used,  as  usual,  for  the  com;.  coordinate. 
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EUoJliiM  CHARACTER 


MEAHIHG 


TYPED  AS 


U.H 

center  of  mass 

cm 

U.K 

center  of  torsion 

ct 

TPAfl 

degree 

deg 

ru 

Hertz 

Hz 

CP 

average 

av 

CEK 

second 

sec 

B 

volt 

V 

■h 
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Wright-Patterson  AFB,  Ohio  | 

->  Methods  of  calculating,  and  experimental  results  of  research  on, 
unsteady  flow  in  aerodynamic  cascades  of  turbomachines  are  set 
forth.  The  conditions  of  excitation  and  damping  of  blade  vibra¬ 
tion  in  compressible  and  incompressible  fluid  flow  are  considered. 
The  theoretical  methods  are  based  upon  a  model  of  an  ideal  fluid. 
The  incoming  stream  may  be  inhomogeneous  and  have  vortices  due  to 
the  influence  of  a  preceding  cascade.  The  experimental  results 
pertain  to  determination  of  the  dynamic  stresses  brought  about 
by  -trrearo  inhomogeneity  in  the  turbomachine,  as  well  as  to  deter¬ 
mination  of  the  unsteady  aerodynamic  forces  which  excite  and  damp 
‘■■lade  vibrations.  Consideration  is  given  to  the  origination  of 
cascade  flutter  and  the  effect  of  +'r  or  *« 

cascade.  The  experimental  research  methods  are  described.--  OrJLg-. 
art.  has:  32  tables,  72  illustrations. 
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